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Preface to the Second Edition

Since the publication in 1983 of Theory of Point Estimation, much new work
has made it desirable to bring out a second edition. The inclusion of the new
material has increased the length of the book from 500 to 600 pages; of the
approximately 1000 references about 25% have appeared since 1983.
The greatest change has been the addition to the sparse treatment of Bayesian
inference in the first edition. This includes the addition of new sections on
Equivariant, Hierarchical, and Empirical Bayes, and on their comparisons. Other
major additions deal with new developments concerning the information inequality and simultaneous and shrinkage estimation. The Notes at the end of
each chapter now provide not only bibliographic and historical material but also
introductions to recent development in point estimation and other related topics
which, for space reasons, it was not possible to include in the main text. The
problem sections also have been greatly expanded. On the other hand, to save
space most of the discussion in the first edition on robust estimation (in particular L, M, and R estimators) has been deleted. This topic is the subject of two
excellent books by Hampel et al (1986) and Staudte and Sheather (1990). Other
than subject matter changes, there have been some minor modifications in the
presentation. For example, all of the references are now collected together at
the end of the text, examples are listed in a Table of Examples, and equations
are references by section and number within a chapter and by chapter, section
and number between chapters.
The level of presentation remains the same as that of TPE. Students with a
thorough course in theoretical statistics (from texts such as Bickel and Doksum
1977 or Casella and Berger 1990) would be well prepared. The second edition of
TPE is a companion volume to “Testing Statistical Hypotheses, Second Edition
(TSH2).” Between them, they provide an account of classical statistics from a
unified point of view.
Many people contributed to TPE2 with advice, suggestions, proofreading and
problem-solving. We are grateful to the efforts of John Kimmel for overseeing
this project; to Matt Briggs, Lynn Eberly, Rich Levine and Sam Wu for proofreading and problem solving, to Larry Brown, Anirban DasGupta, Persi
Diaconis, Tom DiCiccio, Roger Farrell, Leslaw Gajek, Jim Hobert, Chuck
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McCulloch, Elias Moreno, Christian Robert, Andrew Rukhin, Bill Strawderman
and Larry Wasserman for discussions and advice on countless topics, and to
June Meyermann for transcribing most of TEP to LaTeX. Lastly, we thank Andy
Scherrer for repairing the near-fatal hard disk crash and Marty Wells for the
almost infinite number of times he provided us with needed references.
E. L. Lehmann
Berkeley, California
George Casella
Ithaca, New York
March 1998

Preface to the First Edition

This book is concerned with point estimation in Euclidean sample spaces.
The first four chapters deal with exact (small-sample) theory, and their approach
and organization parallel those of the companion volume, Testing Statistical
Hypotheses (TSH). Optimal estimators are derived according to criteria such as
unbiasedness, equivariance, and minimaxity, and the material is organized
around these criteria. The principal applications are to exponential and group
families, and the systematic discussion of the rich body of (relatively simple)
statistical problems that fall under these headings constitutes a second major
theme of the book.
A theory of much wider applicability is obtained by adopting a large sample
approach. The last two chapters are therefore devoted to large-sample theory,
with Chapter 5 providing a fairly elementary introduction to asymptotic concepts and tools. Chapter 6 establishes the asymptotic efficiency, in sufficiently
regular cases, of maximum likelihood and related estimators, and of Bayes estimators, and presents a brief introduction to the local asymptotic optimality theory of Hajek and LeCam. Even in these two chapters, however, attention is
restricted to Euclidean sample spaces, so that estimation in sequential analysis,
stochastic processes, and function spaces, in particular, is not covered.
The text is supplemented by numerous problems. These and references to the
literature are collected at the end of each chapter. The literature, particularly
when applications are included, is so enormous and spread over the journals of
so many countries and so many specialties that complete coverage did not seem
feasible. The result is a somewhat inconsistent coverage which, in part, reflects
my personal interests and experience.
It is assumed throughout that the reader has a good knowledge of calculus
and linear algebra. Most of the book can be read without more advanced mathematics (including the sketch of measure theory which is presented in Section
1.2 for the sake of completeness) if the following conventions are accepted.
1. A central concept is that of an integral such as ∫f dP or ∫f dµ. This covers
both the discrete and continuous case. In the discrete case ∫f dP becomes Σf
(xi)P(xi) where P(xi) = P(X = xi) and ∫f dµ becomes Σf(xi). In the continuous case,
∫f dP and ∫f dµ become, respectively, ∫f(x)p(x) dx and ∫f(x) dx. Little is lost
ix
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(except a unified notation and some generality) by always making these substitutions.
2. When specifying a probability distribution, P, it is necessary to specify not
only the sample space X, but also the class of sets over which P is to be
defined. In nearly all examples X will be a Euclidean space and a large class
of sets, the so-called Borel sets, which in particular includes all open and closed
sets. The references to can be ignored with practically no loss in the understanding of the statistical aspects.
A forerunner of this book appeared in 1950 in the form of mimeographed
lecture notes taken by Colin Blyth during a course I taught at Berkeley; they
subsequently provided a text for the course until the stencils gave out. Some
sections were later updated by Michael Stuart and Fritz Scholz. Throughout the
process of converting this material into a book, I greatly benefited from the
support and advice of my wife, Juliet Shaffer. Parts of the manuscript were read
by Rudy Beran, Peter Bickel, Colin Blyth, Larry Brown, Fritz Scholz, and Geoff
Watson, all of whom suggested many improvements. Sections 6.7 and 6.8 are
based on material provided by Peter Bickel and Chuck Stone, respectively. Very
special thanks are due to Wei-Yin Loh, who carefully read the complete manuscript at its various stages and checked all the problems. His work led to the
corrections of innumerable errors and to many other improvements. Finally, I
should like to thank Ruth Suzuki for her typing, which by now is legendary,
and Sheila Gerber for her expert typing of many last-minute additions and corrections.
E.L. Lehmann
Berkeley, California,
March 1983
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Table of Notation
The following notation will be used throughout the book.
We present this list for easy reference.
Quantity

Notation

Comment

Random variable

X, Y,

uppercase

Sample space

X,Y

uppercase script
Roman letters

Parameter

θ, λ

lowercase Greek letters

Parameter space

,

uppercase script
Greek letters

Realized values
(data)

x, y

lowercase

Distribution function
(cdf)

F (x), F (x|θ), P (x|θ)
Fθ (x), Pθ , (x)

continuous
or discrete

Density function (pdf)

f (x), f (x|θ), p(x|θ )
fθ (x), Pθ (x)

notation is “generic”,
i.e., don’t assume
f (x|y) = f (x|z)

Prior distribution

(γ ), (γ |λ)

Prior density

π(γ ), π(γ |λ)

may be improper

(X , P, B)

sample space, probability
distribution, and
sigma-algebra of sets

Probability triple

xxvi

Table of Notation

Quantity

[ 0.0

Notation

Comment

Vector

h = (h1 , . . . , hn ) = {hi }

boldface signifies
vectors

Matrix

H = {hij } = ||hij ||

uppercase signifies
matrices
Identity matrix
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CHAPTER 1

Preparations

1 The Problem
Statistics is concerned with the collection of data and with their analysis and
interpretation. We shall not consider the problem of data collection in this book
but shall take the data as given and ask what they have to tell us. The answer
depends not only on the data, on what is being observed, but also on background
knowledge of the situation; the latter is formalized in the assumptions with which
the analysis is entered. There have, typically, been three principal lines of approach:
Data analysis. Here, the data are analyzed on their own terms, essentially without
extraneous assumptions. The principal aim is the organization and summarization
of the data in ways that bring out their main features and clarify their underlying
structure.
Classical inference and decision theory. The observations are now postulated
to be the values taken on by random variables which are assumed to follow a
joint probability distribution, P , belonging to some known class P. Frequently,
the distributions are indexed by a parameter, say θ (not necessarily real-valued),
taking values in a set, , so that
(1.1)

P = {Pθ , θ ∈

}.

The aim of the analysis is then to specify a plausible value for θ (this is the
problem of point estimation), or at least to determine a subset of of which we
can plausibly assert that it does, or does not, contain θ (estimation by confidence
sets or hypothesis testing). Such a statement about θ can be viewed as a summary
of the information provided by the data and may be used as a guide to action.
Bayesian analysis. In this approach, it is assumed in addition that θ is itself
a random variable (though unobservable) with a known distribution. This prior
distribution (specified according to the problem) is modified in light of the data to
determine a posterior distribution (the conditional distribution of θ given the data),
which summarizes what can be said about θ on the basis of the assumptions made
and the data.
These three methods of approach permit increasingly strong conclusions, but
they do so at the price of assumptions which are correspondingly more detailed
and possibly less reliable. It is often desirable to use different formulations in
conjunction; for example, by planning a study (e.g., determining sample size)
under rather detailed assumptions but performing the analysis under a weaker set
which appears more trustworthy. In practice, it is often useful to model a problem
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in a number of different ways. One may then be satisfied if there is reasonable
agreement among the conclusions; in the contrary case, a closer examination of
the different sets of assumptions will be indicated.
In this book, Chapters 2, 3, and 5 will be primarily concerned with the second
formulation, Chapter 4 with the third. Chapter 6 considers a large-sample treatment of both. (A book-length treatment of the first formulation is Tukey’s classic
Exploratory Data Analysis, or the more recent book by Hoaglin, Mosteller, and
Tukey 1985, which includes the interesting approach of Diaconis 1985.) Throughout the book we shall try to specify what is meant by a “best” statistical procedure
for a given problem and to develop methods for determining such procedures.
Ideally, this would involve a formal decision-theoretic evaluation of the problem
resulting in an optimal procedure.
Unfortunately, there are difficulties with this approach, partially caused by the
fact that there is no unique, convincing definition of optimality. Compounding this
lack of consensus about optimality criteria is that there is also no consensus about
the evaluation of such criteria. For example, even if it is agreed that squared error
loss is a reasonable criterion, the method of evaluation, be it Bayesian, frequentist
(the classical approach of averaging over repeated experiments), or conditional,
must then be agreed upon.
Perhaps even more serious is the fact that the optimal procedure and its properties may depend very heavily on the precise nature of the assumed probability
model (1.1), which often rests on rather flimsy foundations. It therefore becomes
important to consider the robustness of the proposed solution under deviations
from the model. Some aspects of robustness, from both Bayesian and frequentist
perspectives, will be taken up in Chapters 4 and 5.
The discussion so far has been quite general; let us now specialize to point
estimation. In terms of the model (1.1), suppose that g is a real-valued function
defined over and that we would like to know the value of g(θ ) (which may, of
course, be θ itself). Unfortunately, θ, and hence g(θ ), is unknown. However, the
data can be used to obtain an estimate of g(θ), a value that one hopes will be close
to g(θ ).
Point estimation is one of the most common forms of statistical inference. One
measures a physical quantity in order to estimate its value; surveys are conducted
to estimate the proportion of voters favoring a candidate or viewers watching a
television program; agricultural experiments are carried out to estimate the effect of
a new fertilizer, and clinical experiments to estimate the improved life expectancy
or cure rate resulting from a medical treatment. As a prototype of such an estimation
problem, consider the determination of an unknown quantity by measuring it.
Example 1.1 The measurement problem. A number of measurements are taken
of some quantity, for example, a distance (or temperature), in order to obtain an
estimate of the quantity θ being measured. If the n measured values are x1 , . . . , xn ,
a common recommendation is to estimate θ by their mean
(x1 + · · · + xn )
.
n
The idea of averaging a number of observations to obtain a more precise value
x̄ =
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seems so commonplace today that it is difficult to realize it has not always been
in use. It appears to have been introduced only toward the end of the seventeenth
century (see Plackett, 1958). But why should the observations be combined in just
this way? The following are two properties of the mean, which were used in early
attempts to justify this procedure.
(i) An appealing approximation to the true value being measured is the value a,
for which the sum of squared difference (xi − a)2 is a minimum. That this
least squares estimate of θ is x̄ is seen from the identity
(1.2)

(xi − a)2 = (xi − x̄)2 + n(x̄ − a)2 ,

since the first term on the right side does not involve a and the second term
is minimized by a = x̄. (For the history of least squares, see Eisenhart 1964,
Plackett 1972, Harter 1974–1976, and Stigler 1981. Least squares estimation
will be discussed in a more general setting in §3.4.)
(ii) The least squares estimate defined in (i) is the value minimizing the sum of the
squared residuals, the residuals being the differences between the observations
xi and the estimated value. Another approach is to ask for the value a for which
the sum of the residuals is zero, so that the positive and negative residuals are
in balance. The condition on a is
(1.3)

(xi − a) = 0,

and this again immediately leads to a = x̄. (That the two conditions lead to the
same answer is, of course, obvious since (1.3) expresses that the derivative of
(1.2) with respect to a is zero.)
These two principles clearly belong to the first (data analytic) level mentioned
at the beginning of the section. They derive the mean as a reasonable descriptive
measure of the center of the observations, but they cannot justify x̄ as an estimate
of the true value θ since no explicit assumption has been made connecting the
observations xi with θ. To establish such a connection, let us now assume that
the xi are the observed values of n independent random variables which have a
common distribution depending on θ. Eisenhart (1964) attributes the crucial step
of introducing such probability models for this purpose to Simpson (1755).
More specifically, we shall assume that Xi = θ + Ui , where the measurement
error Ui is distributed according to a distribution F symmetric about 0 so that the
Xi are symmetrically distributed about θ with distribution
(1.4)

P (Xi ≤ x) = F (x − θ).

In terms of this model, can we now justify the idea that the mean provides a more
precise value than a single observation? The second of the approaches mentioned
at the beginning of the section (classical inference) suggests the following kind of
consideration.
If the X’s are independent and have a finite variance σ 2 , the variance of the
mean X̄ is σ 2 /n; the expected squared difference between X̄ and θ is therefore
only 1/n of what it is for a single observation. However, if the X’s have a Cauchy
distribution, the distribution of X̄ is the same as that of a single Xi (Problem 1.6),
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so that nothing is gained by taking several measurements and then averaging them.
Whether X̄ is a reasonable estimator of θ thus depends on the nature of the Xi . 
This example suggests that the formalization of an estimation problem involves
two basic ingredients:
(a) A real-valued function g defined over a parameter space , whose value at θ
is to be estimated; we shall call g(θ) the estimand. [In Example 1.1, g(θ) = θ .]
(b) A random observable X (typically vector-valued) taking on values in a sample
space X according to a distribution Pθ , which is known to belong to a family
P as stated in (1.1). [In Example 1.1, X = (X1 , . . . , Xn ), where the Xi are
independently, identically distributed (iid) and their distribution is given by
(1.4). The observed value x of X constitutes the data.]
The problem is the determination of a suitable estimator.
Definition 1.2 An estimator is a real-valued function δ defined over the sample
space. It is used to estimate an estimand, g(θ ), a real-valued function of the parameter.
Of course, it is hoped that δ(X) will tend to be close to the unknown g(θ), but
such a requirement is not part of the formal definition of an estimator. The value
δ(x) taken on by δ(X) for the observed value x of X is the estimate of g(θ), which
will be our “educated guess” for the unknown value.
One could adopt a slightly more restrictive definition than Definition 1.2. In
applications, it is often desirable to restrict δ to possible values of g(θ), for example,
to be positive when g takes on only positive values, to be integer-valued when g
is, and so on. For the moment, however, it is more convenient not to impose this
additional restriction.
The estimator δ is to be close to g(θ), and since δ(X) is a random variable,
we shall interpret this to mean that it will be close on the average. To make this
requirement precise, it is necessary to specify a measure of the average closeness
of (or distance from) an estimator to g(θ ). Examples of such measures are
(1.5)

P (|δ(X) − g(θ)| < c)

for some

c>0

and
(1.6)

E|δ(X) − g(θ )|p

p > 0.

for some

(Of these, we want the first to be large and the second to be small.) If g and δ take
on only positive values, one may be interested in

p
 δ(X)


E
− 1 ,
δ(θ)
which suggests generalizing (1.6) to
(1.7)

κ(θ )E|δ(X) − g(θ )|p .

Quite generally, suppose that the consequences of estimating g(θ ) by a value d
are measured by L(θ, d). Of the loss function L, we shall assume that
(1.8)

L(θ, d) ≥ 0

for all

θ, d
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and
(1.9)

L[θ, g(θ )] = 0

for all θ,

so that the loss is zero when the correct value is estimated. The accuracy, or rather
inaccuracy, of an estimator δ is then measured by the risk function
(1.10)

R(θ, δ) = Eθ {L[θ, δ(X)]},

the long-term average loss resulting from the use of δ. One would like to find a δ
which minimizes the risk for all values of θ.
As stated, this problem has no solution. For, by (1.9), it is possible to reduce the
risk at any given point θ0 to zero by making δ(x) equal to g(θ0 ) for all x. There
thus exists no uniformly best estimator, that is, no estimator which simultaneously
minimizes the risk for all values of θ, except in the trivial case that g(θ) is constant.
One way of avoiding this difficulty is to restrict the class of estimators by ruling
out estimators that too strongly favor one or more values of θ at the cost of neglecting other possible values. This can be achieved by requiring the estimator to
satisfy some condition which enforces a certain degree of impartiality. One such
condition requires that the bias Eθ [δ(X)] − g(θ), sometimes called the systematic
error, of the estimator δ be zero, that is, that
(1.11)

Eθ [δ(X)] = g(θ )

for all θ ∈

.

This condition of unbiasedness ensures that, in the long run, the amounts by which
δ over- and underestimates g(θ) will balance, so that the estimated value will be
correct “on the average.” A somewhat similar condition is obtained by considering
not the amount but only the frequency of over- and underestimation. This leads to
the condition
(1.12)

Pθ [δ(X) < g(θ )] = Pθ [δ(X) > g(θ )]

or slightly more generally to the requirement that g(θ ) be a median of δ(X) for all
values of θ . To distinguish it from this condition of median-unbiasedness, (1.11)
is called mean-unbiasedness if there is a possibility of confusion.
Mean-unbiased estimators, due to Gauss and perhaps the most classical of all
frequentist constructions, are treated in Chapter 2. There, we will also consider
performance assessments that naturally arise from unbiasedness considerations.
[A more general unbiasedness concept, of which (1.11) and (1.12) are special
cases, will be discussed in Section 3.1.]
A different impartiality condition can be formulated when symmetries are present
in a problem. It is then natural to require a corresponding symmetry to hold for
the estimator. The resulting condition of equivariance will be explored in Chapter
3 and will also play a role in the succeeding chapters.
In many important situations, unbiasedness and equivariance lead to estimators that are uniformly best among the estimators satisfying these restrictions.
Nevertheless, the applicability of both conditions is limited. There is an alternative approach which is more generally applicable. Instead of seeking an estimator
which minimizes the risk uniformly in θ , one can more modestly ask that the risk
function be low only in some overall sense. Two natural global measures of the
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R(θ, δ)w(θ )dθ

for some weight function w and the maximum of the risk function
(1.14)

sup R(θ, δ).

The estimator minimizing (1.13) (discussed in Chapter 4) formally coincides with
the Bayes estimator when θ is assumed to be a random variable with probability density w. Minimizing (1.14) leads to the minimax estimator, which will be
considered in Chapter 5.
The formulation of an estimation problem in a concrete situation along the lines
described in this chapter requires specification of the probability model (1.1) and of
a measure of inaccuracy L(θ, d). In the measurement problem of Example 1.1 and
its generalizations to linear models, it is frequently reasonable to assume that the
measurement errors are approximately normally distributed. In other situations,
the assumptions underlying a binomial or Poisson distribution may be appropriate. Thus, knowledge of the circumstances and previous experience with similar
situations will often suggest a particular parametric family P of distributions. If
such information is not available, one may instead adopt a nonparametric model,
which requires only very general assumptions such as independence or symmetry
but does not lead to a particular parametric family of distributions. As a compromise between these two approaches, one may be willing to assume that the true
distribution, though not exactly following a particular parametric form, lies within
a stated distance of some parametric family. For a theory of such neighborhood
models see, for example, Huber (1981) or TSH2, Section 9.3.
The choice of an appropriate model requires judgment and utilizes experience;
it is also affected by considerations of convenience. Analogous considerations
for choice of the loss function L appear to be much more difficult. The most
common fate of a point estimate (for example, of the distance of a star or the
success probability of an operation) is to wind up in a research report or paper. It
is likely to be used on different occasions and in various settings for a variety of
purposes which cannot be foreseen at the time the estimate is made. Under these
circumstances, one wants the estimator to be accurate, but just what measure of
accuracy should be used is fairly arbitrary.
This was recognized very clearly by Laplace (1820) and Gauss (1821), who
compared the estimation of an unknown quantity, on the basis of observations
with random errors, with a game of chance and the error in the estimated value
with the loss resulting from such a game. Gauss proposed the square of the error
as a measure of loss or inaccuracy. Should someone object to this specification
as arbitrary, he writes, he is in complete agreement. He defends his choice by an
appeal to mathematical simplicity and convenience. Among the infinite variety
of possible functions for the purpose, the square is the simplest and is therefore
preferable.
When estimates are used to make definite decisions (for example, to determine
the amount of medication to be given a patient or the size of an order that a store
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should place for some goods), it is sometimes possible to specify the loss function
by the consequences of various errors in the estimate. A general discussion of the
distinction between inference and decision problems is given by Blyth (1970) and
Barnett (1982).
Actually, it turns out that much of the general theory does not require a detailed
specification of the loss function but applies to large classes of such functions,
in particular to loss functions L(θ, d), which are convex in d. [For example, this
includes (1.7) with p ≥ 1 but not with p < 1. It does not include (1.5)]. We shall
develop here the theory for suitably general classes of loss functions whenever the
cost in complexity is not too high. However, in applications to specific examples
— and these form a large part of the subject — the choice of squared error as loss
has the twofold advantage of ease of computation and of leading to estimators that
can be obtained explicitly. For these reasons, in the examples we shall typically
take the loss to be squared error.
Theoretical statistics builds on many different branches of mathematics, from
set theory and algebra to analysis and probability. In this chapter, we will present
an overview of some of the most relevant topics needed for the statistical theory
to follow.
2 Measure Theory and Integration
A convenient framework for theoretical statistics is measure theory in abstract
spaces. The present section will sketch (without proofs) some of the principal
concepts, results, and notational conventions of this theory. Such a sketch should
provide sufficient background for a comfortable understanding of the ideas and
results and the essentials of most of the proofs in this book. A fuller account of
measure theory can be found in many standard books, for example, Halmos (1950),
Rudin (1966), Dudley (1989), and Billingsley (1995).
The most natural example of a “measure” is that of the length, area, or volume
of sets in one-, two-, or three-dimensional Euclidean space. As in these special
cases, a measure assigns non-negative (not necessarily finite) values to sets in some
space X . A measure µ is thus a set function; the value it assigns to a set A will be
denoted by µ(A).
In generalization of the properties of length, area, and volume, a measure will
be required to be additive, that is, to satisfy
(2.1)

µ(A ∪ B) = µ(A) + µ(B)

when A, B are disjoint,

where A ∪ B denotes the union of A and B. From (2.1), it follows immediately by
induction that additivity extends to any finite union of disjoint sets. The measures
with which we shall be concerned will be required to satisfy the stronger condition
of sigma-additivity, namely that

(2.2)

µ

∞

i=1

Ai

∞

=
i=1

for any countable collection of disjoint sets.

µ(Ai )
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The domain over which a measure µ is defined is a class of subsets of X . It would
seem easiest to assume that this is the class of all subsets of X . Unfortunately, it
turns out that typically it is not possible to give a satisfactory definition of the
measures of interest for all subsets of X in such a way that (2.2) holds. [Such
a negative statement holds in particular for length, area, and volume (see, for
example, Halmos (1950), p. 70) but not for the measure µ of Example 2.1 below.]
It is therefore necessary to restrict the definition of µ to a suitable class of subsets
of X . This class should contain the whole space X as a member, and for any set A
also its complement X − A. In view of (2.2), it should also contain the union of any
countable collection of sets of the class. A class of sets satisfying these conditions
is called a σ -field or σ -algebra. It is easy to see that if A1 , A2 , . . . are members of
a σ -field A, then so are their union and intersection (Problem 2.1).
If A is a σ -field of subsets of a space X , then (X , A) is said to be a measurable
space and the sets A of A to be measurable. A measure µ is a nonnegative set
function defined over a σ -field A and satisfying (2.2). If µ is a measure defined
over a measurable space (X , A), the triple (X , A, µ) is called a measure space.
A measure is σ -finite if there exist sets Ai in A whose union is X and such
that µ(Ai ) < ∞. All measures with which we shall be concerned in this book are
σ -finite, and we shall therefore use the term measure to mean a σ -finite measure.
The following are two important examples of measure spaces.
Example 2.1 Counting measure. Let X be countable and A the class of all
subsets of X . For any A in A, let µ(A) be the number of points of A if A is
finite, and µ(A) = ∞ otherwise. This measure µ is called counting measure. That
µ is σ -finite is obvious.

Example 2.2 Lebesgue measure. Let X be n-dimensional Euclidean space En ,
and let A be the smallest σ -field containing all open rectangles
(2.3)

A = {(x1 , . . . , xn ) : ai < xi < bi },

−∞ < ai < bi < ∞.

We shall then say that (X , A) is Euclidean. The members of A are called Borel
sets. This is a very large class which contains, among others, all open and all closed
subsets of X . There exists a (unique) measure µ, defined over A, which assigns
to (2.3) the measure
(2.4)

µ(A) = (b1 − a1 ) · · · (bn − an ),

that is, its volume; µ is called Lebesgue measure.



The intuitive meaning of measure suggests that any subset of a set of measure
zero should again have measure zero. If (X , A, µ) is a measure space, it may,
however, happen that a subset of a set in A which has measure zero is not in
A and hence not measurable. This difficulty can be remedied by the process of
completion. Consider the class B of all sets B = A ∪ C where A is in A and C is
a subset of a set in A having measure zero. Then, B is a σ -field (Problem 2.7). If
µ is defined over B by µ (B) = µ(A), µ agrees with µ over A, and (X , B, µ ) is
called the completion of the measure space (X , A, µ).
When the process of completion is applied to Example 2.1 so that X is Euclidean
and A is the class of Borel sets, the resulting larger class B is the class of Lebesgue
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measurable sets. The measure µ defined over B, which agrees with Lebesgue
measure over the Borel sets, is also called Lebesgue measure.
A third principal concept needed in addition to σ -field and measure is that of the
integral of a real-valued function f with respect to a measure µ. However, before
defining this integral, it is necessary to specify a suitable class of functions f . This
will be done in three steps.
First, consider the class of real-valued functions s called simple, which take on
only a finite number of values, say a1 , . . . , am , and for which the sets
(2.5)

Ai = {x : s(x) = ai }

belong to A. An important special case of a simple function is the indicator IA of
a set A in A, defined by
(2.6)

IA (x) = I (x ∈ A) =

1
0

if x ∈ A
if x =
 A.

If the set A is an interval, for example (a, b], the indicator function of the interval
may be written in the alternate form I (a < x ≤ b).
Second, let s1 , s2 , . . . be a nondecreasing sequence of non-negative simple functions and let
(2.7)
f (x) = lim sn (x).
n→∞

Note that this limit exists since for every x, the sequence s1 (x), s2 (x), . . . is nondecreasing but that f (x) may be infinite. A function with domain X and range
[0, ∞), that is, non-negative and finite valued, will be called A-measurable or, for
short, measurable if there exists a nondecreasing sequence of non-negative simple
functions such that(2.7) holds for all x ∈ X .
Third, for an arbitrary function f , define its positive and negative part by
f + (x) = max(f (x), 0),

f − (x) = −min(f (x), 0),

so that f + and f − are both non-negative and
f = f + − f −.
Then a function with domain X and range (−∞, ∞) will be called measurable if
both its positive and its negative parts are measurable. The measurable functions
constitute a very large class which has a simple alternative characterization.
It can be shown that a real-valued function f is A-measurable if and only if, for
every Borel set B on the real line, the set
{x : f (x) ∈ B}
is in A. If follows from the definition of Borel sets that it is enough to check that
{x : f (x) < b} is in A for every b. This shows in particular that if (X , A) is
Euclidean and f continuous, then f is measurable. As another important class,
consider functions taking on a countable number of values. If f takes on distinct
values a1 , a2 , . . . on sets A1 , A2 , . . ., it is measurable if and only if Ai ∈ A for all
i.
The integral can now be defined in three corresponding steps.
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(i) For a non-negative simple function s taking on values ai on the sets Ai , define

s dµ = ai µ(Ai ),
(2.8)
where aµ(A) is to be taken as zero when a = 0 and µ(A) = ∞.
(ii) For a non-negative measurable function f given by (2.7), define


f dµ = lim
sn dµ.
(2.9)
n→∞

Here, the limit on the right side exists since the fact that the functions sn
are nondecreasing implies the same for the numbers sn dµ. The definition
(2.9) is meaningful because it can be shown that if {sn } and {sn } are two
nondecreasing sequences with the same limit function, their integrals also
will have the same limit. Thus, the value of f dµ is independent of the
particular sequence used in (2.7).
The definitions (2.8) and (2.9) do not preclude the possibility that s dµ or
f dµ is infinite. A non-negative measurable function is integrable (with
respect to µ) if f dµ < ∞.
(iii) An arbitrary measurable function f is said to be integrable if its positive and
negative parts are integrable, and its integral is then defined by



+
f dµ = f dµ − f − dµ.
(2.10)
Important special cases of this definition are obtained by taking, for µ, the
measures defined in Examples 2.1 and 2.2.
Example 2.3 Continuation of Example 2.1. If X = {x1 , x2 , . . .} and µ is counting measure, it is easily seen from (2.8) through (2.10) that

f dµ = f (xi ).


Example 2.4 Continuation of Example 2.2. If µ is Lebesgue measure, then
f dµ exists whenever the Riemann integral (the integral taught in calculus
courses) exists and the two agree. However, the integral defined in (2.8) through
(2.10) exists for many functions for which the Riemann integral is not defined. A
simple example is the function f for which f (x) = 1 or 0, as x is rational or irrational. It follows from (2.22) below that the integral of f with respect to Lebesgue
measure is zero; on the other hand, f is not Riemann integrable (Problem 2.11). 
In analogy with the customary notation for the Riemann integral, it will frequently be convenient to write the integral (2.10) as f (x)dµ(x). This is especially
true when f is given by an explicit formula.
The integral defined above has the properties one would expect of it. In particular,
for any real numbers c1 , . . . , cm and any integrable functions f1 , . . . , fm , ci fi is
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fi dµ.

(ci fi ) dµ = ci

Also, if f is measurable and g integrable and if 0 ≤ f ≤ g, then f is also
integrable, and


(2.12)
f dµ ≤ g dµ.
We shall often be dealing with statements that hold except on a set of measure
zero. If a statement holds for all x in X − N where µ(N ) = 0, the statement is
said to hold a.e. (almost everywhere) µ (or a.e. if the measure µ is clear from the
context).
It is sometimes required to know when f (x) = lim fn (x) or more generally
when
f (x) = lim fn (x) (a.e. µ)
(2.13)
implies that




f dµ = lim

(2.14)

fn dµ.

Here is a sufficient condition.
Theorem 2.5 (Dominated Convergence) If the fn are measurable and satisfy
(2.13), and if there exists an integrable function g such that
(2.15)

|fn (x)| ≤ g(x)

for all

x,

then the fn and f are integrable and (2.14) holds.
The following is another useful result concerning integrals of sequences of
functions.
Lemma 2.6 (Fatou) If {fn } is a sequence of non-negative measurable functions,
then

 

lim inf fn dµ ≤ lim inf fn dµ
(2.16)
n→∞

n→∞

with the reverse inequality holding for limsup.
Recall that the liminf and limsup of a sequence of numbers are, respectively, the
smallest and largest limit points that can be obtained through subsequences. See
Problems 2.5 and 2.6.
As a last extension of the concept of integral, define


(2.17)
f dµ = IA f dµ
A

when the integral on the right exists. It follows in particular from (2.8) and (2.17)
that

(2.18)
A

dµ = µ(A).

Obviously such properties as (2.11) and (2.12) continue to hold when
by A .

is replaced
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It is often useful to know under what conditions an integrable function f satisfies

(2.19)
f dµ = 0.
A

This will clearly be the case when either
f =0

(2.20)
or
(2.21)

on

A

µ(A) = 0.

More generally, it will be the case whenever
f =0

(2.22)

a.e. on A,

that is, f is zero except on a subset of A having measure zero.
Conversely, if f is a.e. non-negative on A,

(2.23)
f dµ = 0 ⇒ f = 0 a.e. on A,
A

and if f is a.e. positive on A, then

(2.24)
f dµ = 0 ⇒ µ(A) = 0.
A

Note that, as a special case of (2.22), if f and g are integrable functions differing
only on a set of measure zero, that is, if f = g (a.e. µ), then


f dµ = g dµ.
It is a consequence that functions can never be determined by their integrals
uniquely but at most up to sets of measure zero.
For a non-negative integrable function f , let us now consider

ν(A) =
(2.25)
f dµ
A

as a set function defined over A. Then ν is non-negative, σ -finite, and σ -additive
and hence a measure over (X , A).
If µ and ν are two measures defined over the same measurable space (X , A), it is
a question of central importance whether there exists a function f such that (2.25)
holds for all A ∈ A. By (2.21), a necessary condition for such a representation is
clearly that
(2.26)
µ(A) = 0 ⇒ ν(A) = 0.
When (2.26) holds, ν is said to be absolutely continuous with respect to µ. It is a
surprising and basic fact known as the Radon-Nikodym theorem that (2.26) is not
only necessary but also sufficient for the existence of a function f satisfying (2.25)
for all A ∈ A. The resulting function f is called the Radon-Nikodym derivative
of ν with respect to µ. This f is not unique because it can be changed on a set of
µ-measure zero without affecting the integrals (2.25). However, it is unique a.e. µ
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in the sense that if g is any other integrable function satisfying (2.25), then f = g
(a.e. µ). It is a useful consequence of this result that

f dµ = 0 for all A ∈ A
A

implies that f = 0 (a.e. µ).
The last theorem on integration we require is a form of Fubini’s theorem which
essentially states that in a repeated integral of a non-negative function, the order
of integration is immaterial. To make this statement precise, define the Cartesian
product A × B of any two sets A, B as the set of all ordered pairs (a, b) with
a ∈ A, b ∈ B. Let (X , A, µ) and (Y, B, ν) be two measure spaces, and define
A × B to be the smallest σ -field containing all sets A × B with A ∈ A and B ∈ B.
Then there exists a unique measure λ over A × B which to any product set A × B
assigns the measure µ(A) · ν(B). The measure λ is called the product measure of
µ and ν and is denoted by µ × ν.
Example 2.7 Borel sets. If X and Y are Euclidean spaces Em and En and A and
B the σ -fields of Borel sets of X and Y respectively, then X × Y is Euclidean
space Em+n , and A × B is the class of Borel sets of X × Y. If, in addition, µ and
ν are Lebesgue measure on (X , A) and (Y, B), then µ × ν is Lebesgue measure
on (X × Y, A × B).

An integral with respect to a product measure generalizes the concept of a double
integral. The following theorem, which is one version of Fubini’s theorem, states
conditions under which a double integral is equal to a repeated integral and under
which it is permitted to change the order of integration in a repeated integral.
Theorem 2.8 (Fubini) Let (X , A, µ) and (Y, B, ν) be measure spaces and let f
be a non-negative A × B-measurable function defined on X × Y.
Then

 

(2.27)
X



 
f (x, y)dν(y) dµ(x) =
f (x, y)dµ(x) dν(y)
Y
Y X
f d(µ × ν).
=
X ×Y

Here, the first term is the repeated integral in which f is first integrated for fixed
x with respect to ν, and then the result with respect to µ. The inner integrals of
the first two terms in (2.27) are, of course, not defined unless f (x, y), for fixed
values of either variable, is a measurable function of the other. Fortunately, under
the assumptions of the theorem, this is always the case. Similarly, existence of
the outer integrals requires the inner integrals to be measurable functions of the
variable that has not been integrated. This condition is also satisfied.
3 Probability Theory
For work in statistics, the most important application of measure theory is its
specialization to probability theory. A measure P defined over a measure space
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P (X ) = 1

is a probability measure (or probability distribution), and the value P (A) it assigns
to A is the probability of A. If P is absolutely continuous with respect to a measure
µ with Radon-Nikodym derivative, p, so that

P (A) =
(3.2)
p dµ,
A

p is called the probability density of P with respect to µ. Such densities are, of
course, determined only up to sets of µ-measure zero.
We shall be concerned only with situations in which X is Euclidean, and typically the distributions will either be discrete (in which case µ can be taken to be
counting measure) or absolutely continuous with respect to Lebesgue measure.
Statistical problems are concerned not with single probability distributions but
with families of such distributions
(3.3)

P = {Pθ , θ ∈

}

defined over a common measurable space (X , A). When all the distributions of P
are absolutely continuous with respect to a common measure µ, as will usually be
the case, the family P is said to be dominated (by µ).
Most of the examples with which we shall deal belong to one or the other of the
following two cases.
(i) The discrete case. Here, X is a countable set, A is the class of subsets of X ,
and the distributions of P are dominated by counting measure.
(ii) The absolutely continuous case. Here, X is a Borel subset of a Euclidean
space, A is the class of Borel subsets of X , and the distributions of P are
dominated by Lebesgue measure over (X , A).
It is one of the advantages of the general approach of this section that it includes
both these cases, as well as mixed situations such as those arising with censored
data (see Problem 3.8).
When dealing with a family P of distributions, the most relevant null-set concept
is that of a P-null set, that is, of a set N satisfying
(3.4)

P (N ) = 0

for all P ∈ P.

If a statement holds except on a set N satisfying (3.4), we shall say that the statement
holds (a.e. P). If P is dominated by µ, then
(3.5)

µ(N ) = 0

implies (3.4). When the converse also holds, µ and P are said to be equivalent.
To bring the customary probabilistic framework and terminology into consonance with that of measure theory, it is necessary to define the concepts of random
variable and random vector. A random variable is the mathematical representation
of some real-valued aspect of an experiment with uncertain outcome. The experiment may be represented by a space E, and the full details of its possible outcomes
by the points e of E. The frequencies with which outcomes can be expected to fall
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into different subsets E of E (assumed to form a σ -field B) are given by a probability distribution over (E, B). A random variable is then a real-valued function X
defined over E. Since we wish the probabilities of the events X ≤ a to be defined,
the function X must be measurable and the probability
FX (a) = P (X ≤ a)

(3.6)

is simply the probability of the set {e : X(e) ≤ a}. The function FX defined through
(3.6) is the cumulative distribution function (cdf) of X.
It is convenient to digress here briefly in order to define another concept of
absolute continuity. A real-valued function f on (−∞, ∞) is said to be absolutely
continuous if given any ε > 0, there exits δ > 0 such that for each finite collection
of disjoint bounded open intervals (ai , bi ),
(3.7)

(bi − ai ) < δ

implies

|f (bi ) − f (ai )| < ε.

A connection with the earlier concept of absolute continuity of one measure with
respect to another is established by the fact that a cdf F on the real line is absolutely
continuous if and only if the probability measure it generates is absolutely continuous with respect to Lebesgue measure. Any absolutely continuous function is
continuous (Problem 3.2), but the converse does not hold. In particular, there exist
continuous cumulative distribution functions which are not absolutely continuous
and therefore do not have a probability density with respect to Lebesgue measure.
Such distributions are rather pathological and play little role in statistics.
If not just one but n real-valued aspects of an experiment are of interest, these
are represented by a measurable vector-valued function (X1 , . . . , Xn ) defined over
E, with the joint cdf
(3.8)

FX (a1 , . . . , an ) = P [X1 ≤ a1 , . . . , Xn ≤ an ]

being the probability of the event
(3.9)

{e : X1 (e) ≤ a1 , . . . , Xn (e) ≤ an }.

The cdf (3.8) determines the probabilities of (X1 , . . . Xn ) falling into any Borel set
A, and these agree with the probabilities of the events
{e : [X1 (e), . . . , Xn (e)] ∈ A}.
From this description of the mathematical model, one might expect the starting
point for modeling a specific situation to be the measurable space (E, B) and a family P of probability distributions defined over it. However, the statistical analysis
of an experiment is typically not based on a full description of the experimental
outcome (which would, for example, include the smallest details concerning all
experimental subjects) represented by the points e of E. More often, the starting
point is a set of observations, represented by a random vector X = (X1 , . . . , Xn ),
with all other aspects of the experiment being ignored. The specification of the
model will therefore begin with X, the data; the measurable space (X , A) in which
X takes on its values, the sample space; and a family P of probability distributions
to which the distribution of X is known to belong. Real-valued or vector-valued
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measurable functions T = (T1 , . . . , Tk ) of X are called statistics; in particular,
estimators are statistics.
The change of starting point from (E, B) to (X , A) requires clarification of two
definitions: (1) In order to avoid reference to (E, B), it is convenient to require T to
be a measurable function over (X , A) rather than over (E, B). Measurability with
respect to the original (E, B) is then an automatic consequence (Problem 3.3). (2)
Analogously, the expectation of a real-valued integrable T is originally defined as

T [X(e)]dP (e).
However, it is legitimate to calculate it instead from the formula

E(T ) = T (x)dPX (X)
where PX denotes the probability distribution of X.
As a last concept, we mention the support of a distribution P on (X , A). It is
the set of all points x for which P (A) > 0 for all open rectangles A [defined by
(2.3)] which contain x.
Example 3.1 Support. Let X be a random variable with distribution P and cdf
F , and suppose the support of P is a finite interval I with end points a and b. Then,
I must be the closed interval [a, b] and F is strictly increasing on [a, b] (Problem
3.4).

If P and Q are two probability measures on (X , A) and are equivalent (i.e.,
each is absolutely continuous with respect to the other), then they have the same
support; however, the converse need not be true (Problems 3.6 and 3.7).
Having outlined the mathematical foundation on which the statistical developments of the later chapters are based, we shall from now on ignore it as far as
possible and instead concentrate on the statistical issues. In particular, we shall
pay little or no attention to two technical difficulties that occur throughout.
(i) The estimators that will be derived are statistics and hence need to be measurable. However, we shall not check that this requirement is satisfied. In specific
examples, it is usually obvious. In more general constructions, it will be tacitly understood that the conclusion holds only if the estimator in question is
measurable. In practice, the sets and functions in these constructions usually
turn out to be measurable although verification of their measurability can be
quite difficult.
(ii) Typically, the estimators are also required to be integrable. This condition
will not be as universally satisfied in our examples as measurability and will
therefore be checked when it seems important to do so. In other cases, it will
again be tacitly assumed.
4 Group Families
The two principal families of models with which we shall be concerned in this book
are exponential families and group families. Between them, these families cover
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many of the more common statistical models. In this and the next section, we shall
discuss these families and some of their properties, together with some of the more
important special cases. More details about these and other special distributions
can be found in the four-volume reference work on statistical distributions by
Johnson and Kotz (1969-1972), and the later editions by Johnson, Kotz, and Kemp
(1992) and Johnson, Kotz, and Balakrishnan (1994,1995).
One of the main reasons for the central role played by these two families in
statistics is that in each of them, it is possible to effect a great simplification of the
data. In an exponential family, there exists a fixed (usually rather small) number of
statistics to which the data can be reduced without loss of information, regardless
of the sample size. In a group family, the simplification stems from the fact that the
different distributions of the family play a highly symmetric role. This symmetry
in the basic structure again leads essentially to a reduction of the dimension of the
data since it is then natural to impose a corresponding symmetry requirement on
the estimator.
A group family of distributions is a family obtained by subjecting a random
variable with a fixed distribution to a suitable family of transformations.
Example 4.1 Location-scale families. Let U be a random variable with a fixed
distribution F . If a constant a is added to U , the resulting variable
(4.1)

X =U +a

has distribution
(4.2)
P (X ≤ x) = F (x − a).
The totality of distributions (4.2), for fixed F and as a varies from −∞ to ∞, is
said to constitute a location family.
Analogously, a scale family is generated by the transformations
(4.3)

X = bU,

b > 0,

and has the form
(4.4)
P (X ≤ x) = F (x/b).
Combining these two types of transformations into
(4.5)

X = a + bU,

one obtains the location-scale family
(4.6)

P (X ≤ x) = F

b > 0,


x−a
b


.

In applications of these families, F usually has a density f with respect to
Lebesgue measure. The density of (4.6) is then given by


1
x−a
f
(4.7)
.
b
b
Table 4.1 exhibits several such densities, which will be used in the sequel.



In each of (4.1), (4.3), and (4.5), the class of transformations has the following
two properties.
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Table 4.1. Location-Scale Families −∞ < a < ∞, b > 0

Density

Support

Name

Notation

2
2
√ 1 e−(x−a) /2b
2π b

−∞ < x < ∞

Normal

N (a, b2 )

1 −|x−a|/b
e
2b

−∞ < x < ∞

Double exponential

DE(a, b)

b
1
π b2 +(x−a)2

−∞ < x < ∞

Cauchy

C(a, b)

1 e− (x−a)/b
b [1+e− (x−a)/b]2

−∞ < x < ∞

Logistic

L(a, b)

1 −(x−a)/b
e
I[a,∞) (x)
b

a<x<∞

Exponential

E(a, b)

Uniform



U a − b2 , a + b2

1
I
(x)
b [a−b/2,a+b/2]

a−

b
2

<x<a+

b
2

(i) Closure under composition. Application of a 1:1 transformation g1 from X
to X followed by another, g2 , results in a new such transformation called the
composition of g1 with g2 and denoted by g2 ·g1 . For the transformation (4.1),
addition first of a1 and then of a2 results in the addition of a1 + a2 . For (4.3),
multiplication by b1 and then by b2 is equivalent to multiplication by b2 · b1 .
The composition rule (4.5) is slightly more complicated. First transforming u
to x = a1 + b1 u and then the result to y = a2 + b2 x results in the transformation
(4.8)

y = a2 + b2 (a1 + b1 u) = (a2 + b2 a1 ) + b2 b1 u.
A class J of transformations is said to be closed under composition if g1 ∈
J , g2 ∈ J implies that g2 · g1 ∈ J . We have just shown that the three classes
of transformations,

(4.9)

(4.1)
(4.3)

with − ∞ < a < ∞,
with 0 < b,

(4.5)

with − ∞ < a < ∞, 0 < b,

are all closed with respect to composition. On the other hand, the class (4.1)
with |a| < 1 is not, since U + 1/2 and U + 2/3 are both members of the class
but their composition is not.
(ii) Closure under inversion. Given any 1 : 1 transformation x  = gx, let g −1 ,
the inverse of g, denote the transformation which undoes what g did, that is,
takes x  back to x so that x = g −1 x  . For the transformation which adds a, the
inverse subtracts a; the inverse in (4.3) of multiplication by b is division by
b; and the inverse of a + bu is (x − a)/b. A class J is said to be closed under
inversion if g ∈ J implies g −1 ∈ J . The three classes listed in (4.9) are all
closed under inversion. On the other hand, (4.1) with 0 ≤ a is not.
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The structure of the class of transformations possessing these properties is a
special case of a more general mathematical object, simply called a group.
Definition 4.2 A set G of elements is called a group if it satisfies the following
four conditions.
(i) There is defined an operation, group multiplication, which with any two elements a, b ∈ G associates an element c of G. The element c is called the
product of a and b and is denoted ab.
(ii) Group multiplication obeys the associative law
(ab)c = a(bc).
(iii) There exists an element e ∈ G, called the identity, such that
ae = ea = a

for all

a ∈ G.

(iv) For each element a ∈ G, there exists an element a −1 , its inverse, such that
aa −1 = a −1 a = e.
Both the identity element and the inverse a −1 of any element a can be shown to
be unique.
The groups of primary interest in statistics are transformation groups.
Definition 4.3 A class G of transformations is called a transformation group if it
is closed under both composition and inversion.
It is straightforward to verify (Problem 4.4) that a transformation group is, in
fact, a group. In particular, note that the identity transformation x ≡ x is a member
of any transformation group G since g ∈ G implies g −1 ∈ G and hence g −1 g ∈ G,
and by definition, g −1 g is the identity. Note also that the inverse (g −1 )−1 of g −1 is
g, so that gg −1 is also the identity.
A transformation group G which satisfies
g2 · g1 = g1 · g2
for all g1 , g2 ∈ G is called commutative. The first two groups of transformations
of (4.9) are commutative, but the third is not.
Example 4.4 Continuation of Example 4.1. The group families (4.2), (4.4), and
(4.6) generalize easily to the case that U is a vector U = (U1 , . . . , Un ), if one
defines
(4.10)

U + a = (U1 + a, . . . , Un + a)

and bU = (bU1 , . . . , bUn ).

This covers in particular the case that X1 , . . . , Xn are iid according to one of the
previous families, for example, one of the densities of Table 4.1. Larger group
families are obtained in the same way by letting
(4.11)

U + a = (U1 + a1 , . . . , Un + an ) and bU = (b1 U1 , . . . , bn Un ).
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Example 4.5 Multivariate normal distribution. As a more special but very important example, suppose next that U = (U1 , . . . , Up ) where the Ui are independently distributed as N(0, 1) and let

  
 
X1
a1
U1
 ..   .. 
 .. 
(4.12)
 . = . +B . 
Xp

ap

Up

where B is nonsingular p × p matrix. The resulting family of distributions in
p-space is the family of nonsingular p-variate normal distributions. If the three
columns of (4.12) are denoted by X, a, and U, respectively,1 (4.12) can be written
as
(4.13)
X = a + BU.
From this equation, it is seen that the covariance matrix  of X are given by
(4.14)

E(X) = a

and  = E[(X − a)(X − a) ] = BB  .

To obtain the density of X, write the density of U as
√

1

( 2π)p



e−(1/2)u u .

Now U = B −1 (X − a) and the Jacobian of the linear transformation (4.13) is just
the determinant |B| of B. Thus, by the usual formula for transforming densities,
the density of X is seen to be
|B|−1 −(x−a)  −1 (x−a)/2
e
.
√
( 2π )p

(4.15)

For the case p = 2, this reduces to (Problem 4.6)
(4.16)

1


2πσ τ 1 − ρ 2

e−[(x−ξ )

2

/σ 2 −2ρ(x−ξ )(y−η)/σ τ +(y−η)2 /τ 2 ]/2(1−ρ 2 )

where we write (x, y) for (x1 , x2 ) and (ξ, η) for (a1 , a2 ), and where σ 2 = var(X),
τ 2 = var(Y ), and ρσ τ = cov(X, Y ).

There is a difference between the transformation groups (4.1), (4.3), and (4.5),
on the one hand, and (4.13), on the other. In the first three cases, different transformations of the group lead to different distributions. This is not true of (4.13) since
the distributions of
a1 + B1 U and a2 + B2 U
coincide provided a1 = a2 and B1 B1 = B2 B2 . This occurs when a1 = a2 and
(B2−1 B1 )(B2−1 B1 ) is the identity matrix, that is, when B2−1 B1 is orthogonal. The
same family of distributions can therefore be generated by restricting the matrices
B in (4.13) to belong to a smaller group. In particular, it is enough to let G be the
group of lower triangular matrices, in which all elements above the main diagonal
are zero (Problems 4.7 - 4.9).
1

When it is not likely to cause confusion, we shall use U and so on to denote both the vector and the
column with elements Ui .
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Example 4.6 The linear model. Let us next consider a different generalization
of a location-scale family. As before, let U = (U1 , . . . , Un ) have a fixed joint
distribution and consider the transformations
Xi = ai + bUi ,

(4.17)

i = 1, . . . , n,

where the translation vector a = (a1 , . . . , an ) is restricted to be in some s-dimensional linear subspace of n-space, that is, to satisfy a set of linear equations
ai =

(4.18)

s

dij βj

(i = 1, . . . , n).

j =1

Here, the dij are fixed (without loss of generality the matrix D = (dij ) is assumed
to be of rank s) and the βj are arbitrary.
The most important case of this model is that in which the U ’s are iid as N (0, 1).
The joint distribution of the X’s is then given by


1
1
2
(4.19)
exp − 2 (xi − ai )
√
2b
( 2πb)n
with a ranging over

.



We shall next consider a number of models in which the groups (and hence the
resulting families of distributions) are much larger than in the situations discussed
so far.
Example 4.7 A nonparametric iid family. Let U1 , . . . , Un be n independent
random variables with a fixed continuous common distribution, say N (0, 1), whose
support is the whole real line, and let G be the class of all transformations
Xi = g(Ui )

(4.20)

where g is any continuous, strictly increasing function satisfying
(4.21)

lim g(u) = −∞,

u→−∞

lim g(u) = ∞.

u→∞

This class constitutes a group. The Xi are again iid with common distribution,
say Fg . The class {Fg : g ∈ G} is the class of all continuous distributions whose
support is (−∞, ∞), that is, the class of all distributions whose cdf is continuous
and strictly increasing on (−∞, ∞).
In this example, one may wish to impose on g the additional restriction of
differentiability for all µ. The resulting family of distributions will be as before
but restricted to have probability density with respect to Lebesgue measure.

Many variations of this basic example are of interest, we shall mention only a
few.
Example 4.8 Symmetric distributions. Consider the situation of Example 4.7
but with g restricted to be odd, that is, to satisfy g(−u) = −g(u) for all u. This
leads to the class of all distributions whose support is the whole real line and which
are symmetric with respect to the origin. If instead we let Xi = g(ui ) + a, −∞ <
a < ∞, the resulting class is that of all distributions whose support is the real line
and which are symmetric with the point a of symmetry being specified.
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Example 4.9 Continuation of Example 4.7. In Example 4.7, replace N (0, 1) as
the initial distribution of the Ui with the uniform distribution on (0, 1), and let G
be the class of all strictly increasing continuous functions g on (0, 1) satisfying
g(0) = 0, g(1) = 1. If, then, Xi = a + bg(Ui ) with −∞ < a < ∞, 0 < b, the
resulting group family is that of all continuous distributions whose support is an
interval.

The examples of group families considered so far are of two types. In Examples
4.1 - 4.6, the distributions within a family were naturally indexed by a relatively
small number of parameters (a and b in Example 4.1; the elements of the matrix
B and the vector a in Example 4.4; the quantities b and β1 , . . . , βs in Example
4.6). On the other hand, in Examples 4.7 - 4.9, the distribution of the Xi was
fairly unrestricted, subject only to conditions such as independence, identity of
distribution, nature of support, continuity, and symmetry. The next example is the
prototype of a third kind of model arising in survey sampling.
Example 4.10 Sampling from a finite population. To motivate this model, consider a finite population of N elements (or subjects) to each of which is attached
a real number (for example, the age or income of the subject) and an identifying
label. A random sample of n elements drawn from this population constitutes the
observations. Let the observed values and labels be (X1 , J1 ), . . . , (Xn , Jn ). The
following group family provides a possible model for this situation.
Let v1 , . . . , vN be any fixed N real numbers, and let the pairs (U1 , J1 ), . . .,
(Un , Jn ) be n of the pairs (v1 , 1), . . . , (vN , N ) selected at random, that is, in such
a way that all
 
N
possible choices of n pairs are equally likely.
n
Finally, let G be the group of transformations
(4.22)

X1 = U1 + aJ1 , . . . , Xn = Un + aJn

where the N-tuple (a1 , . . . , , aN ) ranges over all possible N -tuples −∞ < a1 ,
a2 , . . . , aN < ∞. If we put yi = vi + ai , then the pairs (X1 , J1 ), . . . , (Xn , Jn )
are a random sample from the population (y1 , 1), . . . , (yN , N ), the y values being
arbitrary.
This example can be extended in a number of ways. In particular, the sampling
method, reflecting some knowledge concerning the population of y values, may be
more complex. In stratified sampling, for instance, the population of N is divided
into, say, s subpopulations of N1 , . . . , Ns members (Ni = N ) and a sample of
ni is drawn at random from the ith subpopulation (Problem 4.12). This and some
other sampling schemes will be considered in Section 3.7. A different modification
places some restrictions on the y’s such as 0 < yi < ∞, or 0 < yi < 1 (Problem
4.11).

It was stated at the beginning of the section that in a group family, the different members of the family play a highly symmetric role. However, the general
construction of such a family P as the distributions of gU , where U has a fixed
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distribution P0 and g ranges over a group G of transformations, appears to single
out the distribution P0 of U (which is a member of P since the identity transformation is a member of G) as the starting point of the construction. This asymmetry
is only apparent. Let P1 be any distribution of P other than P0 and consider the
family P  of distributions of gV as g ranges over G, where V has distribution P1 .
Since P1 is an element of P, there exists an element g0 of G for which g0 U is
distributed according to P1 . Thus, g0 U can play the role of V , and P  is the family
of distributions of gg0 U as g ranges over G. However, as g ranges over G, so does
gg0 (Problem 4.5), so that the family of distributions of gg0 U , g ∈ G, is the same
as the family of P of gU, g ∈ G. A group family is thus independent of which of
its members is taken as starting distribution.
If one cannot find a group generating a given family P of distributions, the
question arises whether such a group exists, that is, whether P is a group family.
In principle, the answer is easy. For the sake of simplicity, suppose that P is a
family of univariate distributions with continuous and strictly increasing cumulative distribution functions. Let F0 and F be two such cdf’s and suppose that U is
distributed according to F0 . Then, if g is strictly increasing, g(U ) is distributed according to F if and only if g = F −1 (F0 ) (Problem 4.14). Thus, the transformations
generating the family must be the transformations
{F −1 (F0 ), F ∈ P}.

(4.23)

The family P will be a group family if and only if the transformations (4.23) form
a group, that is, are closed under composition and inversion. In specific situations,
the calculations needed to check this requirement may not be easy. For an important
class of problems, the question has been settled by Borges and Pfanzagl (1965).
5 Exponential Families
A family {Pθ } of distributions is said to form an s-dimensional exponential family
if the distributions Pθ have densities of the form


(5.1)

pθ (x) = exp

s

ηi (θ)Ti (x) − B(θ ) h(x)

i=1

with respect to some common measure µ. Here, the ηi and B are real-valued
functions of the parameters and the Ti are real-valued statistics, and x is a point in
the sample space X , the support of the density. Frequently, it is more convenient
to use the ηi as the parameters and write the density in the canonical form


(5.2)

p(x|η) = exp

s

ηi Ti (x) − A(η) h(x).

i=1

It should be noted that the form (5.2) is not unique. We can, for example, multiply
ηi by a constant c if, at the same time, Ti is replaced by Ti /c. More generally, we
can make linear transformations of the η’s and T ’s.
Both (5.1) and (5.2) are redundant in that the factor h(x) could be absorbed into
µ. The reason for not doing so is that it is then usually possible to take µ to be
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either Lebesgue measure or counting measure rather than having to define a more
elaborate measure.
The function p given by (5.2) is non-negative and is therefore a probability
density with respect to the given µ, provided its integral with respect to µ equals
1. A constant A(η) for which this is the case exists if and only if

eηi Ti (x) h(x)dµ(x) < ∞.
(5.3)
The set F of points η = (η1 , . . . , ηs ) for which (5.3) holds is called the natural
parameter space of the family (5.2) and η is called the natural parameter. It
is not difficult to see that F is convex (TSH2, Section 2.7, Lemma 7). In most
applications, it turns out to be open, but this need not be the case (Problem 5.1).
In the parametrization (5.1), the natural parameter space is the set of θ values for
which [η1 (θ ), . . . , ηs (θ )] is in F.
Example 5.1 Normal family. If X has the N (ξ, σ 2 ) distribution, then θ = (ξ, σ 2 )
and the density with respect to Lebesgue measure is


ξ
1
1 2
ξ2
pθ (x) = exp 2 x −
x −
,
√
2
2
σ
2σ
2σ
2π σ
a two-parameter exponential family with natural parameters (η1 , η2 ) = (ξ/σ 2 ,
−1/2σ 2 ) and natural parameter space  × (−∞, 0).

Some other examples of one- and two-parameter exponential families are shown
in Table 5.1.
If the statistics T1 , . . . , Ts satisfy linear constraints, the number s of terms in
the exponent of (5.1) can be reduced. Unless this is done, the parameters ηi are
statistically meaningless; they are unidentifiable (see Problem 5.2).
Definition 5.2 If X is distributed according to pθ , then θ is said to be unidentifiable
on the basis of X if there exist θ1 = θ2 for which Pθ1 = Pθ2 .
A reduction is also possible when the η’s satisfy a linear constraint. In the latter
case, the natural parameter space will be a convex set which lies in a linear subspace
of dimension less than s. If the representation (5.2) is minimal in the sense that
neither the T ’s nor the η’s satisfy a linear constraint, the natural parameter space
will then be a convex set in Es containing an open s-dimensional rectangle. If
(5.2) is minimal and the parameter space contains an s-dimensional rectangle, the
family (5.2) is said to be of full rank.
Example 5.3 Multinomial. In n independent trials with s + 1 possible outcomes,
let the probability of the ith outcome be pi in each trial. If Xi denotes the number
of trials resulting in outcome i (i = 0, 1, . . . , s), then the joint distribution of the
X’s is the multinomial distribution M(p0 , . . . , ps ; n)
(5.4)

P (X0 = x0 , . . . , Xs = xs ) =

n!
px0 . . . psxs ,
x0 ! · · · xs ! 0

which can be rewritten as
exp(x0 log p0 + · · · + xs log ps )h(x).
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Table 5.1. Some One- and Two-Parameter Exponential Families
Density∗
1
x a−1 e−x/a
H(a)ba
1
x f/2−1 e−x/2
H(f/2)2f/2
H(a + b) a−1
x (1 − x)b−1
H(a)H(b)
p x (1 − p)n−x
 
n
p x (1 − p)n−x
x
1 x −λ
λ e
x!


m+x−1
pm q x
m−1

Name

Notation

Support

Gamma(a, b)

H(a, b)

0<x<∞

Chi-squared(f )

χf2

0<x<∞

Beta(a, b)

B(a, b)

0<x<1

Bernoulli(p)

b(p)

Binomial(p, n)

b(p, n)

Poisson(λ)

P (λ)

x = 0, 1, . . .

Negative binomial(p, m)

N b(p, m)

x = 0, 1, . . .

x = 0, 1
x = 0, 1, . . . , n

∗

The density of the first three distributions is with respect to Lebesgue measure,
and that of the last four with respect to counting measure.

Since the xi add up to n, this can be reduced to
(5.5)

exp[n log p0 + x1 log(p1 /p0 ) + · · · + xs log(ps /p0 )]h(x).

This is an s-dimensional exponential family with
(5.6)

ηi = log(pi /p0 ),



A(η) = −n log p0 = n log 1 +

s


e

ηi

.

i=1

The natural parameter space is the set of all (η1 , . . . , ηs ) with −∞ < ηi < ∞. 
In the normal family of Example 5.1, it might be the case that the mean and
the variance are related. [Such a model can be useful in data analysis, where the
variance may be modeled as a power of the mean (see, for example, Snedecor and
Cochran 1989, Section 15.10).] In such cases, when the natural parameters of the
distribution are related in a nonlinear way, we say that (5.1) or (5.2) forms a curved
exponential family (see Note 10.6).
Example 5.4 Curved normal family. For the normal family of Example 5.1,
assume that ξ = σ , so that


1
1 2 1
1
pθ (x) = exp x − 2 x −
(5.7)
, ξ > 0.
√
ξ
2ξ
2
2π ξ
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Although this is formally a two-parameter exponential family with natural parameter ( ξ1 , − 2ξ1 2 ), this parameter is, in fact, generated by the single parameter ξ . The
two-dimensional parameter ( ξ1 , − 2ξ1 2 ) lies on a curve in 2 , making (5.7) a curved
exponential family.

The underlying parameter in a curved exponential family need not be one dimensional. The following is an example in which it is two dimensional.
Example 5.5 Logit model. Let Xi be independent b(pi , ni ), i = 1, . . . , m, so that
their joint distribution is

m 

ni
pixi (1 − pi )ni −xi .
P (X1 = x1 , . . . , Xm = xm ) =
xi
i=1

This can be written as

(5.8)

m

exp
i=1

pi
xi log
1 − pi




m 

ni
i=1

xi

(1 − pi )ni ,

an m-dimensional exponential family with natural parameters ηi = log[(pi /
(1 − pi )], i = 1, . . . , m. The quantity log[p/(1 − p)] is known as the logit of
p.
If the η’s satisfy
ηi = α + βzi , i = 1, . . . , m,
(5.9)
for known covariates zi , the model only contains the two parameters α and β and
(5.8) becomes a curved exponential family (see Note 10.6).

Note that the parameter space of an s-dimensional curved exponential family
cannot contain an s-dimensional rectangle, so a curved exponential family is not
of full rank. Nevertheless, as long as the T ’s are not rank deficient, a curved
exponential family shares many of the following properties of a full rank family.
(An exception is completeness of the sufficient statistic, discussed in the next
section.) A more detailed treatment can be found in Brown (1986a) or BarndorffNielsen and Cox (1994).
Let X and Y be independently distributed according to s-dimensional exponential families (not necessarily full rank) with densities
(5.10)

exp [ηi Ti (x) − A(η)] h(x)

and

exp [ηi Ui (y) − C(η)] k(y)

with respect to measures µ and ν over (X , A) and (Y, B), respectively. Then,
the joint distribution of X, Y is again an exponential family, and by induction, the
result extends to the joint distribution of more than two factors. The most important
special case is that of iid random variables Xi , each distributed according to (5.1):
The exponential structure is preserved under random sampling. The joint density
of X = (X1 , . . . , Xn ) is
!
exp ηi (θ)Ti (x) − ηB(θ ) h(x1 ) · · · h(xn )
(5.11)
with Ti (x) = jn=1 Ti (xj ).
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Example 5.6 Normal sample. Let Xi (i = 1, . . . , n) be iid according to N (ξ, σ 2 ).
Then, the joint density of X1 , . . . , Xn with respect to Lebesgue measure in En is


1
1
n 2
ξ
2
(5.12)
xi −
x −
ξ · √
.
exp
σ2
2σ 2 i
2σ 2
( 2π σ )n
As in the case n = 1 (Example 5.1), this constitutes a two-parameter exponential
family with natural parameters (ξ/σ 2 , −1/2σ 2 ).

Example 5.7 Bivariate normal. Suppose that (Xi , Yi ), i = 1, . . . , n, is a sample
from the bivariate normal density (4.16). Then, it is seen that the joint density of
the n pairs is a five-parameter exponential density with statistics
T1 = Xi ,

T2 = Xi2 ,

T3 = Xi Yi ,

T4 = Yi ,

T5 = Yi2 .

This example easily generalizes to the p-variate case (Problem 5.3).



A useful property of exponential families is given by the following theorem,
which is proved, for example, in TSH2 (Chapter 2, Theorem 9) and in BarndorffNielsen (1978, Section 7.1).
Theorem 5.8 For any integrable function f and any η in the interior of F, the
integral

f (x) exp[ηi Ti (x)]h(x) dµ(x)
(5.13)
is continuous and has derivatives of all orders with respect to the η’s, and these
can be obtained by differentiating under the integral sign.
As an application, differentiate the identity

exp[ηi Ti (x) − A(η)]h(x) dµ(x) = 1
with respect to ηj to find

∂
A(η).
∂ηj
Differentiating (5.14), in turn, with respect to ηk leads to
(5.14)

Eη (Tj ) =

(5.15)

cov(Tj , Tk ) =

∂2
A(η).
∂ηj ∂ηk

(For the corresponding formulas in terms of (5.1), see Problem 5.6.)
Example 5.9 Continuation of Example 5.3. From (5.6), (5.14), and (5.15), one
easily finds for the multinomial variables of Example 5.3 that (Problem 5.15)
(5.16)

E(Xi ) = npi ,

cov(Xj , Xk ) =

npj (1 − pj ) if k = j
−npj pk if k = j.


As will be discussed in the next section, in an exponential family the statistics
T = (T1 , . . . , Ts ) carry all the information about η or θ contained in the data, so
that all statistical inferences concerning these parameters will be based on the T ’s.
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For this reason, we shall frequently be interested in calculating not only the first
two moments of the T ’s given by (5.14) and (5.15) but also some of the higher
moments
αr1 ,...,rs = E(T1r1 · · · Tsrs )
(5.17)
and central moments
(5.18)

µr1 ,...,rs = E{[T1 − E(T1 )]r1 · · · [Ts − E(Ts )]rs }.

A tool that often facilitates such calculations is the moment generating function
(5.19)

MT (u1 , . . . , us ) = E(eu1 T1 +···+us Ts ).

If MT exists in some neighborhood u2i < δ of the origin, then all moments
αr1 ,...,rs exist and are the coefficients in the expansion of MT as a power series
(5.20)

MT (u1 , . . . , us ) =
(r1 ,...,rs )

αr1 ,...,rs ur11 · · · urss /r1 ! · · · rs !

As an alternative, it is sometimes more convenient to calculate, instead, the
cumulants κr1 ,...,rs , defined as the coefficients in the expansion of the cumulant
generating function
(5.21)

KT (u1 , . . . , us ) = log MT (u1 , . . . , us )
=
κr1 ,...,rs ur11 · · · urss /r1 ! · · · rs !
(r1 ,...,rs )

From the cumulants, the moments can be determined by formal comparison of
the two power series (see, for example, Cramér 1946a, p. 186, or Stuart and Ord
1987, Chapter 3.). For s = 1, one finds, for example (Problem 5.7),
(5.22)

α1 = κ1 ,

α2 = κ2 + κ12 , α3 = κ3 + 3κ1 κ2 + κ13 ,
α4 = κ4 + 3κ22 + 4κ1 κ3 + 6κ12 κ2 + κ14 .

For exponential families, the moment and cumulant generating functions can
be expressed rather simply as follows.
Theorem 5.10 If X is distributed with density (5.2), then for any η in the interior
of F, the moment and cumulant generating functions MT (u) and KT (u) of the T ’s
exist in some neighborhood of the origin and are given by
(5.23)

KT (u) = A(η + u) − A(η)

and
(5.24)

MT (u) = eA(η+u) /eA(η)

respectively.
Frequently, the calculation of moments becomes particularly easy when they can
be represented as the sum of independent terms. We shall illustrate two examples
for the case s = 1.
(a) Suppose X = X1 + · · · + Xn , where the Xi are independent with moment and
cumulant generating functions MXi (u) and KXi (u), respectively. Then
MX (u) = E[e(x1 +···+xn ) ] = MX1 (u) · · · MXn (u)
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KX (u) =

n

29

KXi (u).

i=1

From the definition of cumulants, it then follows that
κr =

(5.25)

n

κir

i=1

where κir is the rth cumulant of Xi .
(b) The situation is also very simple for low central moments. If ξi = E(Xi ), σi2 =
var(Xi ) and the Xi are independent, one easily finds (Problem 5.7)
(5.26)

var(Xi ) = σi2 ,

E[(Xi − ξi )]3 = E(Xi − ξi )3 ,

E[(Xi − ξi )]4 = E(Xi − ξi )4 + 6
i<j

For the case of identical components with ξi =
(5.27)

var(Xi ) = nσ 2 ,

ξ, σi2

σi2 σj2 .

= σ 2 , this reduces to

E[(Xi − ξ )]3 = nE(X1 − ξ )3 ,

E[(Xi − ξ )]4 = nE(X1 − ξ )4 + 3n(n − 1)σ 4 .
The following are a few of the many important special cases of exponential families and some of their moments. Additional examples are given in the problems;
see also Johanson (1979), Brown (1986a), or Hoffmann-Jorgensen (1994, Chapter
12).
Example 5.11 Binomial moments. Let X have the binomial distribution b(p, n)
so that for x = 0, 1, . . . , n,
 
n
P (X = x) =
px q n−x (0 < p < 1; q = 1 − p).
(5.28)
x
This is the special case of the multinomial distribution (5.4) with s = 1. The
probability (5.28) can be rewritten as
 
n x log(p/q)+n log q
e
,
x
which defines an exponential family, with µ being counting measure over the
points x = 0, 1, . . . , n and with
(5.29)

η = log(p/q),

A(η) = n log(1 + eη ).

From (5.24) and (5.29), one finds that (Problem 5.8)
(5.30)

MX (u) = (q + peu )n .

An easy way to obtain the expectation and the first three central moments of X
is to use the fact that X arises as the number of successes in n Bernoulli trials with
success probability p, and hence that X = Xi , where Xi is 1 or 0, as the ith trial
is or is not a success. From (5.27) and the moments of Xi , one then finds (Problem
5.8)
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E(X − np)3 = npq(q − p),

E(X − np)4 = 3(npq)2 + npq(1 − 6pq).



Example 5.12 Poisson moments. A random variable X has the Poisson distribution P (λ) if
λx −λ
P (X = x) =
e , x = 0, 1, . . . ; λ > 0.
(5.32)
x!
Writing this as an exponential family in canonical form, we find
η = log λ,

(5.33)
and hence
(5.34)

A(η) = λ = eη

KX (u) = λ(eu − 1),

MX (u) = eλ(e

u

−1)

,

so that, in particular, κr = λ for all r. The expectation and first three central
moments are given by (Problem 5.9)
E(X) = λ,

(5.35)

var(X) = λ,

E(X − λ)3 = λ,
E(X − λ)4 = λ + 3λ2 .



Example 5.13 Normal moments. Let X have the normal distribution N (ξ, σ 2 )
with density
1
2
2
(5.36)
e−(x−ξ ) /2σ
√
2πσ
with respect to Lebesgue measure. For fixed σ , this is a one-parameter exponential
family with
η = ξ/σ 2 and A(η) = η2 σ 2 /2 + constant.
(5.37)
It is thus seen that
(5.38)

MX (u) = eξ u+(1/2)σ

and hence in particular that
(5.39)

u

2 2

,

E(X) = ξ.

Since the distribution of X −ξ is N (0, σ 2 ), the central moments µr of X are simply
the moments αr of N(0, σ 2 ), which are obtained from the moment generating
function
2 2
M0 (u) = eσ u /2
to be
(5.40)

µ2r+1 = 0,

µ2r = 1 · 3 · · · (2r − 1)σ 2r ,

r = 1, 2, . . . .


Example 5.14 Gamma moments. A random variable X has the gamma distribution H(α, b) if its density is
(5.41)

1
x α−1 e−x/b ,
H(α)bα

x > 0, α > 0, b > 0,
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with respect to Lebesgue measure on (0, ∞). Here, b is a scale parameter, whereas
α is called the shape parameter of the distribution. For α = f/2 (f an integer),
b = 2, this is the χ 2 -distribution χf2 with f degrees of freedom. For fixed-shape
parameter α, (5.41) is a one-parameter exponential family with η = −1/b and
A(η) = α log b = −α log(−η).
Thus, the moment and cumulant generating functions are seen to be
(5.42)

MX (u) = (1 − bu)−α and KX (u) = −α log(1 − bu), u < 1/b.

From the first of these formulas, one finds
(5.43)

E(X r ) = α(α + 1) · · · (α + r − 1)br =

H(α + r) r
b
H(α)

and hence (Problem 5.17)
(5.44)

E(X) = αb,
var(X) = αb2 ,

E(X − αb)3 = 2αb3 ,
E(X − αb)4 = (3α 2 + 6α)b4 .



Another approach to moment calculations is to use an identity of Charles Stein,
which was given a thorough treatment by Hudson (1978). Stein’s identity is primarily used to establish minimaxity of estimators, but it is also useful in moment
calculations.
Lemma 5.15 (Stein’s identity) If X is distributed with density (5.2) and g is any
differentiable function such that E|g  (X)| < ∞, then



s
h (X)

E
(5.45)
ηi Ti (X) g(X) = −Eg  (X),
+
h(X) i=1
provided the support of X is (−∞,
 ∞). If the support of X is the bounded interval
(a, b), then (5.45) holds if exp{ ηi Ti (x)}h(x) → 0 as x → a or b.
The proof of the lemma is quite straightforward and is based on integration by
parts (Problem 5.18). We illustrate its use in the normal case.
Example 5.16 Stein’s identity for the normal. If X ∼ N (µ, σ 2 ), then (5.45)
becomes
E{g(X)(X − µ)} = σ 2 Eg  (X).
This immediately shows that E(X) = µ (take g(x) = 1) and E(X2 ) = σ 2 + µ2 (take
g(x) = x). Higher-order moments are equally easy to calculate (Problem 5.18). 
Not only are the moments of the statistics Ti appearing in (5.1) and (5.2) of
interest but also the family of distributions of the T ’s. This turns out again to be
an exponential family.
Theorem 5.17 If X is distributed according to an exponential family with density
(5.1) with respect to a measure µ over (X , A), then T = (T1 , . . . , Ts ) is distributed
according to an exponential family with density
(5.46)

exp [ηi ti − A(η)] k(t)
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with respect to a measure ν over Es .
For a proof, see, for example, TSH2, Section 2.7, Lemma 8.
Let us now apply this theorem to the case of two independent exponential families with densities (5.10). Then it follows from Theorem 5.17 that (T1 +U1 , . . . , Ts +
Us ) is also distributed according to an s-dimensional exponential family, and by
induction, this result extends to the sum of more than two independent terms.
In particular, let X1 , . . . , Xn be independently distributed, each according to a
one-parameter exponential family with density
(5.47)

n

exp [ηTi (xi ) − Ai (η)] hi (xi ).

Then, the sum i=1 Ti (Xi ) is again distributed according to a one-parameter exponential family. In fact, the sum of independent Poisson or normal variables again
has a distribution of the same type, and the same is true for a sum of independent
binomial variables with common p, or a sum of independent gamma variables
H(αi , b) with common b.
The normal distributions N (ξ, σ 2 ) for fixed σ constitute both a one-parameter
exponential family (Example 5.12) and a location family (Table 4.1). It is natural to
ask whether there are any other families that enjoy this double advantage. Another
example is obtained by putting X = log Y where Y has the gamma distribution
H(α, b) given by (5.41), and where the location parameter θ is θ = log b. Since
multiplication of a random variable by a constant c = 0 preserves both the exponential and location structure, a more general example is provided by the random
variable c log Y for any c = 0. It was shown by Dynkin (1951) and Ferguson (1962)
that the cases in which X is normal or is equal to c log Y , with Y being gamma,
provide the only examples of exponential location families.
The H(α, b) distribution, with known parameter α, constitutes an example of
an exponential scale family. Another example of an exponential scale family is
provided by the inverse Gaussian distribution (see Problem 5.22), which has been
extensively studied by Tweedie (1957). For a general treatment of these and other
results relating exponential and group families, see Barndorff-Nielsen et al. (1992)
or Barndorff-Nielsen (1988).
6 Sufficient Statistics
The starting point of a statistical analysis, as formulated in the preceding sections,
is a random observable X taking on values in a sample space X , and a family of
possible distributions of X. It often turns out that some part of the data carries no
information about the unknown distribution and that X can therefore be replaced by
some statistic T = T (X) (not necessarily real-valued) without loss of information.
A statistic T is said to be sufficient for X, or for the family P = {Pθ , θ ∈ }
of possible distributions of X, or for θ , if the conditional distribution of X given
T = t is independent of θ for all t.
This definition is not quite precise and we shall return to it later in this section.
However, consider first in what sense a sufficient statistic T contains all the information about θ contained in X. For that purpose, suppose that an investigator
reports the value of T , but on being asked for the full data, admits that they have
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been discarded. In an effort at reconstruction, one can use a random mechanism
(such as a pseudo-random number generator) to obtain a random quantity X  distributed according to the conditional distribution of X given t. (This would not be
possible, of course, if the conditional distribution depended on the unknown θ.)
Then the unconditional distribution of X is the same as that of X, that is,
Pθ (X  ∈ A) = Pθ (X ∈ A)

for all A,

regardless of the value of θ. Hence, from a knowledge of T alone, it is possible
to construct a quantity X  which is completely equivalent to the original X. Since
X and X  have the same distribution for all θ , they provide exactly the same
information about θ (for example, the estimators δ(X) and δ(X  ) have identical
distributions for any θ ).
In this sense, a sufficient statistic provides a reduction of the data without loss of
information. This property holds, of course, only as long as attention is restricted
to the model P and no distributions outside P are admitted as possibilities. Thus,
in particular, restriction to T is not appropriate when testing the validity of P.
The construction of X  is, in general, effected with the help of an independent
random mechanism. An estimator δ(X  ) depends, therefore, not only on T but
also on this mechanism. It is thus not an estimator as defined in Section 1, but
a randomized estimator. Quite generally, if X is the basic random observable, a
randomized estimator of g(θ) is a rule which assigns to each possible outcome x of
X a random variable Y (x) with a known distribution. When X = x, an observation
of Y (x) will be taken and will constitute the estimate of g(θ ). The risk, defined by
(1.10), of the resulting estimator is then

 
L(θ, y)dPY |X=x (y) dPX|θ (x),
X

Y

where the probability measure in the inside integral does not depend on θ . With this
representation, the operational significance of sufficiency can be formally stated
as follows.
Theorem 6.1 Let X be distributed according to Pθ ∈ P and let T be sufficient
for P. Then, for any estimator δ(X) of g(θ ), there exists a (possibly randomized)
estimator based on T which has the same risk function as δ(X).
Proof. Let X be constructed as above so that δ  (X) is an (possibly randomized)
estimator depending on the data only through T . Since δ(X) and δ  (X) have the
same distribution, they also have the same risk function.
✷
Example 6.2 Poisson sufficient statistic. Let X1 , X2 be independent Poisson
variables with common expectation λ, so that their joint distribution is
P (X1 = x1 , X2 = x2 ) =

λx1 +x2 −2λ
e .
x1 !x2 !

Then, the conditional distribution of X1 given X1 + X2 = t is given by
λt e−2λ /x1 !(t − x1 )!
P (X1 = x1 |X1 + X2 = t) = t
t −2λ /y!(t − y)!
y=0 λ e
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1
t
y=0 1/y!(t − y)!

−1

.

Since this is independent of λ, so is the conditional distribution given t of (X1 , X2 =
t − X1 ), and hence T = X1 + X2 is a sufficient statistic for λ. To see how to
reconstruct (X1 , X2 ) from T , note that


1
1
= 2t
y!(t − y)! t!

so that

  x1  t−x1
1
1
t
,
2
2
x1
that is, the conditional distribution of X1 given t is the binomial distribution
b(1/2, t) corresponding to t trials with success probability 1/2. Let X1 and X2 =
t − X1 be respectively the number of heads and the number of tails in t tosses with
a fair coin. Then, the joint conditional distribution of (X1 , X2 ) given t is the same
as that of (X1 , X2 ) given t.



P (X1 = x1 |X1 + X2 = t) =

Example 6.3 Sufficient statistic for a uniform distribution. Let X1 , . . . , Xn be
independently distributed according to the uniform distribution U (0, θ ). Let T be
the largest of the n X’s, and consider the conditional distribution of the remaining
n − 1 X’s given t. Thinking of the n variables as n points on the real line, it is
intuitively obvious and not difficult to see formally (Problem 6.2) that the remaining
n − 1 points (after the largest is fixed at t) behave like n − 1 points selected at
random from the interval (0, t). Since this conditional distribution is independent
of θ, T is sufficient. Given only T = t, it is obvious how to reconstruct the original
sample: Select n − 1 points at random on (0, t).

Example 6.4 Sufficient statistic for a symmetric distribution. Suppose that X is
normally distributed with mean zero and unknown variance σ 2 (or more generally
that X is symmetrically distributed about zero). Then, given that |X| = t, the only
two possible values of X are ±t, and by symmetry, the conditional probability of
each is 1/2. The conditional distribution of X given t is thus independent of σ and
T = |X| is sufficient. In fact, a random variable X with the same distribution as
X can be obtained from T by tossing a fair coin and letting X = T or −T as the
coin falls heads or tails.

The definition of sufficiency given at the beginning of the section depends on
the concept of conditional probability, and this, unfortunately, is not capable of a
treatment which is both general and elementary. Difficulties arise when Pθ (T = t) =
0, so that the conditioning event has probability zero. The definition of conditional
probability can then be changed at one or more values of t (in fact, at any set of t
values which has probability zero) without affecting the distribution of X, which
is the result of combining the distribution of T with the conditional distribution of
X given T .
In elementary treatments of probability theory, the conditional probability P (X ∈
A|t) is considered for fixed t as defining the conditional distribution of X given
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T = t. A more general approach can be obtained by a change of viewpoint, namely
by considering P (X ∈ A|t) for fixed A as a function of t, defined in such a way
that in combination with the distribution of T , it leads back to the distribution
of X. (See TSH2, Chapter 2, Section 4 for details.) This provides a justification,
for instance, of the assignment of conditional probabilities in Example 6.4 and
Example 6.10.
In the same way, the conditional expectation η(t) = E[δ(X)|t] can be defined in
such a way that
(6.1)
Eη(T ) = Eδ(X),
that is, so that the expected value of the conditional expectation is equal to the
unconditional expectation.
Conditional expectation essentially satisfies the usual laws of expectation. However, since it is only determined up to sets of probability zero, these laws can only
hold a.e. More specifically, we have with probability 1
E[af (X) + bg(X)|t] = aE[f (X)|t] + bE[g(X)|t]
and
(6.2)

E[b(T )f (X)|t] = b(t)E[f (X)|t].

As just discussed, the functions P (A|t) are not uniquely defined, and the question
arises whether determinations exist which, for each fixed t, define a conditional
probability. It turns out that this is not always possible. [See Romano and Siegel
(1986), who give an example due to Ash (1972). A more detailed treatment is
Blackwell and Ryll-Nardzewsky (1963).] It is possible when the sample space is
Euclidean, as will be the case throughout most of this book (see TSH2, Chapter
2, Section 5). When this is the case, a statistic T can be defined to be sufficient if
there exists a determination of the conditional distribution functions of X given t
which is independent of θ .
The determination of sufficient statistics by means of the definition is inconvenient since it requires, first, guessing a statistic T that might be sufficient and,
then, checking whether the conditional distributions of X given t is independent of
θ . However, for dominated families, that is, when the distributions have densities
with respect to a common measure, there is a simple criterion for sufficiency.
Theorem 6.5 (Factorization Criterion) A necessary and sufficient condition for
a statistic T to be sufficient for a family P = {Pθ , θ ∈ } of distributions of X
dominated by a σ -finite measure µ is that there exist non-negative functions gθ
and h such that the densities pθ of Pθ satisfy
(6.3)

pθ (x) = gθ [T (x)]h(x)

(a.e. µ).

Proof. See TSH2, Section 2.6, Theorem 8 and Corollary 1.

✷

Example 6.6 Continuation of Example 6.2. Suppose that X1 , . . . , Xn are iid
according to a Poisson distribution with expectation λ. Then
Pλ (X1 = x1 , . . . , Xn = xn ) = λxi e−nλ /O(xi !).
This satisfies (6.3) with T = Xi , which is therefore sufficient.
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Example 6.7 Normal sufficient statistic. Let X1 , . . . , Xn be iid as N (ξ, σ 2 ) so
that their joint density is


1
1
ξ
n 2
2
exp − 2 xi + 2 xi −
ξ .
pξ,σ (x) = √
(6.4)
2σ
σ
2σ 2
( 2πσ )n
Then it follows from the factorization criterion that T = (Xi2 , Xi ) is sufficient
for θ = (ξ, σ 2 ). Sometimes it is more convenient to replace T by the equivalent
statistic T  = (X̄, S 2 ) where X̄ = Xi /n and S 2 = (Xi − X̄)2 = Xi2 − nX̄2 .
The two representations are equivalent in that they identify the same points of the
sample space, that is, T (x) = T (y) if and only if T  (x) = T  (y).

Example 6.8 Continuation of Example 6.3. The joint density of a sample
X1 , . . . , Xn from U (0, θ) is
pθ (x) =

(6.5)

n
1 
I (0 < xi )I (xi < θ )
θ n i=1

where the indicator function, I (·) is defined in (2.6). Now
n

i=1

I (0 < xi )I (xi < θ ) = I (x(n) < θ )

n


I (0 < xi )

i=1

where x(n) is the largest of the x values. It follows from Theorem 6.5 that X(n) is
sufficient, as had been shown directly in Example 6.3.

As a final illustration, consider Example 6.4 from the present point of view.
Example 6.9 Continuation of Example 6.4. If X is distributed as N (0, σ 2 ), the
density of X is
1
2
2
e−x /2σ
√
2πσ
which depends on x only through x 2 , so that (6.3) holds with T (x) = x 2 . As always,
2
of course, there are many equivalent statistics such as |X|, X4 or eX .

Quite generally, two statistics, T = T (X) and T  = T  (X), will be said to be
equivalent (with respect to a family P of distributions of X) if each is a function
of the other a.e. P, that is, if there exists a P-null set N and functions f and g
such that T (x) = f [T  (x)] and T  (x) = g[T (x)] for all x ∈ N . Two such statistics
carry the same amount of information.
Example 6.10 Sufficiency of order statistics. Let X = (X1 , . . . , Xn ) be iid according to an unknown continuous distribution F and let T = (X(1) , . . . , X(n) )
where X(1) < · · · < X(n) denotes the ordered observations, the so-called order
statistics. By the continuity assumptions, the X’s are distinct with probability 1.
Given T , the only possible values for X are the n! vectors (X(i1 ) , · · · , X(in ) ), and
by symmetry, each of these has conditional probability 1/n! The conditional distribution is thus independent of F , and T is sufficient. In fact, a random vector
X with the same distribution as X can be obtained from T by labeling the n
coordinates of T at random. Equivalent to T is the statistic U = (U1 , . . . , Un )
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where U1 = Xi , U2 = Xi Xj (i = j ), . . . , Un = X1 · · · Xn , and also the statistic

V = (V1 , . . . , Vn ) where Vk = X1k + · · · + Xnk (Problem 6.9).
Equivalent forms of a sufficient statistic reduce the data to the same extent.
There may, however, also exist sufficient statistics which provide different degrees
of reduction.
Example 6.11 Different sufficient statistics. Let X1 , . . . , Xn be iid as N (0, σ 2 )
and consider the statistics
T1 (X) = (X1 , . . . , Xn ),
T2 (X) = (X12 , . . . , Xn2 ),
2
2
T3 (X) = (X12 + · · · + Xm
, Xm+1
+ · · · + Xn2 ),
2
2
T4 (X) = X1 + · · · + Xn .

These are all sufficient (Problem 6.5), with Ti providing increasing reduction of
the data as i increases.

It follows from the interpretation of sufficiency given at the beginning of this
section that if T is sufficient and T = H (U ), then U is also sufficient. Knowledge
of U implies knowledge of T and hence permits reconstruction of the original
data. Furthermore, T provides a greater reduction of the data than U unless H
is 1:1, in which case T and U are equivalent. A sufficient statistic T is said to
be minimal if of all sufficient statistics it provides the greatest possible reduction
of the data, that is, if for any sufficient statistic U there exists a function H such
that T = H (U ) (a.e. P). Minimal sufficient statistics can be shown to exist under
weak assumptions (see, for example, Bahadur, 1954), but exceptions are possible
(Pitcher 1957, Landers and Rogge 1972). Minimal sufficient statistics exist, in
particular if the basic measurable space is Euclidean in the sense of Example 2.2
and the family P of distributions is dominated (Bahadur 1957).
It is typically fairly easy to construct a minimal sufficient statistic. For the sake
of simplicity, we shall restrict attention to the case that the distributions of P all
have the same support (but see Problems 6.11 - 6.17).
Theorem 6.12 Let P be a finite family with densities pi , i = 0, 1, . . . , k, all having
the same support. Then, the statistic


p1 (X) p2 (X)
pk (X)
T (X) =
(6.6)
,
,...,
p0 (X) p0 (X)
p0 (X)
is minimal sufficient.
The proof is an easy consequence of the following corollary of Theorem 6.5
(Problem 6.6).
Corollary 6.13 Under the assumptions of Theorem 6.5, a necessary and sufficient
condition for a statistic U to be sufficient is that for any fixed θ and θ0 , the ratio
pθ (x)/pθ0 (x) is a function only of U (x).
Proof of Theorem 6.12. The corollary states that U is a sufficient statistic for P if
and only if T is a function of U , and this proves T to be minimal.
✷
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Theorem 6.12 immediately extends to the case that P is countable. Generalizations to uncountable families are also possible (see Lehmann and Scheffé 1950,
Dynkin 1951, and Barndorff-Nielsen, Hoffmann-Jorgensen, and Pedersen 1976),
but must contend with measure-theoretic difficulties. In most applications, minimal sufficient statistics can be obtained for uncountable families by combining
Theorem 6.12 with the following lemma.
Lemma 6.14 If P is a family of distributions with common support and P0 ⊂ P,
and if T is minimal sufficient for P0 and sufficient for P, it is minimal sufficient
for P.
Proof. If U is sufficient for P, it is also sufficient for P0 , and hence T is a function
of U .
✷
Example 6.15 Location families. As an application, let us now determine minimal sufficient statistics for a sample X1 , . . . , Xn from a location family P, that is,
when
pθ (x) = f (x1 − θ ) · · · f (xn − θ ),
(6.7)
where f is assumed to be known. By Example 6.10, sufficiency permits the rather
trivial reduction to the order statistics for all f . However, this reduction uses only
the iid assumption and neither the special structure (6.7) nor the knowledge of f .
To illustrate the different possibilities that arise when this knowledge is utilized,
we shall take for f the six densities of Table 4.1, each with b = 1.
(i) Normal. If P0 consists of the two distributions N (θ0 , 1) and N (θ1 , 1), it
follows from Theorem 6.12 that the minimal sufficient statistic for P0 is
T (x) = pθ1 (X)/pθ0 (X), which is equivalent to X̄. Since X̄ is sufficient for
P = {N(θ, 1), −∞ < θ < ∞} by the factorization criterion, it is minimal
sufficient.
(ii) Exponential. If the X’s are distributed as E(θ, 1), it is easily seen that X(1) is
minimal sufficient (Problem 6.17).
(iii) Uniform. For a sample from U (θ − 1/2, θ + 1/2), the minimal sufficient
statistic is (X(1) , X(n) ) (Problem 6.16).
In these three instances, sufficiency was able to reduce the original n-dimensional data to one or two dimensions. Such extensive reductions are not
possible for the remaining three distributions of Table 4.1.
(iv) Logistic. The joint density of a sample from L(θ, 1) is

pθ (x) = exp[−(xi − θ )]/ {1 + exp[−(xi − θ )]}2 .
(6.8)
Consider a subfamily P0 consisting of the distribution (6.8) with θ0 = 0 and
θ1 , . . . , θk . Then by Theorem 6.12, the minimal sufficient statistic for P0 is T (X) =
[T1 (X), . . . , Tk (X)], where
2
n 

1 + e−xi
nθj
Tj (x) = e
(6.9)
.
1 + e−xi +θj
i=1
We shall now show that for k = n + 1, T (X) is equivalent to the order statistics,
that is, that T (x) = T (y) if and only if x = (x1 , . . . , xn ) and y = (y1 , . . . , yn ) have
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the same order statistics, which means that one is a permutation of the other. The
equation Tj (x) = Tj (y) is equivalent to

2
2

1 + exp(−xi )
1 + exp(−yi )
O
=O
1 + exp(−xi + θj )
1 + exp(−yi + θj )
and hence T (x) = T (y) to
(6.10)

n

1 + ξ ui
i=1

1 + ui

=

n

1 + ξ vi
i=1

1 + vi

for ξ = ξ1 , . . . , ξn+1 ,

where ξj = eθj , ui = e−xi , and vi = e−yi . Now the left- and right-hand sides of
(6.10) are polynomials in ξ of degree n which agree for n + 1 values of ξ if and
only if the coefficients of ξ r agree for all r = 0, 1, . . . , n. For r = 0, this implies
O(1 + ui ) = O(1 + vi ), so that (6.10) reduces to O(1 + ξ ui ) = O(1 + ξ vi ) for
ξ = ξ1 , . . . , ξn+1 , and hence for all ξ . It follows that O(η + ui ) = O(η + vi ) for all
η, so that these two polynomials in η have the same roots. Since this is equivalent
to the x’s and y’s having the same order statistics, the proof is complete.
Similar arguments show that in the Cauchy and double exponential cases, too,
the order statistics are minimal sufficient (Problem 6.10). This is, in fact, the typical
situation for location families, examples (i) through (iii) being happy exceptions.

As a second application of Theorem 6.12 and Lemma 6.1, let us determine
minimal sufficient statistics for exponential families.
Corollary 6.16 (Exponential Families) Let X be distributed with density (5.2).
Then, T = (T1 , . . . , Ts ) is minimal sufficient provided the family (5.2) satisfies one
of the following conditions:
(i) It is of full rank.
(ii) The parameter space contains s + 1 points η(j ) (j = 0, . . . , s), which span Es ,
in the sense that they do not belong to a proper affine subspace of Es .
Proof. That T is sufficient follows immediately from Theorem 6.5. To prove minimality under assumption (i), let P0 be a subfamily consisting of s + 1 distributions
(j )
(j )
η(j ) = (η1 , . . . , ηs ), j = 0, 1, . . . , s. Then, the minimal sufficient statistic for P0
is equivalent to
(ηi(1) − ηi(0) )Ti (X), . . . , (ηi(s) − ηi(0) )Ti (X),
(j )

which is equivalent to T = [T1 (X), . . . , Ts (X)], provided the s × s matrix ||ηi −
ηi(0) || is nonsingular. A subfamily P0 for which this condition is satisfied exists
under the assumption of full rank.
The proof of minimality under assumption (ii) is similar.
✷
It is seen from this result that the sufficient statistics T of Examples 6.6 and 6.7
are minimal. The following example illustrates the applicability of part (ii).
Example 6.17 Minimal sufficiency in curved exponential families. Let X1 , X2 ,
. . . , Xn have joint density (6.4), but, as in Example 5.4, assume that ξ = σ , so
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the parameter

space is the curve of Figure 10.1 (see Note 10.6). The statistic
T = ( Xi , Xi2 ) is sufficient, and it is also minimal by Corollary 6.16. To see
this, recall that the natural parameter is η = (1/ξ, −1/2ξ 2 ), and choose






1
η(0) = 1, − 21 , η(1) = 2, − 18 , η(2) = 3, − 18
and note that the 2 × 2 matrix


2−1
− 18 + 21

3−1
1
− 18
+ 21



has rank 2 and is invertible.
In contrast, suppose that the parameters are restricted according to ξ = σ 2 ,
another curved exponential family. This defines an affine subspace (with zero
curvature) and the sufficient statistic T is no longer minimal (Problem 6.20). 
Let X1 , . . . , Xn be iid, each with density (5.2), assumed to be of full rank.
Then, the joint distribution of the X’s is again full-rank exponential, with T =
(T1∗ , . . . , Ts∗ ) where Ti∗ = jn=1 Ti (Xj ). This shows that in a sample from the
exponential family (5.2), the data can be reduced to an s-dimensional sufficient
statistic, regardless of the sample size.
The reduction of a sample to a smaller number of sufficient statistics greatly
simplifies the statistical analysis, and it is therefore interesting to ask what other
families permit such a reduction. The dimensionality of a sufficient statistic is a
property which differs from those considered so far, in that it depends not only
on the sets of points of the sample space for which the statistic takes on the same
value but it also depends on these values; that is, the dimensionality may not be the
same for different representations of a sufficient statistic (see, for example, Denny,
1964, 1969). To make the concept of dimensionality meaningful, let us call T a
continuous s-dimensional sufficient statistic over a Euclidean sample space X if
the assumptions of Theorem 6.5 hold, if T (x) = [T1 (x), . . . , Ts (x)] where T is
continuous, and if the factorization (6.3) holds not only a.e. but for all x ∈ X .
Theorem 6.18 Suppose X1 , . . . , Xn are real-valued iid according to a distribution
with density fθ (xi ) with respect to Lebesgue measure, which is continuous in xi
and whose support for all θ is an interval I . Suppose that for the joint density of
X = (X1 , . . . , Xn )
pθ (x) = fθ (x1 ) · · · fθ (xn )
there exists a continuous k-dimensional sufficient statistic. Then
(i) if k = 1, there exist functions η1 , B and h such that (5.1) holds;
(ii) k > 1, and if the densities fθ (xi ) have continuous partial derivatives with
respect to xi , then there exist functions ηi , B and h such that (5.1) holds with
s ≤ k.
For a proof of this result, see Barndorff-Nielsen and Pedersen (1968). A corresponding problem for the discrete case is considered by Andersen (1970a).
This theorem states essentially that among “smooth” absolutely continuous families of distributions with fixed support, exponential families are the only ones that
permit dimensional reduction of the sample through sufficiency. It is crucial for
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this result that the support of the distributions Pθ is independent of θ. In the contrary case, a simple example of a family possessing a one-dimensional sufficient
statistic for any sample size is provided by the uniform distribution (Example 6.3).
The Dynkin-Ferguson theorem mentioned at the end of the last section and
Theorem 6.18 state roughly that (a) the only location families which are onedimensional exponential families are the normal and log of gamma distributions
and (b) only exponential families permit reduction of the data through sufficiency.
Together, these results appear to say that the only location families with fixed
support in which a dimensional reduction of the data is possible are the normal and
log of gamma families. This is not quite correct, however, because a location family
— although it is a one-dimensional family — may also be a curved exponential
family.
Example 6.19 Location/curved exponential family. Let X1 , . . . , Xn be iid with
joint density (with respect to Lebesgue measure)


(6.11)

C exp −

n

(xi − θ)4

i=1

= C exp(−nθ 4 ) exp(4θ 3 xi − 6θ 2 xi2 + 4θxi3 − xi4 ).
According to (5.1), this is a three-dimensional exponential family, and it provides
an example of a location family with a three-dimensional sufficient statistic satisfying all the assumptions of Theorem 6.18. This is a curved exponential family
with parameter space
= {(θ1 , θ2 , θ3 ) : θ1 = θ33 , θ2 = θ32 }, a curved subset of
three-dimensional space.

The tentative conclusion, which had been reached just before Example 6.19
and which was contradicted by this example, is nevertheless basically correct.
Typically, a location family with fixed support (−∞, ∞) will not constitute even a
curved exponential family and will, therefore, not permit a dimensional reduction
of the data without loss of information.
Example 6.15 shows that the degree of reduction that can be achieved through
sufficiency is extremely variable, and an interesting question is, what characterizes
the situations in which sufficiency leads to a substantial reduction of the data? The
ability of a sufficient statistic to achieve such a reduction appears to be related
to the amount of ancillary information it contains. A statistic V (X) is said to
be ancillary if its distribution does not depend on θ , and first-order ancillary if
its expectation Eθ [V (X)] is constant, independent of θ . An ancillary statistic by
itself contains no information about θ, but minimal sufficient statistics may still
contain much ancillary material. In Example 6.15(iv), for instance, the differences
X(n) − X(i) (i = 1, . . . , n − 1) are ancillary despite the fact that they are functions
of the minimal sufficient statistics (X(1) , . . . , X(n) ).
Example 6.20 Location ancillarity. Example 6.15(iv) is a particular case of a
location family. Quite generally, when sampling from any location family, the
differences Xi − Xj , i = j , are ancillary statistics. Similarly, when sampling from
scale families, ratios are ancillary. See Problem 6.34 for details.
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A sufficient statistic T appears to be most successful in reducing the data if
no nonconstant function of T is ancillary or even first-order ancillary, that is, if
Eθ [f (T )] = c for all θ ∈
implies f (t) = c (a.e. P). By subtracting c, this
condition is seen to be equivalent to
(6.12)

Eθ [f (T )] = 0

for all θ ∈

implies f (t) = 0 (a.e. P)

where P = {Pθ , θ ∈ }. A statistic T satisfying (6.12) is said to be complete. As
will be seen later, completeness brings with it substantial simplifications of the
statistical situation.
Since complete sufficient statistics are particularly effective in reducing the data,
it is not surprising that a complete sufficient statistic is always minimal. Proofs are
given in Lehmann and Scheffé (1950), Bahadur (1957), and Schervish (1995); see
also Problem 6.29.
What happens to the ancillary statistics when the minimal sufficient statistic is
complete is shown by the following result.
Theorem 6.21 (Basu’s Theorem) If T is a complete sufficient statistic for the
family P = {Pθ , θ ∈ }, then any ancillary statistic V is independent of T .
Proof. If V is ancillary, the probability pA = P (V ∈ A) is independent of θ
for all A. Let ηA (t) = P (V ∈ A|T = t). Then, Eθ [ηA (T )] = pA and, hence, by
completeness,
ηA (t) = pA (a.e. P).
This establishes the independence of V and T .

✷

We conclude this section by examining some complete and incomplete families
through examples.
Theorem 6.22 If X is distributed according to the exponential family (5.2) and
the family is of full rank, then T = [T1 (X), . . . , Ts (X)] is complete.
For a proof, see TSH2 Section 4.3, Theorem 1; Barndorff-Nielsen (1978),
Lemma 8.2.; or Brown (1986a), Theorem 2.12.
Example 6.23 Completeness in some one-parameter families. We give some
examples of complete one-parameter families of distributions.
(i) Theorem 6.22 proves completeness of
(a) X for the binomial family {b(p, n), 0 < p < 1}
(b) X for the Poisson family {P (λ), 0 < λ}
(ii) Uniform. Let X1 , . . . , Xn be iid according to the uniform distribution U (0, θ ),
0 < θ. It was seen in Example 6.3 that T = X(n) is sufficient for θ . To see that
T is complete, note that
P (T ≤ t) = t n /θ n ,

0 < t < θ,

so that T has probability density
(6.13)

pθ (t) = nt n−1 /θ n ,

0 < t < θ.
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Suppose Eθ f (T ) = 0 for all θ, and let f + and f − be its positive and negative
parts, respectively. Then,
 θ
 θ
n−1 +
t f (t) dt =
t n−1 f − (t) dt
0

0

for all θ. It follows that

A

t

n−1


f (t) dt =
+

A

t n−1 f − (t) dt

for all Borel sets A, and this implies f = 0 a.e.
(iii) Exponential. Let Y1 , . . . , Yn be iid according to the exponential distribution
E(η, 1). If Xi = e−Yi and θ = e−η , then X1 , . . . , Xn iid as U (0, θ ) (Problem
6.28), and it follows from (ii) that X(n) or, equivalently, Y(1) is sufficient and
complete.

Example 6.24 Completeness in some two-parameter families.
(i) Normal N(ξ, σ 2 ). Theorem 6.22 proves completeness of (X̄, S 2 ) of Example
6.7 in the normal family {N (ξ, σ 2 ), −∞ < ξ < ∞, 0 < σ }.
(ii) Exponential E(a, b). Let X1 , . . . , Xn be iid according to the exponential
distribution E(a, b), −∞ < a < ∞, 0 < b, and let T1 = X(1) , T2 =
[Xi − X(1) ]. Then, (T1 , T2 ) are independently distributed as E(a, b/n) and
1
2
bχ2n−2
, respectively (Problem 6.18), and they are jointly sufficient and com2
plete. Sufficiency follows from the factorization criterion. To prove completeness, suppose that
Ea,b [f (T1 , T2 )] = 0
Then if
(6.14)

for all a, b.

g(t1 , b) = Eb [f (t1 , T2 )],

we have that for any fixed b,
 ∞
g(t1 , b)e−nt1 /b dt1 = 0
a

for all a.

It follows from Example 6.23(iii) that
g(t1 , b) = 0,
except on a set Nb of t1 values which has Lebesgue measure zero and which
may depend on b. Then, by Fubini’s theorem, for almost all t1 we have
g(t1 , b) = 0 a.e. in b.
Since the densities of T2 constitute an exponential family, g(t1 , b) by (6.14)
is a continuous function of b for any fixed t1 . It follows that for almost all
t1 , g(t1 , b) = 0, not only a.e. but for all b. Applying completeness of T2 to
(6.14), we see that for almost all t1 , f (t1 , t2 ) = 0 a.e. in t2 . Thus, finally,
f (t1 , t2 ) = 0 a.e. with respect to Lebesgue measure in the (t1 , t2 ) plane. [For
measurability aspects which have been ignored in this proof, see Lehmann
and Scheffé (1955, Theorem 7.1).]
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Example 6.25 Minimal sufficient but not complete.
(i) Location uniform. Let X1 , . . . , Xn be iid according to U (θ − 1/2, θ + 1/2),
−∞ < θ < ∞. Here, T = {X(1) , X(n) ) is minimal sufficient (Problem 6.16).
On the other hand, T is not complete since X(n) −X(1) is ancillary. For example,
Eθ [X(n) − X(1) − (n − 1)/(n + 1)] = 0 for all θ.
(ii) Curved normal family. In the curved exponential family derived from the
2
) family
N(ξ, σ
 with ξ = σ , we have seen (Example 6.17) that the statistic
T = ( xi , xi2 ) is minimal sufficient. However, it is not complete since
there exists a function f (T ) satisfying (6.12). This follows
that
 from the
 fact
we can find unbiased estimators for ξ based on either
Xi or
Xi2 (see
Problem 6.21).

We close this section with an illustration of sufficiency and completeness in
logit dose-response models.
Example 6.26 Completeness in the logit model. For the model of Example 5.5,
where Xi are independent b(pi , ni ), i = 1, . . . , m, that is,

m 

ni
P (X1 = x1 , . . . , Xm = xm ) =
pixi (1 − pi )ni −xi ,
(6.15)
xi
i=1

it can be shown that X = (X1 , · · · , Xm ) is minimal sufficient. The natural parameters are the logits ηi = log[(pi /(1 − pi )], i = 1, . . . , m [see (5.8)], and if the pi ’s
are unrestricted, the minimal sufficient statistic is also complete (Problem 6.23). 
Example 6.27 Dose-response model. Suppose ni subjects are each given dose
level di of a drug, i = 1, 2, and that d1 < d2 . The response of each subject is either
0 or 1, independent of the others, and the probability of a successful response is
pi = ηθ (di ). The joint distribution of the response vector X = (X1 , X2 ) is

2 

ni
(6.16)
pθ (x) =
[ηθ (di )]xi [1 − ηθ (di )]ni −xi .
xi
i=1

Note the similarity to the model (6.15).
The statistic X is minimal sufficient in the model (6.16), and remains so if ηθ (di )
has the form
(6.17)

ηθ (di ) = 1 − e−θdi ,

d1 = 1, d2 = 2, n1 = 2, n2 = 1.

However, it is not complete since
(6.18)

Eθ [I (X1 = 0) − I (X2 = 0)] = 0.

If instead of (6.17), we assume that ηθ (di ) is given by
(6.19)

ηθ (di ) = 1 − e−θ1 di −θ2 di ,
2

i = 1, 2,

where d1 /d2 is an irrational number, then X is a complete sufficient statistic.
These models are special cases of those examined by Messig and Strawderman
(1993), who establish conditions for minimal sufficiency and completeness in a
large class of dose-response models.
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Table 7.1. Convex Functions
Function φ

Interval (a, b)

(i) |x|

−∞ < x < ∞

(ii) x 2

−∞ < x < ∞

(iii) x p , p ≥ 1

0<x

(iv) 1/x p , p > 0

0<x

(v) ex
(vi) − log x

−∞ < x < ∞
0<x<∞

7 Convex Loss Functions
The property of convexity and the associated property of concavity play an important role in point estimation. In particular, the point estimation problem outlined
in Section 1 simplifies in a number of ways when the loss function L(θ, d) is a
convex function of d.
Definition 7.1 A real-valued function φ defined over an open interval I = (a, b)
with −∞ ≤ a < b ≤ ∞ is convex if for any a < x < y < b and any 0 < γ < 1
(7.1)

φ[γ x + (1 − γ )y] ≤ γ φ(x) + (1 − γ )φ(y).

The function is said to be strictly convex if strict inequality holds in (7.1) for all
indicated values of x, y, and γ . A function φ is concave on (a, b) if −φ is convex.
Convexity is a very strong condition which implies, for example, that φ is continuous in (a, b) and has a left and right derivative at every point of (a, b). Proofs
of these properties and of the other properties of convex functions stated in the following without proof can be found, for example, in Hardy, Littlewood, and Polya
(1934), Rudin (1966), Roberts and Varberg (1973), or Dudley (1989).
Determination of whether or not a function is convex is often easy with the help
of the following two criteria.
Theorem 7.2
(i) If φ is defined and differentiable on (a, b), then a necessary and sufficient
condition for φ to be convex is that
(7.2)

φ  (x) ≤ φ  (y)

for all a < x < y < b.

The function is strictly convex if and only if the inequality (7.2) is strict for
all x < y.
(ii) If, in addition, φ is twice differentiable, then the necessary and sufficient
condition (7.2) is equivalent to
(7.3)

φ  (x) ≥ 0

for all a < x < b
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with strict inequality sufficient (but not necessary) for strict convexity.
Example 7.3 Convex functions. From these criteria, it is easy to see that the
functions of Table 7.1 are convex over the indicated intervals: In all these cases, φ
is strictly convex, except in (i) and in (iii) with p = 1.

In general, a convex function is strictly convex unless it is linear over some
subinterval of (a, b) (Problems 7.1 and 7.6).
A basic property of convex functions is contained in the following theorem.
Theorem 7.4 Let φ be a convex function defined on I = (a, b) and let t be any
fixed point in I . Then, there exists a straight line
(7.4)

y = L(x) = c(x − t) + φ(t)

through the point [t, φ(t)] such that
(7.5)

L(x) ≤ φ(x)

for all x in I.

By definition, a function φ is convex if the value of the function at the weighted
average of two points does not exceed the weighted average of its values at these
two points. By induction, this is easily generalized to the average of any finite
number of points (Problem 7.8). In fact, the inequality also holds for the weighted
average of any infinite set of points, and in this general form, it is known as Jensen’s
inequality.
The weighted average of φ with respect to the weight function  is represented
by

(7.6)
I

φd

where  is a measure with (I ) = 1. In the particular case that  assigns measure
γ and 1 − γ to the points x and y, respectively, this reduces to the right side of
(7.1). It is convenient to interpret (7.6) as the expected value of φ(X), where X is
a random variable taking on values in I according to the probability distribution
.
Theorem 7.5 (Jensen’s Inequality) If φ is a convex function defined over an open
interval I , and X is a random variable with P (X ∈ I ) = 1 and finite expectation,
then
(7.7)
φ[E(X)] ≤ E[φ(X)].
If φ is strictly convex, the inequality is strict unless X is a constant with probability
1.
Proof. Let y = L(x) be the equation of the line which satisfies (7.5) and for which
L(t) = φ(t) when t = E(X). Then,
(7.8)

E[φ(X)] ≥ E[L(X)] = L[E(X)] = φ[E(X)],

which proves (7.7). If φ is strictly convex, the inequality in (7.5) is strict for all
x = t, and hence the inequality in (7.8) is strict unless φ(X) = E[φ(X)] with
probability 1.
✷
Note that the theorem does not exclude the possibility that E[φ(X)]
= ∞.

1.7 ]

CONVEX LOSS FUNCTIONS

47

Corollary 7.6 If X is a nonconstant positive random variable with finite expectation, then
 
1
1
(7.9)
<E
E(X)
X
and
(7.10)
E(log X) < log[E(X)].
Example 7.7 Entropy distance. For density functions f and g, we define the
entropy distance between f and g , with respect to f (also known as KullbackLeibler Information of g at f or Kullback-Leibler distance between g and f )
as

(7.11)
Ef [log(f (X)/g(X))] = log[f (x)/g(x)]f (x) dx.
Corollary 7.6 shows that
(7.12)

Ef [log(f (X)/g(X))] = −Ef [log(g(X)/f (X))]
≥ − log[Ef (g(X)/f (X))]
= 0,

and hence that the entropy distance is always non-negative, and equals zero if
f = g. Note that inequality (7.12) also establishes
(7.13)

Ef log[g(X)] ≤ Ef log[f (X)],

which plays an important role in the theory of the EM algorithm of Section 6.4.
Entropy distance was explored by Kullback (1968); for an exposition of its
properties see, for example, Brown (1986a). Entropy distance has, more recently,
found many uses in Bayesian analysis, see e.g., Berger (1985) or Robert (1994a),
and Section 4.5.

In Theorem 6.1, it was seen that if T is a sufficient statistic, then for any statistical
procedure there exists an equivalent procedure (i.e., having the same risk function)
based only on T . We shall now show that in estimation with a strictly convex loss
function, a much stronger statement is possible: Given any estimator δ(X) which
is not a function of T , there exists a better estimator depending only on T .
Theorem 7.8 (Rao-Blackwell Theorem) Let X be a random observable with
distribution Pθ ∈ P = {Pθ  , θ  ∈ }, and let T be sufficient for P. Let δ be an
estimator of an estimand g(θ), and let the loss function L(θ, d) be a strictly convex
function of d. Then, if δ has finite expectation and risk,
R(θ, δ) = EL[θ, δ(X)] < ∞,
and if
(7.14)

η(t) = E[δ(X)|t],

the risk of the estimator η(T ) satisfies
(7.15)

R(θ, η) < R(θ, δ)

unless δ(X) = η(T ) with probability 1.
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Proof. In Theorem 7.5, let φ(d) = L(θ, d), let δ = δ(X), and let X have the
conditional distribution P X|t of X given T = t. Then
L[θ, η(t)] < E{L[θ, δ(X)]|t}
unless δ(X) = η(T ) with probability 1. Taking the expectation on both sides of this
inequality yields (7.15), unless δ(X) = η(T ) with probability 1.
✷
Some points concerning this result are worth noting.
1. Sufficiency of T is used in the proof only to ensure that η(T ) does not depend
on θ and hence is an estimator.
2. If the loss function is convex but not strictly convex, the theorem remains true
provided the inequality sign in (7.15) is replaced by ≤. Even in that case, the
theorem still provides information beyond the results of Section 6 because it
shows that the particular estimator η(T ) is at least as good as δ(X).
3. The theorem is not true if the convexity assumption is dropped. Examples
illustrating this fact will be given in Chapters 2 and 5.
In Section 6, randomized estimators were introduced, and such estimators may
be useful, for example, in reducing the maximum risk (see Chapter 5, Example
5.1.8), but this can never be the case when the loss function is convex.
Corollary 7.9 Given any randomized estimator of g(θ), there exists a nonrandomized estimator which is uniformly better if the loss function is strictly convex
and at least as good when it is convex.
Proof. Note first that a randomized estimator can be obtained as a nonrandomized
estimator δ ∗ (X, U ), where X and U are independent and U is uniformly distributed
on (0, 1). This is achieved by observing X = x and then using U to construct the
distribution of Y given X = x, where Y = Y (x) is the random variable employed in
the definition of a randomized estimator (Problem 7.10). To prove the theorem, we
therefore need to show that given any estimator δ ∗ (X, U ) of g(θ), there exists an
estimator δ(X), depending on X only, which has uniformly smaller risk. However,
this is an immediate consequence of the Rao-Blackwell theorem since for the
observations (X, U ), the statistic X is sufficient. For δ(X), one can therefore take
the conditional expectation of δ ∗ (X, U ) given X.
✷
An estimator δ is said to be inadmissible if there exists another estimator δ  which
dominates it (that is, such that R(θ, δ  ) ≤ R(θ, δ) for all θ , with strict inequality
for some θ ) and admissible if no such estimator δ  exists. If the loss function L
is strictly convex, it follows from Corollary 7.9 that every admissible estimator
must be nonrandomized. Another property of admissible estimators in the strictly
convex loss case is provided by the following uniqueness result.
Theorem 7.10 If L is strictly convex and δ is an admissible estimator of g(θ ), and
if δ  is another estimator with the same risk function, that is, satisfying R(θ, δ) =
R(θ, δ  ) for all θ , then δ  = δ with probability 1.
Proof. If δ ∗ = 21 (δ + δ  ), then
(7.16)

R(θ, δ ∗ ) <

1
[R(θ, δ) + R(θ, δ  )] = R(θ, δ)
2
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✷

The preceding considerations can be extended to the situation in which the
estimand g(θ ) = [g1 (θ ), . . ., gk (θ)] and the estimator δ(X) = [δ1 (X), . . ., δk (X)]
are vector-valued.
Definition 7.11 For any two points x = (x1 , . . . , xk ) and y = (y1 , . . . , yk ) in Ek ,
define γ x + (1 − γ )y to be the point with coordinates γ xi + (1 − γ )yi , i = 1, . . . , k.
(i) A set S in Ek is convex if for any x, y ∈ S, the points
γ x + (1 − γ )y,

0<γ <1

are also in S. (Geometrically, this means that the line segment connecting any
two points in S lies in S.)
(ii) A real-valued function φ defined over an open convex set S in Ek is convex
if (7.1) holds with x and y replaced by x and y; it is strictly convex if the
inequality is strict for all x and y.
Example 7.12 Convex combination. If φj is a convex function of a real variable
defined over an interval Ij for each j = 1, . . . , k, then for any positive constants
a1 , . . . , ak
(7.17)
φ(x) = aj φj (xj )
is a convex function defined over the k-dimensional rectangle with sides I1 , . . . , Ik ;
it is strictly convex, provided φ1 , . . . , φk are all strictly convex. This example
implies, in particular, that the loss function
L(θ, d) = ai [di − gi (θ)]2

(7.18)



is strictly convex.

A useful criterion to determine whether a given function φ is convex is the
following generalization of (7.3).
Theorem 7.13 Let φ be defined over an open convex set S in Ek and twice differentiable in S. Then, a necessary and sufficient condition for φ to be convex is that
the k × k matrix with ij th element ∂ 2 φ(x1 , . . . , xk )/∂xi ∂xj , which is known as the
Hessian matrix, is positive semidefinite; if the matrix is positive definite, then φ is
strictly convex.
Example 7.14 Quadratic loss. Consider the loss function
L(θ, d) = aij [di − gi (θ)][dj − gj (θ )].

(7.19)

Since ∂ L/∂di ∂dj = aij , L is strictly convex, provided the matrix ||aij || is positive
definite.

2

Let us now consider some consequences of adopting a convex loss function in a
location model. In Section 1, it was pointed out that there exists a unique number
n
a minimizing (xi − a)2 , namely x̄, and that the minimizing value of i=1
|xi − a|
is either unique (when n is odd) or the minimizing values constitute an interval.
This interval structure
of the minimizing values does not hold, for example, when
√
minimizing  |xi − a|. In the case n = 2, for instance, there exist two minimizing
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values, a = x1 and a = x2 (Problem 7.12). This raises the general question of the
set of values a minimizing ρ(xi − a), which, in turn, is a special case of the
following problem. Let X be a random variable and L(θ, d) = ρ(d − θ ) a loss
function, with ρ even. Then, what can be said about the set of values a minimizing
E[ρ(X−a)]? This specializes to the earlier case if X takes on the values x1 , . . . , xn
with probabilities 1/n each.
Theorem 7.15 Let ρ be a convex function defined on (−∞, ∞) and X a random
variable such that φ(a) = E[ρ(X − a)] is finite for some a. If ρ is not monotone,
φ(a) takes on its minimum value and the set on which this value is taken is a closed
interval. If ρ is strictly convex, the minimizing value is unique.
The proof is based on the following lemma.
Lemma 7.16 Let φ be a convex function on (−∞, ∞) which is bounded below
and suppose that φ is not monotone. Then, φ takes on its minimum value; the set
S on which this value is taken on is a closed interval and is a single point when φ
is strictly convex.
Proof. Since φ is convex and not monotone, it tends to ∞ as x → ±∞. Since φ
is also continuous, it takes on its minimizing value. That S is an interval follows
from convexity and that it is closed follows from continuity.
✷
Proof of Theorem 7.15. By the lemma, it is enough to prove that φ is (strictly)
convex and not monotone. That φ is not monotone follows from that fact that
φ(a) → ∞ as a → ±∞. This latter property of φ is a consequence of the facts
that X − a tends in probability to ∓∞ as a → ±∞ and that ρ(t) → ∞ as
t → ±∞. (Strict) convexity of φ follows from the corresponding property of ρ.
✷
Example 7.17 Squared error loss. Let ρ(t) = t 2 and suppose that E(X 2 ) < ∞.
Since ρ is strictly convex, if follows that φ(a) has a unique minimizing value. If
E(X) = µ, which by assumption is finite, we have, in fact,
(7.20)

φ(a) = E(X − a)2 = E(X − µ)2 + (µ − a)2 ,

which shows that φ(a) is a minimum if and only if a = µ.



Example 7.18 Absolute error loss. Let ρ(t) = |t| and suppose that E|X| < ∞.
Since ρ is convex but not strictly convex, it follows from Theorem 7.15 that φ(a)
takes on its minimum value and that the set S of minimizing values is a closed
interval. The set S is, in fact, the set of medians of X (Problems 1.7 and 1.8). 
The following is a useful consequence of Theorem 7.15 (see also Problem 7.27).
Corollary 7.19 Under the assumptions of Theorem 7.15, suppose that ρ is even
and X is symmetric about µ. Then, φ(a) attains its minimum at a = µ.
Proof. By Theorem 7.15 the minimum is taken on. If µ + c is a minimizing value,
so is µ − c and so, therefore, are all values a between µ − c and µ + c, which
includes a = µ.
✷
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Now consider an example in which ρ is not convex.
Example 7.20 Nonconvex loss. Let ρ(t) = 1 if |t| ≥ k and ρ(t) = 0 otherwise.
Minimizing φ(a) is then equivalent to maximizing ψ(a) = P (|X − a| < k).
Consider the following two special cases (Problem 7.22):
(i) The distribution of X has a probability density (with respect to Lebesgue
measure) which is continuous, unimodal, and such that f (x) decreases strictly
as x moves away from the mode in either direction. Then, there exists a unique
value a for which f (a − k) = f (a + k), and this is the unique maximizing
value of ψ(a).
(ii) Suppose that f is even and U -shaped with f (x) attaining its maximum at
x = ±A and f (x) = 0 for |x| > A. Then, ψ(a) attains its maximum at the
two points a = −A + k and a = A − k.

Convex loss functions have been seen to lead to a number of simplifications of
estimation problems. One may wonder, however, whether such loss functions are
likely to be realistic. If L(θ, d) represents not just a measure of inaccuracy but a
real (for example, financial) loss, one may argue that all such losses are bounded:
once you have lost all, you cannot lose any more. On the other hand, if d can take on
all values in (−∞, ∞) or (0, ∞), no nonconstant bounded function can be convex
(Problem 7.18). Unfortunately, bounded loss functions with unbounded d can lead
to completely unreasonable estimators (see, for example, Theorem 2.1.15). The
reason is roughly that arbitrarily large errors can then be committed with essentially
no additional penalty and their leverage used to unfair advantage. Perhaps convex
loss functions result in more reasonable estimators because the large penalties they
exact for large errors compensate for the unrealistic assumption of unbounded d:
They make such values so expensive that the estimator will try hard to avoid them.
The most widely used loss function is squared error
(7.21)

L(θ, d) = [d − g(θ )]2

or slightly more generally weighted squared error
(7.22)

L(θ, d) = w(θ)[d − g(θ)]2 .

Since these are strictly convex in d, the simplifications represented by Theorem
7.8, Corollary 7.9, and Theorem 7.10 are valid in these cases. The most slowly
growing even convex loss function is absolute error
(7.23)

L(θ, d) = |d − g(θ)|.

The faster the loss function increases, the more attention it pays to extreme
values of the estimators and hence to outlying observations, so that the performance of the resulting estimators is strongly influenced by the tail behavior of
the assumed distribution of the observable random variables. As a consequence,
fast-growing loss functions lead to estimators that tend to be sensitive to the assumptions made about this tail behavior, and these assumptions typically are based
on little information and thus are not very reliable.
It turns out that the estimators produced by squared error loss often are uncomfortably sensitive in this respect. On the other hand, absolute error appears to go
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too far in leading to estimators which discard all but the central observations. For
many important problems, the most appealing results are obtained from the use of
loss functions which lie between (7.21) and (7.23). One interesting class of such
loss functions, due to Huber (1964), puts
(7.24)

L(θ, d) =

[d − g(θ)]2
if |d − g(θ )| ≤ k
2k|d − g(θ)| − k 2 if |d − g(θ )| ≥ k.

This agrees with (7.21) for |d − g(θ)| ≤ k, but above k and below −k, it replaces
the parabola with straight lines joined to the parabola so as to make the function
continuous and continuously differentiable (Problem 7.21).
The Huber loss functions are convex but not strictly convex. An alternative
family, which also interpolates between (7.21) and (7.23) and which is strictly
convex, is
(7.25)
L(θ, d) = |d − g(θ)|p , 1 < p < 2.
It is a disadvantage of both (7.24) and (7.25) that the resulting estimators, even
in fairly simple problems, cannot be obtained in closed form and hence are more
difficult to grasp intuitively and to interpret. This may account at least in part for
the fact that squared error is the most commonly used loss function or measure of
accuracy and that the classic estimators in most situations are the ones derived on
this basis. As indicated at the end of Section 1, we shall develop here the theory
under the more general assumption of convex loss functions (which, in practice,
does not appear to be a serious limitation), but we shall work most examples for
the conventional squared error loss. The issue of the robustness of the resulting
estimators, which requires going outside the assumed model, will not be treated
in detail here. References for further study of robustness include Huber (1981),
Hampel et al. (1986), and Staudte and Sheather (1990).
With some care, the properties of convex and concave functions generalize to
multivariate situations. For example, Theorem 7.4 generalizes to the following
supporting hyperplane theorem for convex functions.
Theorem 7.21 Let φ be a convex function defined over an open convex set S in
Ek and let t be any point in S. Then, there exists a hyperplane
(7.26)

y = L(x) = ci (xi − ti ) + φ(t)

through the point [t, φ(t)] such that
(7.27)

L(x) ≤ φ(x)

for all x ∈ S.

Jensen’s inequality (Theorem 7.5) generalizes in the obvious way. The only
changes that are needed are replacement of the interval I by an open convex set S,
of the random variable X by a random vector X satisfying P (X ∈ S) = 1, and of
the expectation E(X) by the expectation vector E(X) = [E(X1 ), . . . , E(Xk )]. For
the resulting modification of the inequality (7.7) to be meaningful, it is necessary
to know that E(X) is in S so that φ[E(X)] is defined.
Lemma 7.22 If X is a random vector with P (X ∈ S) = 1, where S is an open
convex set in Ek , and if E(X) exists, then E(X) ∈ S.
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A formal proof is given by Ferguson (1967, p. 74). Here, we shall give only a
sketch. Suppose that k = 2, and suppose that ξ = E(X) is not in S. Then, Theorem
7.21 guarantees the existence of a line a1 x1 + a2 x2 = b through the point (ξ1 , ξ2 )
such that S lies entirely on one side of the line. By a rotation of the plane, it can be
assumed without loss of generality that the equation of the line is x2 = ξ2 and that
S lies above this line so that P (X2 > ξ2 ) = 1. It follows that E(X2 ) > ξ2 , which
is a contradiction.
The notions of convexity and concavity can also be extended to the multidimensional case in a slightly different way, one that examines the behavior of the
function when it is averaged over spheres instead of over pairs of points.
Definition 7.23 A continuous function f : R k → R is superharmonic at a point
x0 ∈ R k if, for every r > 0, the average of f over the surface of the sphere
Sr (x0 ) = {x : ||x − x0 || = r} is less than or equal to f (x0 ). The function f is
superharmonic in R p if it is superharmonic at each x0 ∈ R p . (See Problem 7.15
for an extension.)
If we denote the average of f over the surface of the sphere by Ax0 (f ), we thus
define f to be superharmonic, harmonic, or subharmonic, depending on whether
Ax0 (f ) is less than or equal to, equal to, or greater than or equal to f , respectively.
These definitions are analogous to those of convexity and concavity, but here we
take the average over the surface of a sphere. (Note that in one dimension, the sphere
reduces to two points, so superharmonic and concave are the same property.) The
following characterization of superharmonicity, which is akin to that of Theorem
7.13, is typically easier to check than the definition. (For a proof, see Helms 1969).
Theorem 7.24 If f : R k → R is twice differentiable, then f is superharmonic in
R k if and only if for all x ∈ R k ,
k

(7.28)
i=1

∂2
f (x) ≤ 0.
∂xi2

If Equation (7.28) is an equality, then f is harmonic, and if the inequality is
reversed, then f is subharmonic.
Example 7.25 Subharmonic functions. Some multivariate analogs of the convex functions in Example 7.3 are subharmonic. For example, if f (x1 , . . . , xk ) =

p
k
i=1 xi then
k
k
∂2
p−2
f
(x)
=
p(p − 1)xi .
2
i=1 ∂xi
i=1

This function is subharmonic if p ≥ 1 and xi > 0, or if p ≥ 2 is an even integer.
Problem 7.14 considers some other multivariate functions.


Example 7.26 Subharmonic loss. The loss function of Example 7.14, given in
2
2
Equation (7.19),
 has second derivative ∂ L/∂di = aii . Thus, it is subharmonic if,
and only if, i aii ≥ 0. This is a weaker condition than that needed for multidimensional convexity.

The property of superharmonicity is useful in the theory of minimax point
estimation, as will be seen in Section 5.6.
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8 Convergence in Probability and in Law
Thus far, our preparations have centered on “small-sample” aspects, that is, we
have considered the sample size n as being fixed. However, it is often fruitful to
consider a sequence of situations in which n tends to infinity. If the given sample
size is sufficiently large, the limit behavior may provide an important complement
to the small-sample behavior, and often discloses properties of estimators that are
masked by complications inherent in small-sample calculations. In preparation for
a study of such large-sample asymptotics in Chapter 6, we here present some of
the necessary tools.
In particular, we review the probabilistic foundations necessary to derive the
limiting behavior of estimators. It turns out that under rather weak assumptions,
the limit distribution of many estimators is normal and hence depends only on
a mean and a variance. This mitigates the effect of the underlying assumptions
because the results become less dependent on the model and the loss function.
We consider a sample X = (X1 , . . . , Xn ) as a member of a sequence corresponding to n = 1, 2 (or, more generally, n0 , n0 + 1, . . .) and obtain the limiting
behavior of estimator sequences as n → ∞. Mathematically, the results are thus
limit theorems.
In applications, the limiting results (particularly the asymptotic variances) are
used as approximations to the situation obtaining for the actual finite n. A weakness
of this approach is that, typically, no good estimates are available for the accuracy
of the approximation. However, we can obtain at least some idea of the accuracy
by numerical checks for selected values of n.
Suppose for a moment that X1 , . . . , Xn are iid according to a distribution Pθ , θ ∈
, and that the estimand is g(θ). As n increases, more and more information about
θ becomes available, and one would expect that for sufficiently large values of n, it
would typically be possible to estimate g(θ) very closely. If δn = δn (X1 , . . . , Xn )
is a reasonable estimator, of course, it cannot be expected to be close to g(θ ) for
every sample point (x1 , . . . , xn ) since the values of a particular sample may always
be atypical (e.g., a fair coin may fall heads in 1000 successive spins). What one
can hope for is that δn will be close to g(θ) with high probability.
This idea is captured in the following definitions, which do not assume the
random variables to be iid.
Definition 8.1 A sequence of random variables Yn defined over sample spaces
P

(Yn , Bn ) tends in probability to a constant c (Yn → c) if for every a > 0
(8.1)

P [|Yn − c| ≥ a] → 0

as n → ∞.

A sequence of estimators δn of g(θ) is consistent if for every θ ∈
(8.2)

Pθ

δn → g(θ ).

The following condition, which assumes the existence of second moments, frequently provides a convenient method for proving consistency.
Theorem 8.2 Let {δn } be a sequence of estimators of g(θ ) with mean squared
error E[δn − g(θ )]2 .
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(i) If
(8.3)

E[δn − g(θ)]2 → 0
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for all θ,

then δn is consistent for estimating g(θ ).
(ii) Equivalent to (8.3), δn is consistent if
(8.4)

bn (θ ) → 0

and

var θ (δn ) → 0

for all θ,

where bn is the bias of δn .
(iii) In particular, δn is consistent if it is unbiased for each n and if
var θ (δn ) → 0

(8.5)

for all θ.

The proof follows from Chebychev’s Inequality (see Problem 8.1).
Example 8.3 Consistency of the mean. Let X1 , . . . , Xn be iid with expectation
E(Xi ) = ξ and variance σ 2 < ∞. Then, X̄ is an unbiased estimator of ξ with variance σ 2 /n, and hence is consistent by Theorem 8.2(iii). Actually, it was proved by
Khinchin, see, for example, Feller 1968, Chapter X, Section 1,2) that consistency
of X̄ already follows from the existence of the expectation, so that the assumption
of finite variance is not needed.

Note. The statement that X̄ is consistent is shorthand for the fuller assertion
that the sequence of estimators X̄n = (X1 + · · · + Xn )/n is consistent. This type of
shorthand is used very common and will be used here. However, the full meaning
should be kept in mind.
Example 8.4 Consistency of S 2 . Let X1 , . . . , Xn be iid with finite variance σ 2 .
Then, the unbiased estimator
Sn2 = (Xi − X̄)2 /(n − 1)
is a consistent estimator of σ 2 . To see this, assume without loss of generality that
E(Xi ) = 0, and note that


n
1
2
2
2
Xi − X̄ .
Sn =
n−1 n
P

P

By Example 8.3, Xi2 /n → σ 2 and X̄ 2 → 0. Since n/(n − 1) → 1, it follows
P

from Problem 8.4 that Sn2 → σ 2 . (See also Problem 8.5.)



Example 8.5 Markov chains. As an illustration of a situation involving dependent random variables, consider a two-state Markov chain. The variables X1 , X2 , . . .
each take on the values 0 and 1, with the joint distribution determined by the initial
probability P (X1 = 1) = p1 , and the transition probabilities
P (Xi+1 = 1|Xi = 0) = π0 ,

P (Xi+1 = 1|Xi = 1) = π1 ,

of which we shall assume 0 < π0 , π1 < 1. For such a chain, the probability
pk = P (Xk = 1)
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typically depends on k and the initial probability p1 (but see Problem 8.10). However, as k → ∞, pk tends to a limit p, which is independent of p1 . It is easy to
see what the value of p must be. Consider the recurrence relation
(8.6)

pk+1 = pk π1 + (1 − pk )π0 = pk (π1 − π0 ) + π0 .

If
(8.7)

pk → p,

this implies
(8.8)

π0
.
1 − π 1 + π0
To prove (8.7), it is only necessary to iterate (8.6) starting with k = 1 to find
(Problem 8.6).
pk = (p1 − p)(π1 − π0 )k−1 + p.
(8.9)
p=

Since |π1 − π0 | < 1, the result follows.
For estimating p, after n trials, the natural estimator is X̄n , the frequency of ones
in these trials. Since
E(X̄n ) = (p1 + · · · + pn )/n,
it follows from (8.7) that E(X̄n ) → p (Problem 8.7), so that the bias of X̄n tends
to zero. Consistency of X̄n will therefore follow if we can show that var(X̄n ) → 0.
Now,
var(X̄n ) =

n

n

cov(Xi , Xj )/n2 .

i=1 j =1

As n → ∞, this average of n2 terms will go to zero if cov(Xi , Xj ) → 0 sufficiently
fast as |j − i| → ∞. The covariance of Xi and Xj can be obtained by a calculation
similar to that leading to (8.9) and satisfies
(8.10)

|cov(Xi , Xj )| ≤ M|π1 − π0 |j −i .

From (8.10), one finds that var(X̄n ) is of order 1/n and hence that X̄n is consistent
(Problem 8.11).
Instead of p, one may be interested in estimating π0 and π1 themselves. Again,
it turns out that the natural estimator N01 /(N00 + N01 ) for π0 , where N0j is the
number of pairs (Xi , Xi+1 ) with Xi = 0, Xi+1 = j, j = 0, 1, is consistent.
Consider, on the other hand, the estimation of p1 . It does not appear that observations beyond on the first provide any information about p1 , and one would therefore
not expect to be able to estimate p1 consistently. To obtain a formal proof, suppose
for a moment that the π’s are known, so that p1 is the only unknown parameter. If
a consistent estimator δn exists for the original problem, then δn will continue to
be consistent under this additional assumption. However, when the π ’s are known,
X1 is a sufficient statistic for p1 and the problem reduces to that of estimating a
success probability from a single trial. That a consistent estimator of p1 cannot
exist under these circumstances follows from the definition of consistency.

When X1 , . . . , Xn are iid according to a distribution Pθ , θ ∈ , consistent
estimators of real-valued functions of θ will exist in most of the situations we
shall encounter (see, for example, Problem 8.8). There is, however, an important
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exception. Suppose the X’s are distributed according to F (xi − θ ) where F is
N(ξ, σ 2 ), with θ, ξ , and σ 2 unknown. Then, no consistent estimator of θ exists. To
see this, note that the X’s are distributed as N (ξ + θ, σ 2 ). Thus, X̄ is consistent for
estimating ξ + θ, but ξ and θ cannot be estimated separately because they are not
uniquely defined, they are unidentifiable (see Definition 5.2). More precisely, for
X ∼ Pθ,ξ , there exist pairs (θ1 , ξ1 ) and (θ2 , ξ2 ) with θ1 = θ2 for which Pθ1 ,ξ1 = Pθ2 ,ξ2 ,
showing the parameter θ to be unidentifiable. A parameter that is unidentifiable
cannot be estimated consistently since δ(X1 , . . . , Xn ) cannot simultaneously be
close to both θ1 and θ2 .
Consistency is too weak a property to be of much interest in itself. It tells us
that for large n, the error
√ δn − g(θ) is likely to be small but not whether the order
of the error is 1/n, 1/ n, 1/ log n, and so on. To obtain an idea of the rate of
convergence of a consistent estimator δn , consider the probability
"
a
(8.11)
.
Pn (a) = P |δn − g(θ)| ≤
kn
If kn is bounded, then Pn (a) → 1. On the other hand, if kn → ∞ sufficiently fast,
Pn (a) → 0. This suggests that for a given a > 0, there might exist an intermediate
sequence kn → ∞ for which Pn (a) tends to a limit strictly between 0 and 1.
This will be the case for most of the estimators with which we are concerned.
Commonly, there will exist a sequence kn → ∞ and a limit function H which is
a continuous cdf such that for all a
P {kn [δn − g(θ )] ≤ a} → H (a)

(8.12)

as n → ∞.

We shall then say that the error |δn − g(θ)| tends to zero at rate 1/kn . The rate, of
course, is not uniquely determined by this definition. If 1/kn is a possible rate, so
is 1/kn for any sequence kn for which kn /kn tends to a finite nonzero limit. On the
other hand, if kn tends to ∞ more slowly (or faster) than kn , that is, if kn /kn → 0
(or ∞), then kn [δn − g(θ )] tends in probability to zero (or ∞) (Problem 8.12).
One can think of the normalizing constants kn in (8.12) in another way. If δn is
consistent, the errors δn −g(θ) tend to zero as n → ∞. Multiplication by constants
kn tending to infinity magnifies these minute errors—it acts as a microscope. If
(8.12) holds, then kn is just the right degree of magnification to give a well-focused
picture of the behavior of the errors.
We formalize (8.12) in the following definition.
Definition 8.6 Suppose that {Yn } is a sequence of random variables with cdf
Hn (a) = P (Yn ≤ a)
and that there exists a cdf H such that
Hn (a) → H (a)

(8.13)

at all points a at which H is continuous. Then, we shall say that the distribution
functions Hn converge weakly to H , and that the Yn have the limit distribution
H , or converge in law to any random variable Y with distribution H . This will be
L

denoted by Yn → Y or by L(Yn ) → H . We may also say that Yn tends in law to
H and write Yn → H .
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The crucial assumption in (8.13) is that H (−∞) = 0 and H (+∞) = 1, that is,
that no probability mass escapes to ±∞ (see Problem 1.37).
The following example illustrates the reason for requiring (8.13) to hold only
for the continuity points of H .
Example 8.7 Degenerate limit distribution.
(i) Let Yn be normally distributed with mean zero and variance σn2 where σn → 0
as n → ∞.
(ii) Let Yn be a random variable taking on the value 1/n with probability 1.
In both cases, it seems natural to say that Yn tends in law to a random variable
Y which takes on the value 0 with probability 1. The cdf H (a) of Y is zero for
a < 0 and 1 for a ≥ 0. The cdf Hn (a) of Yn in both (i) and (ii) tends to H (a) for
all a = 0, but not for a = 0 (Problem 8.14).

An important property of weak convergence is given by the following theorem.
Its proof, and those of Theorems 8.9-8.12, can be found in most texts on probability
theory. See, for example, Billingsley (1995, Section 25).
Theorem 8.8 The sequence Yn converges in law to Y if and only if E[f (Yn )] →
E[f (Y )] for every bounded continuous real-valued function f .
A basic tool for obtaining the limit distribution of many estimators of interest
is the central limit theorem (CLT), of which the following is the simplest case.
Theorem 8.9 (Central Limit Theorem)
Let Xi (i = 1, . . . , n) be iid with E(Xi ) =
√
ξ√and var(Xi ) = σ 2 < ∞. Then, n(X̄ − ξ ) tends in law to N (0, σ 2 ) and hence
n(X̄ − ξ )/σ to the standard normal distribution N (0, 1).
The usefulness of this result is greatly extended by Theorems 8.10 and 8.12
below.
L

Theorem 8.10 If Yn → Y , and An and Bn tend in probability to a and b, respecL

tively, then An + Bn Yn → a + bY .
When Yn converges to a distribution H , it is often required to evaluate probabilities of the form P (Yn ≤ yn ) where yn → y, and one may hope that these
probabilities will tend to H (y).
L

Corollary 8.11 If Yn → H , and yn converges to a continuity point y of H , then
P (Yn ≤ yn ) → H (y).
Proof. P (Yn ≤ yn ) = P [Yn + (y − yn ) ≤ y] and the result follows from Theorem
✷
8.10 with Bn = 1 and An = y − yn .
The following widely used result is often referred to as the delta method.
Theorem 8.12 (Delta Method) If
√
L
(8.14)
n[Tn − θ ] → N (0, τ 2 ),
then
√
L
(8.15)
n[h(Tn ) − h(θ)] → N (0, τ 2 [h (θ )]2 ),
provided h (θ ) exists and is not zero.
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Proof. Consider the Taylor expansion of h(Tn ) around h(θ ):
(8.16)

h(Tn ) = h(θ ) + (Tn − θ )[h (θ) + Rn ],

where Rn → 0 as Tn → θ . It follows from (8.14) that Tn → θ in probability and
hence that
√ Rn → 0 in probability. The result now follows by applying Theorem
✷
8.10 to n[h(Tn ) − h(θ )].
Example 8.13 Limit of binomial. Let
 Xi , i = 1, 2, . . ., be independent Bernoulli
(p) random variables and let Tn = n1 ni=1 Xi . Then by the CLT (Theorem 8.9)
√
(8.17)
n (Tn − p) → N [0, p(1 − p)]
since E(Tn ) = p and var(Tn ) = p(1 − p).
Suppose now that we are interested in the large sample behavior of the estimate
Tn (1 − Tn ) of the variance h(p) = p(1 − p). Since h (p) = 1 − 2p, it follows from
Theorem 8.12 that
!
√
(8.18)
n [Tn (1 − Tn ) − p(1 − p)] → N 0, (1 − 2p)2 p(1 − p)
for p = 1/2.



When the dominant term in the Taylor expansion (8.16) vanishes [as it does at
p = 1/2 in (8.18)], it is natural to carry the expansion one step further to obtain
1
h(Tn ) = h(θ) + (Tn − θ )h (θ) + (Tn − θ )2 [h (θ ) + Rn ],
2
where Rn → 0 in probability as Tn → θ, or, since h (θ ) = 0,
1
(Tn − θ )2 [h (θ) + Rn ].
2
√
In view of (8.14), the distribution of [ n(Tn − θ)]2 tends to a nondegenerate limit
distribution, namely (after division by τ 2 ) to a χ 2 -distribution with 1 degree of
freedom, and hence
n(Tn − θ )2 → τ 2 · χ12 .
(8.20)
The same argument as that leading to (8.15), but with h (θ) = 0 and h (θ ) = 0,
establishes the following theorem.
√
L
Theorem 8.14 If n[Tn − θ] → N (0, τ 2 ) and if h (θ) = 0, then
(8.19)

(8.21)

h(Tn ) − h(θ ) =

n[h(Tn ) − h(θ)] →

1 2 
τ h (θ)χ12
2

provided h (θ ) exists and is not zero.
Example 8.15 Continuation of Example 8.13. For h(p) = p(1 − p), we have, at
p = 1/2, h (1/2) = 0 and h (1/2) = −2. Hence, from Theorem 8.14, at p = 1/2,


1
1
n Tn (1 − Tn ) −
(8.22)
→ − χ12 .
4
2
Although (8.22) might at first appear strange, note that Tn (1 − Tn ) ≤ 1/4, so the
left side is always negative. An equivalent form for (8.22) is


1

− Tn (1 − Tn ) → χ12 .
2n
4
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The typical behavior of estimator sequences as sample sizes tend to infinity
is that suggested by Theorem 8.12, that is,
√ if δn is the estimator of g(θ ) based
on n observations, one may expect that n[δn − g(θ)] will tend to a normal
distribution with mean zero and variance, say τ 2 (θ). It is in this sense that the
large-sample behavior of such estimators can be studied without reference to a
specific loss function. The asymptotic behavior of δn is governed solely
by τ 2 (θ)
√
2
since knowledge of τ (θ ) determines the probability of the error n[δn − g(θ)]
lying in any given interval. In particular, τ 2 (θ) provides a basis for the large-sample
comparison of different estimators.
Contrast this to the finite-sample situation where, for example, if estimators are
compared in terms of their risk, one estimator might be best in terms of absolute
error, another for squared error, and still another in terms of a higher power of the
error or the probability of falling within a stated distance of the true value. This
cannot happen here, as τ 2 (θ ) provides the basis for all large-sample evaluations.
It is straightforward to generalize the preceding theorems to functions of several
means. The expansion (8.16) is replaced by the corresponding Taylor’s theorem in
several variables. Although the following theorem starts in a multivariate setting,
the conclusion is univariate.
Theorem 8.16 Let (X1ν , . . . , Xsν ), ν = 1, . . . , n, be n independent s-tuples of
random variables with E(Xiν ) = ξi and cov(Xiν , Xj ν ) = σij . Let X̄i = Xiν /n,
and suppose that h is a real-valued function of s arguments with continuous first
partial derivatives. Then,
√
L
n[h(X̄1 , . . . , X̄s ) − h(ξ1 , . . . , ξs )] → N (0, v 2 ),

v 2 = σij

∂h ∂h
·
,
∂ξi ∂ξj

provided v 2 > 0.
✷

Proof. See Problem 8.20.

Example 8.17 Asymptotic distribution of S 2 . As an illustration of Theorem
8.16, consider the asymptotic distribution of S 2 = (Zν − Z̄)2 /n where the Z’s
are iid. Without loss of generality, suppose that E(Zν ) = 0, E(Zν2 ) = σ 2 . Since
S 2 = (1/n)Zν2 − Z̄ 2 , Theorem 8.16 applies with√X1ν = Zν2 , X2ν = Zν , h(x1 , x2 ) =
x1 − x22 , ξ2 = 0, and ξ1 = var(Zν ) = σ 2 . Thus, n(S 2 − σ 2 ) → N (0, v 2 ) where

v 2 = var(Zν2 ).
We conclude this section by considering the multivariate case and extending
some of the basic probability results for random variables to vectors of random
variables. The definitions of convergence in probability and in law generalize very
naturally as follows.
Definition 8.18 A sequence of random vectors Yn = (Y1n , . . . , Yrn ), n = 1, 2, . . .,
P

tends in probability toward a constant vector c = (c1 , . . . , cr ) if Yin → ci for each
i = 1, . . . , r, and it converges in law (or weakly) to a random vector Y with cdf H
if
Hn (a) → H (a)
(8.23)
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at all continuity points a of H , where
(8.24)

Hn (a) = P [Y1n ≤ a1 , . . . , Yrn ≤ ar ]

is the cdf of Yn .
Theorem 8.8 extends to the present case.
Theorem 8.19 The sequence {Yn } converges in law to Y if and only if E[f (Yn )] →
E[f (Y)] for every bounded continuous real-valued f .
[For a proof of this and Theorem 8.20, see Billingsley (1995, Section 29).]
Weak convergence of Yn to Y does not imply
(8.25)

P (Yn ∈ A) → P (Y ∈ A)

for all sets A for which these probabilities are defined since this is not even true
for the set A defined by
T1 ≤ a1 , . . . , Tr ≤ ar
unless H is continuous at a.
Theorem 8.20 The sequence {Yn } converges in law to Y if and only if (8.25) holds
for all sets A for which the probabilities in question are defined and for which the
boundary of A has probability zero under the distribution of Y.
As in the one-dimensional case, the central limit theorem provides a basic tool
for multivariate asymptotic theory.
Theorem 8.21 (Multivariate CLT) Let Xν = (X1ν , . . . , Xrν ) be iid with mean
vector ξ = (ξ1 , . . . , ξr ) and covariance matrix  = ||σij ||, and let X̄in = (Xi1 +
· · · + Xin )/n. Then,
√
√
[ n(X̄1n − ξ1 ), . . . , n(X̄rn − ξr )]
tends in law to the multivariate normal distribution with mean vector 0 and covariance matrix .
As a last result, we mention a generalization of Theorem 8.16.
Theorem 8.22 Suppose that
√
√
[ n(Y1n − θ1 ), . . . , n(Yrn − θr )]
tends in law to the multivariate normal distribution with mean vector 0 and covariance matrix , and suppose that h1 , . . . , hr are r real-valued functions of
θ = (θ1 , . . . , θr ), defined and continuously differentiable in a neighborhood ω of
the parameter point θ and such that the matrix B = ||∂hi /∂θj || of partial derivatives is nonsingular in ω. Then,
√
√
[ n[h1 (Yn ) − h1 (θ )], . . . , n[hr (Yn ) − hr (θ )]]
tends in law to the multivariate normal distribution with mean vector 0 and with
covariance matrix BB  .
Proof. See Problem 8.27

✷
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9 Problems
Section 1
1.1 If (x1 , y1 ), . . . , (xn , yn ) are n points in the plane, determine the best fitting line y =
α + βx in the least squares sense, that is, determine the values α and β that minimize
[yi − (α + βxi )]2 .
1.2 Let X1 , . . . , Xn be uncorrelated random variables with common expectation θ and
variance σ 2 . Then, among all linear estimators αi Xi of θ satisfying αi = 1, the mean
X̄ has the smallest variance.
1.3 In the preceding problem, minimize the variance of αi Xi (αi = 1)
(a) When the variance of Xi is σ 2 /αi (αi known).
(b) When the Xi have common variance σ 2 but are correlated with common correlation
coefficient ρ.
(For generalizations of these results see, for example, Watson 1967 and Kruskal 1968.)
1.4 Let X and Y have common expectation θ , variances σ 2 and τ 2 , and correlation coefficient ρ. Determine the conditions on σ, τ , and ρ under which
(a) var(X) < var[(X + Y )/2].
(b) The value of α that minimizes var[αX + (1 − α)Y ] is negative.
Give an intuitive explanation of your results.
1.5 Let Xi (i = 1, 2) be independently distributed according to the Cauchy densities
C(ai , bi ). Then, X1 + X2 is distributed as C(a1 + a2 , b1 + b2 ). [Hint: Transform to new
variables Y1 = X1 + X2 , Y2 = X2 .]
1.6 If X1 , . . . , Xn are iid as C(a, b), the distribution of X̄ is again C(a, b). [Hint: Prove by
induction, using Problem 5.]
1.7 A median of X is any value m such that P (X ≤ m) ≥ 1/2 and P (X ≥ m) ≥ 1/2.
(a) Show that this is equivalent to P (X < m) ≤ 1/2 and P (X > m) ≤ 1/2.
(b) Show that the set of medians is always a closed interval m0 ≤ m ≤ m1 .
1.8 If φ(a) = E|X − a| < ∞ for some a, show that φ(a) is minimized by any median of
X. [Hint: If m0 ≤ m ≤ m1 (in the notation of Problem 1.7) and m1 < c, then

E|X − c| − E|X − m| = (c − m)[P (X ≤ m) − P (X > m)] + 2
(c − x)dP (x)].
m<x<c

1.9 (a) The median of any set of distinct real numbers x1 , . . . , xn is defined to be the
middle one of the ordered x’s when n is odd, and any value between the two middle
ordered x’s when n is even. Show that this is also the median of the random variable
X which takes on each of the values x1 , . . . , xn with probability 1/n.
(b) For any set of distinct real numbers x1 , . . . , xn , the sum of absolute deviations
|xi − a| is minimized by any median of the x’s.
(c) For n given points (xi , yi ), i = 1, . . . , n, find the value b that minimizes |yi −bxi |.
[Hint: Reduce the problem to a special case of Problem 8.]
1.10 For any set of numbers
x1 , · · · , xn and a monotone function
n h(·), showthat the value of

a that minimizes ni=1 [h(xi )−h(a)]2 is given by a = h−1
i=1 h(xi )/n . Find functions
h that will yield the arithmetic, geometric, and harmonic means as minimizers.
# 1/n
and the
[Hint: Recall that the geometric mean of non-negative numbers is
xi
!−1

harmonic mean is (1/n) (1/xi ) . This problem, and some of its implications, is
considered by Casella and Berger (1992).]
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1.11 (a) If two estimators δ1 , δ2 have continuous symmetric densities fi (x − θ), i = 1, 2,
and f1 (0) > f2 (0), then
P [|δ1 − θ | < c] > P [|δ2 − θ| < c]

for some c > 0

and hence δ1 will be closer to θ than δ2 with respect to the measure (1.5).
(b) Let X, Y be independently distributed with common continuous symmetric density
f , and let δ1 = X, δ2 = (X + Y )/2. The inequality in part (a) will hold provided
2 f 2 (x) dx < f (0) (Edgeworth 1883, Stigler 1980).
1.12 (a) Let f (x) = (1/2)(k − 1)/(1 + |x|)k , k ≥ 2. Show that f is a probability density
and that all its moments of order < k − 1 are finite.
(b) The density of part (a) satisfies the inequality of Problem 1.11(b).
1.13 (a) If X is binomial b(p, n), show that



x
k
k−1
n−1


p k (1 − p)n−k+1 for
≤p≤ .
E  − p = 2
k−1
n
n
n
(b) Graph the risk function of part (i) for n = 4 and n = 5.
[Hint: For (a), use the identity
 



 
n−1
n−1
n
p , 1 ≤ x ≤ n.
(1 − p) −
(x − np) = n
x
x−1
x
(Johnson 1957–1958, and Blyth 1980).]
Section 2
2.1 If A1 , A2 , . . . are members of a σ -field A (the A’s need not be disjoint), so are their
union and intersection.
2.2 For any a < b, the following sets are Borel sets (a) {x : a < x} and (b) {x : a ≤ x ≤ b}.
2.3 Under the assumptions of Problem 2.1, let
A = lim inf An = {x : x ∈ An for all except a finite number of n’s},
A = lim sup An = {x : x ∈ An for infinitely many n}.
Then, A and A are in A.
2.4 Show that
(a) If A1 ⊂ A2 ⊂ · · · , then A = A = ∪ An .
(b) If A1 ⊃ A2 ⊃ · · · , then A = A = ∩ An .
2.5 For any sequence of real numbers a1 , a2 , . . ., show that the set of all limit points of
subsequences is closed. The smallest and largest such limit point (which may be infinite)
are denoted by lim inf ak and lim sup ak , respectively.
2.6 Under the assumptions of Problems 2.1 and 2.3, show that
IA (x) = lim inf IAk (x)

and IA (x) = lim sup IAk (x)

where IA (x) denotes the indicator of the set A.
2.7 Let (X , A, µ) be a measure space and let B be the class of all sets A ∪ C with A ∈ A
and C a subset of a set A ∈ A with µ(A ) = 0. Show that B is a σ -field.
2.8 If f and g are measurable functions, so are (i) f + g, and (ii) max(f, g).


2.9 If f is integrable with respect to µ, so is |f |, and  f dµ ≤ |f | dµ. [Hint: Express
|f | in terms of f + and f − .]
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2.10 Let X = {x1 , x2 , . . .}, µ = counting measure on X , and f integrable. Then f dµ =
f (xi ). [Hint: Suppose, first, that f ≥ 0 and let sn (x) be the simple function, which is
f (x) for x = x1 , . . . , xn , and 0 otherwise.]
2.11 Let f (x) = 1 or 0 as x is rational or irrational. Show that the Riemann integral of f
does not exist.

Section 3
3.1 Let X have a standard normal distribution and let Y = 2X. Determine whether
(a) the cdf F (x, y) of (X, Y ) is continuous.
(b) the distribution of (X, Y ) is absolutely continuous with respect to Lebesgue measure
in the (x, y) plane.
3.2 Show that any function f which satisfies (3.7) is continuous.
3.3 Let X be a measurable transformation from (E, B) to (X , A) (i.e., such that for any
A ∈ A, the set {e : X(e) ∈ A} is in B), and let Y be a measurable transformation from
(X , A) to (Y, C). Then, Y [X(e)] is a measurable transformation from (E, B) to (Y, C).
3.4 In Example 3.1, show that the support of P is [a, b] if and only if F is strictly increasing
on [a, b].
3.5 Let S be the support of a distribution on a Euclidean space (X , A). Then, (i) S is closed;
(ii) P (S) = 1; (iii) S is the intersection of all closed sets C with P (C) = 1.
3.6 If P and Q are two probability measures over the same Euclidean space which are
equivalent, then they have the same support.
3.7 Let P and Q assign probabilities


1
= pn > 0, n = 1, 2, . . . (pn = 1),
P :P X=
n


1
1
Q : P (X = 0) = ; P X =
= qn > 0; n = 1, 2, . . .
2
n


qn =


1
.
2

Then, show that P and Q have the same support but are not equivalent.
3.8 Suppose X and Y are independent random variables with X ∼ E(λ, 1) and Y ∼
E(µ, 1). It is impossible to obtain direct observations of X and Y . Instead, we observe
the random variables Z and W , where
Z = min{X, Y }

and

W =

1
0

if Z = X
if Z = Y.

Find the joint distribution of Z and W and show that they are independent. (The X and
Y variables are censored., a situation that often arises in medical experiments. Suppose
that X measures survival time from some treatment, and the patient leaves the survey
for some unrelated reason. We do not get a measurement on X, but only a lower bound.)

Section 4
4.1 If the distributions of a positive random variable X form a scale family, show that the
distributions of log X form a location family.
4.2 If X is distributed according to the uniform distribution U (0, θ), show that the distribution of − log X is exponential.
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4.3 Let U be uniformly distributed on (0, 1) and consider the variables X = U α , 0 < α.
Show that this defines a group family, and determine the density of X.
4.4 Show that a transformation group is a group.
4.5 If g0 is any element of a group G, show that as g ranges over G so does gg0 .
4.6 Show that for p = 2, the density (4.15) specializes to (4.16).
4.7 Show that the family of transformations (4.12) with B nonsingular and lower triangular
form a group G.
4.8 Show that the totality of nonsingular multivariate normal distributions can be obtained
by the subgroup G of (4.12) described in Problem 4.7.
4.9 In the preceding problem, show that G can be replaced by the subgroup G0 of lower
triangular matrices B = (bij ), in which the diagonal elements b11 , . . . , bpp are all positive,
but that no proper subgroup of G0 will suffice.
4.10 Show that the family of all continuous distributions whose support is an interval with
positive lower end point is a group family. [Hint: Let U be uniformly distributed on the
interval (2, 3) and let X = b[g(U )]a where α, b > 0 and where g is continuous and 1:1
from (2, 3) to (2, 3).]
4.11 Find a modification of the transformation group (4.22) which generates a random
sample from a population {y1 , . . . , yN } where the y’s, instead of being arbitrary, are
restricted to (a) be positive and (b) satisfy 0 < yi < 1.
4.12 Generalize the transformation group of Example 4.10 to the case of s populations
{yij , j = 1, . . . , Ni }, i = 1, . . . , s, with a random sample of size ni being drawn from
the ith population.
4.13 Let U be a positive random variable, and let
X = bU 1/c ,

b > 0,

c > 0.

(a) Show that this defines a group family.
(b) If U is distributed as E(0, 1), then X is distributed according to the Weibull distribution with density
c  x c−1 −(x/b)c
e
, x > 0.
b b
4.14 If F and F0 are two continuous, strictly increasing cdf’s on the real line, and if the
cdf of U is F0 and g is strictly increasing, show that the cdf of g(U ) is F if and only if
g = F −1 (F0 ).
4.15 The following two families of distributions are not group families:
(a) The class of binomial distributions b(p, n), with n fixed and 0 < p < 1.
(b) The class of Poisson distributions P (λ), 0 < λ.
[Hint: (a) How many 1:1 transformations are there taking the set of integers {0, 1, . . . , n}
into itself?]
4.16 Let X1 , . . . , Xr have a multivariate normal distribution with E(Xi ) = ξi and with
covariance matrix . If X is the column matrix with elements Xi and B is an r × r
matrix of constants, then BX has a multivariate normal distribution with mean Bξ and
covariance matrix BB  .
Section 5
5.1 Determine the natural parameter space of (5.2) when s = 1, T1 (x) = x, µ is Lebesgue
measure, and h(x) is (i) e−|x| and (ii) e−|x| /(1 + x 2 ).
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5.2 Suppose in (5.2), s = 2 and T2 (x) = T1 (x). Explain why it is impossible to estimate η1 .
[Hint: Compare the model with that obtained by putting η1 = η1 + c, η2 = η2 − c.]
5.3 Show that the distribution of a sample from the p-variate normal density (4.15) constitutes an s-dimensional exponential family. Determine s and identify the functions ηi ,
Ti , and B of (5.1).
5.4 Efron (1975) gives very general definitions of curvature, which generalize (10.1) and
(10.2). For the s-dimensional family (5.1) with covariance matrix θ , if θ is a scalar,
1/2

where
define the statistical curvature to be γθ = |Mθ |/m311

  

˙ θ ηθ η̇θ θ η̈θ
m11 m12
η̇θ 
Mθ =
=
,
m21 m22
η̈θ θ η̇θ η̈θ θ η̈θ

with η(θ ) = {ηi (θ )}, η̇(θ ) = {ηi (θ )} and
! )}. Calculate the curvature of the
nη̈(θ ) = {ηim(θ
family (see Example 6.19) C exp − i=1 (xi − θ ) for m =2, 3, 4. Are the values of
γθ ordered in the way you expected them to be?

5.5 Let (X1 , X2 ) have a bivariate normal distribution with mean vector ξ = (ξ1 , ξ2 ) and
identity the covariance matrix. In each of the following situations, verify the curvature,
γθ of the family.
(a) ξ = (θ, θ), γθ = 0.
(b) ξ = (θ1 , θ2 ), θ12 + θ22 = r 2 , γθ = 1/r.
5.6 In the density (5.1)
(a) For s = 1 show that Eθ [T (X)] = B  (θ )/η (θ ) and var θ [T (X)] =

B  (θ )
[η (θ )]2

−

η (θ )B  (θ )
.
[η (θ )]3

(b) For s > 1, show that Eθ [T (X)] = J −1 ∇B where J is the Jacobian matrix defined
∂η
by J = { ∂θji } and ∇B is the gradient vector ∇B = { ∂θ∂ i B(θ)}.
(See Johnson, Ladalla, and Liu (1979) for a general treatment of these identities.)
5.7 Verify the relations (a) (5.22) and (b) (5.26).
5.8 For the binomial distribution (5.28), verify (a) the moment generating function (5.30)
and (b) the moments (5.31).
5.9 For the Poisson distribution (5.32), verify the moments (5.35).
5.10 In a Bernoulli sequence of trials with success probability p, let X + m be the number
of trials required to achieve m successes.
(a) Show that the distribution of X, the negative binomial distribution, is as given in
Table 5.1.
−m

(b) Verify that the negative binomial probabilities add up to 1 by expanding p1 − pq
= p m (1 − q)−m .

(c) Show that the distributions of (a) constitute a one-parameter exponential family.
(d) Show that the moment generating function of X is MX (u) = p m /(1 − qeu )m .
(e) Show that E(X) = mq/p and var(X) = mq/p 2 .
(f) By expanding KX (u), show that the first four cumulants of X are k1 = mq/p,
k2 = mq/p 2 , k3 = mq(1 + q)/p 3 , and k4 = mq(1 + 4q + q 2 )/p 4 .
5.11 In the preceding problem, let Xi + 1 be the number of trials required after the (i − 1)st
m
success has been obtained until the next success occurs. Use the fact that X = i=1
Xi
to find an alternative derivation of the mean and variance in part (e).
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5.12 A discrete random variable with probabilities
P (X = x) = a(x)θ x /C(θ),

x = 0, 1, . . . ; a(x) ≥ 0; θ > 0,

is a power series distribution. This is an exponential family (5.1) with s = 1, η = log θ,
and T = X. The moment generating function is MX (u) = C(θeu )/C(θ).
5.13 Show that the binomial, negative binomial, and Poisson distributions are special cases
of the power series distribution of Problem 5.12, and determine θ and C(θ).
5.14 The distribution of Problem 5.12 with a(x) = 1/x and C(θ) = − log(1 − θ), x =
1, 2, . . . ; 0 < θ < 1, is the logarithmic series distribution. Show that the moment
generating function is log(1 − θ eu )/ log(1 − θ ) and determine E(X) and var(X).
5.15 For the multinomial distribution (5.4), verify the moment formulas (5.16).
5.16 As an alternative to using (5.14) and (5.15), obtain the moments (5.16) by representing
each Xi as a sum of n indicators, as was done in (5.5):
5.17 For the gamma distribution (5.41).
(a) verify the formulas (5.42), (5.43), and (5.44);
(b) show that (5.43), with the middle term deleted, holds not only for all positive
integers r but for all real r > −α.
5.18 (a) Prove Lemma 5.15. (Use integration by parts.)
(b) By choosing g(x) to be x 2 and x 3 , use the Stein Identity to calculate the third and
fourth moments of the N (µ, σ 2 ) distribution.
5.19 Using Lemma 5.15:
(a) Derive the form of the identity for X ∼ Gamma(α, b) and use it to verify the
moments given in (5.44).
(b) Derive the form of the identity for X ∼ Beta(a, b), and use it to verify that E(X) =
a/(a + b) and var(X) = ab/(a + b)2 (a + b + 1).
5.20 As an alternative to the approach of Problem 5.19(b) for calculating the moments of
X ∼ B(a, b), a general formula for EX k (similar to equation (5.43)) can be derived.
Do so, and use it to verify the mean and variance of X given in Problem 5.19. [Hint:
Write EX k as the integral of x c−1 (1 − x)d−1 and use the constant B(c, d) of Table 5.1.
Note that a similar approach will work for many other distributions, including the χ 2 ,
Student’s t, and F distributions.]
5.21 The Stein Identity can also be applied to discrete exponential families, as shown by
Hudson (1978) and generalized by Hwang (1982a). If X takes values in N = {0, 1, . . . , }
with probability function
pθ (x) = exp[θ x − B(θ )]h(x),
then for any g : N →  with Eθ |g(X)| < ∞, we have the identity
Eg(X) = e−θ E{t(X)g(X − 1)}
where t(0) = 0 and t(x) = h(x − 1)/ h(x) for x > 0.
(a) Prove the identity.
(b) Use the identity to calculate the first four moments of the binomial distribution
(5.31).
(c) Use the identity to calculate the first four moments of the Poisson distribution
(5.35).
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5.22 The inverse Gaussian distribution, I G(λ, µ), has density function
$
λ (λµ)1/2 −3/2 − 1 ( λ +µx)
e
x
e 2 x
, x > 0, λ, µ > 0.
2π
(a) Show that this density constitutes an exponential family.
(b) Show that this density is a scale family (as defined in Example 4.1).
(c) Show that the statistics X̄ = (1/n)xi and S ∗ = (1/xi − 1/x̄) are complete
sufficient statistics.
2
(d) Show that X̄ ∼ I G(nλ, nµ) and S ∗ ∼ (1/λ)χn−1
.
Note: Together with the normal and gamma distributions, the inverse Gaussian completes
the trio of families that are both an exponential and a group family of distributions. This
fact plays an important role in distribution theory based on saddlepoint approximations
(Daniels 1983) or likelihood theory (Barndorff-Nielsen 1983).
5.23 In Example 5.14, show that
(a) χ12 is the distribution of Y 2 where Y is distributed as N (0, 1);
(b) χn2 is the distribution of Y12 + · · · + Yn2 where the Yi are independent N(0, 1).
5.24 Determine the values α for which the density (5.41) is (a) a decreasing function of x
on (0, ∞) and (b) increasing for x < x0 and decreasing for x > x0 (0 < x0 ). In case (b),
determine the mode of the density.
5.25 A random variable X has the Pareto distribution P (c, k) if its cdf is 1 − (k/x)c ,
x > k > 0, c > 0.
(a) The distributions P (c, 1) constitute a one-parameter exponential family (5.2) with
η = −c and T = log X.
(b) The statistic T is distributed as E(log k, 1/c).
(c) The family P (c, k) (0 < k, 0 < c) is a group family.
5.26 If (X, Y ) is distributed according to the bivariate normal distribution (4.16) with
ξ = η = 0:
(a) Show that the moment generating function of (X, Y ) is
MX,Y (u1 , u2 ) = e−[u1 σ

2 2 +2ρσ τ u

2 2
1 u2 +u2 τ ]/2

.

(b) Use (a) to show that
µ12 = µ21 = 0,

µ11 = ρσ τ,

µ13 = 3ρσ τ ,

µ31 = 3ρσ 3 τ,

3

µ22 = (1 + 2ρ 2 )σ 2 τ 2 .

5.27 (a) If X is a random column vector with expectation ξ , then the covariance matrix
of X is cov(X) = E[(X − ξ )(X − ξ  )].
(b) If the density of X is (4.15), then ξ = a and cov(X) = .
5.28 (a) Let X be distributed with density pθ (x) given by (5.1), and let A be any fixed
subset of the sample space. Then, the distributions of X truncated on A, that is,
the distributions with density pθ (x)IA (x)/Pθ (A) again constitute an exponential
family.
(b) Give an example in which the natural parameter space of the original exponential
family is a proper subset of the natural parameter space of the truncated family.
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5.29 If Xi are independently distributed according to H(αi , b), show that Xi is distributed
as H(αi , b). [Hint: Method 1. Prove it first for the sum of two gamma variables by a
transformation to new variables Y1 = X1 + X2 , Y2 = X1 /X2 and then use induction.
Method 2. Obtain the moment generating function of Xi and use the fact that a distribution is uniquely determined by its moment generating function, when the latter exists
for at least some u = 0.]
5.30 When the Xi are independently distributed according to Poisson distributions P (λi ),
find the distribution of Xi .
5.31 Let X1 , . . . , Xn be independently distributed as H(α, b). Show that the joint distribution is a two-parameter exponential family and identify the functions ηi , Ti , and B of
(5.1).
5.32 If Y is distributed as H(α, b), determine the distribution of c log Y and show that for
fixed α and varying b it defines an exponential family.
5.33 Morris (1982, 1983b) investigated the properties of natural exponential families with
quadratic variance functions. There are only six such families: normal, binomial, gamma,
Poisson, negative binomial, and the lesser-known generalized hyperbolic secant distriY
bution, which is the density of X = π1 log( 1−Y
) when Y ∼ Beta( 21 + πθ , 21 − πθ ), |θ| < π2 .
(a) Find the density of X, and show that it constitutes an exponential family.
(b) Find the mean and variance of X, and show that the variance equals 1 + µ2 , where
µ is the mean.
Subsequent work on quadratic and other power variance families has been done by BarLev and Enis (1986, 1988), Bar-Lev and Bshouty (1989), and Letac and Mora (1990).

Section 6
6.1 Extend Example 6.2 to the case that X1 , . . . , Xr are independently distributed with
Poisson distributions P (λi ) where λi = ai λ (ai > 0, known).
6.2 Let X1 , . . . , Xn be iid according to a distribution F and probability density f . Show that
the conditional distribution given X(i) = a of the i − 1 values to the left of a and the n − i
values to the right of a is that of i −1 variables distributed independently according to the
probability density f (x)/F (a) and n−i variables distributed independently with density
f (x)/[1 − F (a)], respectively, with the two sets being (conditionally) independent of
each other.
6.3 Let f be a positive integrable function over (0, ∞), and let pθ (x) be the density over
(0, θ ) defined by pθ (x) = c(θ )f (x) if 0 < x < θ, and 0 otherwise. If X1 , . . . , Xn are iid
with density pθ , show that X(n) is sufficient for θ .
6.4 Let f be a positive integrable function defined over (−∞, ∞) and let pξ,η (x) be the
probability density defined by pξ,η (x) = c(ξ, η)f (x) if ξ < x < η, and 0 otherwise. If
X1 , . . . , Xn are iid with density pξ,η , show that (X(1) , X(n) ) is sufficient for (ξ, n).
6.5 Show that each of the statistics T1 − T4 of Example 6.11 is sufficient.
6.6 Prove Corollary 6.13.
6.7 Let X1 , . . . , Xm and Y1 , . . . , Yn be independently distributed according to N(ξ, σ 2 )
and N (η, τ 2 ), respectively. Find the minimal sufficient statistics for these cases:
(a) ξ , η, σ , τ are arbitrary: −∞ < ξ , η < ∞, 0 < σ, τ .
(b) σ = τ and ξ , η, σ are arbitrary.
(c) ξ = η and ξ , σ , τ are arbitrary.
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6.8 Let X1 , . . . , Xn be iid according to N (σ, σ 2 ), 0 < σ . Find a minimal set of sufficient
statistics.
6.9 (a) If (x1 , . . . , xn ) and (y1 , . . . , yn ), have the same elementary symmetric functions
xi = yi , i=j xi yj = i=j yi yj , . . . , x1 · · · xn = y1 · · · yn , then the y’s are a
permutation of the x’s.
(b) In the notation of Example 6.10, show that U is equivalent to V . [Hint: Compare
the coefficients and the roots of the polynomials P (x) = O(x − ui ) and Q(x) =
O(x − vi ).]
6.10 Show that the order statistics are minimal sufficient for the location family (6.7) when
f is the density of
(a) the double exponential distribution D(0, 1).
(b) the Cauchy distribution C(0, 1).
6.11 Prove the following generalization of Theorem 6.12 to families without common
support.
Theorem 9.1 Let P be a finite family with densities pi , i = 0, . . . , k, and for any x,
let S(x) be the set of pairs of subscripts (i, j ) for which pi (x) + pj (x) > 0. Then, the
statistic
"
pj (X)
T (X) =
, i < j and (i, j ) ∈ S(X)
pi (X)
is minimal sufficient. Here, pj (x)/pi (x) = ∞ if pi (x) = 0 and pj (x) > 0.
6.12 In Problem 6.11 it is not enough to replace pi (X) by p0 (X). To see this let k = 2 and
p0 = U (−1, 0), p1 = U (0, 1), and p2 (x) = 2x, 0 < x < 1.
6.13 Let k = 1 and Pi = U (i, i + 1), i = 0, 1.
(a) Show that a minimal sufficient statistic for P = {P0 , P1 } is T (X) = i if i < X < i+1,
i = 0, 1.
(b) Let X1 and X2 be iid according to a distribution from P. Show that each of the two
statistics T1 = T (X1 ) and T2 = T (X2 ) is sufficient for (X1 , X2 ).
(c) Show that T (X1 ) and T (X2 ) are equivalent.
6.14 In Lemma 6.14, show that the assumption of common support can be replaced by
the weaker assumption that every P0 -null set is also a P-null set so that (a.e. P0 ) is
equivalent to (a.e. P).
6.15 Let X1 , . . . , Xn be iid according to a distribution from P = {U (0, θ), θ > 0}, and
let P0 be the subfamily of P for which θ is rational. Show that every P0 -null set in the
sample space is also a P-null set.
6.16 Let X1 , . . . , Xn be iid according to a distribution from a family P. Show that T is
minimal sufficient in the following cases:
(a) P = {U (0, θ ), θ > 0}; T = X(n) .
(b) P = {U (θ1 , θ2 ), −∞ < θ1 < θ2 < ∞}; T = (X(1) , X(n) ).
(c) P = {U (θ − 1/2, θ + 1/2), −∞ < θ < ∞}; T = (X(1) , X(n) ).
6.17 Solve the preceding problem for the following cases:
(a) P = {E(θ, 1), −∞ < θ < ∞}; T = X(1) .
(b) P = {E(0, b), 0 < b}; T = Xi .
(c) P = {E(a, b), −∞ < a < ∞, 0 < b}; T = (X(1) , [Xi − X(1) ]).
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6.18 Show that the statistics X(1) and [Xi − X(1) ] of Problem 6.17(c) are independently
distributed as E(a, b/n) and bGamma(n − 2, 1) respectively.
[Hint: If a = 0 and b = 1, the variables Yi = (n − i + 1)[X(i) − X(i−1) ], i = 2, . . . , n, are
iid as E(0, 1).]
6.19 Show that the sufficient statistics of (i) Problem 6.3 and (ii) Problem 6.4 are minimal
sufficient.
6.20 (a)Showthat in the N(θ, θ) curved exponential family, the sufficient statistic T =
( xi , xi2 ) is not minimal.
 

(b) For the density of Example 6.19, show that T = ( xi , xi2 , xi3 ) is a minimal
sufficient statistic.

6.21 For the situation of 
Example 6.25(ii), find an unbiased
estimator
of ξ based on Xi ,


and another based on Xi2 ); hence, deduce that T = ( Xi , Xi2 ) is not complete.
6.22 For the situation of Example 6.26, show that X is minimal sufficient and complete.
6.23 For the situation of Example 6.27:
(a) Show that X = (X1 , X2 ) is minimal sufficient for the family (6.16) with restriction
(6.17).
(b) Establish (6.18), and hence that the minimal sufficient statistic of part (a) is not
complete.
6.24 (Messig and Strawderman 1993) Show that for the general dose-response model

m 

ni
pθ (x) =
[ηθ (di )]xi [1 − ηθ (di )]ni −xi ,
x
i
i=1
the statistic X = (X1 , X2 , . . . , Xm ) is minimal sufficient if there exist vectors
θ1 , θ2 , · · · , θm ) such that the m × m matrix
 
! 
ηθj (di ) 1 − ηθ0 (di )
!
P = log
ηθ0 (di ) 1 − ηθj (di )
is invertible. (Hint: Theorem 6.12.)
6.25 Let (Xi , Yi ), i = 1, . . . , n, be iid according to the uniform distribution over a set R in
the (x, y) plane and let P be the family of distributions obtained by letting R range over
a class R of sets R. Determine a minimal sufficient statistic for the following cases:
(a) R is the set of all rectangles a1 < x < a2 , b1 < y < b2 , −∞ < a1 < a2 < ∞,
−∞ < b1 < b2 < ∞.
(b) R is the subset of R, for which a2 − a1 = b2 − b1 .
(c) R is the subset of R for which a2 − a1 = b2 − b1 = 1.
6.26 Solve the preceding problem if
(a) R is the set of all triangles with sides parallel to the x axis, the y axis, and the line
y = x, respectively.
(b) R is the subset of R in which the sides parallel to the x and y axes are equal.
6.27 Formulate a general result of which Problems 6.25(a) and 6.26(a) are special cases.
6.28 If Y is distributed as E(η, 1), the distribution of X = e−Y is U (0, e−η ). (This result is
useful in the computer generation of random variables; see Problem 4.4.14.)
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6.29 If a minimal sufficient statistic exists, a necessary condition for a sufficient statistic to
be complete is for it to be minimal. [Hint: Suppose that T = h(U ) is minimal sufficient
and U is complete. To show that U is equivalent to T , note that otherwise there exists
ψ such that ψ(U ) = η[h(U )] with positive probability where η(t) = E[ψ(U )|t].]
6.30 Show that the minimal sufficient statistics T = (X(1) , X(n) ) of Problem 6.16(b) are
complete. [Hint: Use the approach of Example 6.24.]
6.31 For each of the following problems, determine whether the minimal sufficient statistic
is complete: (a) Problem 6.7(a)-(c); (b) Problem 6.25(a)-(c); (c) Problem 6.26(a) and
(b).
6.32 (a) Show that if P0 , P1 are two families of distributions such that P0 ∈ P1 and every
null set of P0 is also a null set of P1 , then a sufficient statistic T that is complete
for P0 is also complete for P1 .
(b) Let P0 be the class of binomial distributions b(p, n), 0 < p < 1, n = fixed, and let
P1 = P0 ∪ {Q} where Q is the Poisson distribution with expectation 1. Then P0 is
complete but P1 is not.
6.33 Let X1 , . . . , Xn be iid each with density f (x) (with respect to Lebesgue measure),
which is unknown. Show that the order statistics are complete.
[Hint: Use Problem 6.32(a) with P0 the class of distributions of Example 6.15(iv).
Alternatively, let P0 be the exponential family with density
n

C(θ1 , . . . , θn )e−θ1 xi −θ2 x1 −···−θn xi −xi .]
2

2n

6.34 Suppose that X1 , . . . , Xn are an iid sample from a location-scale family with distribution function F ((x − a)/b).
(a) If b is known, show that the differences (X1 − Xi )/b, i = 2, . . . , n, are ancillary.
(b) If a is known, show that the ratios (X1 − a)/(Xi − a), i = 2, . . . , n, are ancillary.
(c) If neither a or b are known, show that the quantities (X1 − Xi )/(X2 − Xi ), i =
3, . . . , n, are ancillary.
6.35 Use Basu’s theorem to prove independence of the following pairs of statistics:
(a) X and (Xi − X)2 where the X’s are iid as N (ξ, σ 2 ).
(b) X(1) and [Xi − X(1) ] in Problem 6.18.
6.36 (a) Under the assumptions of Problem 6.18, the ratios Zi = [X(n) − X(i) ]/X(n) −
X(n−1) ], i = 1, . . . , n − 2, are independent of {X(1) , [Xi − X(1) ]}.
(b) Under the assumptions of Problems 6.16(b) and 6.30 the ratios Zi = [X(i) −
X(1) ]/X(n) − X(1) ], i = 2, . . . , n − 1, are independent of {X(1) , X(n) ).
6.37 Under the assumptions of Theorem 6.5, let A be any fixed set in the sample space, Pθ∗
the distribution Pθ truncated on A, and P ∗ = {Pθ∗ , θ ∈ }. Then prove
(a) if T is sufficient for P, it is sufficient for P ∗ .
(b) if, in addition, T is complete for P, it is also complete for P ∗ .
Generalizations of this result were derived by Tukey in the 1940s and also by Smith
(1957). The analogous problem for observations that are censored rather than truncated
is discussed by Bhattacharyya, Johnson, and Mehrotra (1977).
6.38 If X1 , . . . , Xn are iid as B(a, b),
(a) Show that [OXi , O(1 − Xi )] is minimal sufficient for (a, b).
(b) Determine the minimal sufficient statistic when a = b.
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Section 7
7.1 Verify the convexity of the functions (i)-(vi) of Example 7.3.
7.2 Show that x p is concave over (0, ∞) if 0 < p < 1.
7.3 Give an example showing that a convex function need not be continuous on a closed
interval.
7.4 If φ is convex on (a, b) and ψ is convex and nondecreasing on the range of φ, show
that the function ψ[φ(x)] is convex on (a, b).
7.5 Prove or disprove by counterexample each of the following statements. If φ is convex
on (a, b), then so is (i) eφ(x) and (ii) log φ(x) if φ > 0.
7.6 Show that if equality holds in (7.1) for some 0 < γ < 1, then φ is linear on [x, y].
7.7 Establish the following lemma, which is useful in examining the risk functions of
certain estimators. (For further discussion, see Casella 1990).
Lemma 9.2 Let r : [0, ∞) → [0, ∞) be concave. Then, (i) r(t) is nondecreasing and
(ii) r(t)/t is nonincreasing.
7.8 Prove Jensen’s inequality for the case that X takes on the values x1 , . . . , xn with probabilities γ1 , . . . , γn (γi = 1) directly from (7.1) by induction over n.
7.9 A slightly different form of the Rao-Blackwell theorem, which applies only to the
variance of an estimator rather than any convex loss, can be established without Jensen’s
inequality.
(a) For any estimator δ(x) with var[δ(X)] < ∞, and any statistic T , show that
var[δ(X)] = var[E(δ(X)|T )] + E[var(δ(X)|T )].
(b) Based on the identity in part (a), formulate and prove a Rao-Blackwell type theorem
for variances.
(c) The identity in part (a) plays an important role in both theoretical and applied
statistics. For example, explain how Equation (1.2) can be interpreted as a special
case of this identity.
7.10 Let U be uniformly distributed on (0, 1), and let F be a distribution function on the
real line.
(a) If F is continuous and strictly increasing, show that F −1 (U ) has distribution function F .
(b) For arbitrary F , show that F −1 (U ) continues to have distribution function F .
[Hint: Take F −1 to be any nondecreasing function such that F −1 [F (x)] = x for all x for
which there exists no x  = x with F (x  ) = F (x).]
k
7.11 Show that the k-dimensional sphere i=1
x12 ≤ c is convex.
√
√
7.12 Show that f (a) = |x − a| + |y − a| is minimized by a = x and a = y.
7.13 (a) Show that φ(x) = exi is convex by showing that its Hessian matrix is positive
semidefinite.
(b) Show that the result of Problem 7.4 remains valid if φ is a convex function defined
over an open convex set in Ek .
(c) Use (b) to obtain an alternative proof of the result of part (a).
7.14 Determine whether the following functions are super- or subharmonic:
k p
(a)
p < 1, xi > 0.
i=1 xi ,
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k

(c) log

2
i=1 xi

#
k

.
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xi .

7.15 A function is lower semicontinuous at the point y if f (y) ≤ lim inf x→y f (x). The
definition of superharmonic can be extended from continuous to lower semicontinuous
functions.
(a) Show that a continuous function is lower semicontinuous.
(b) The function f (x) = I (a < x < b) is superharmonic on (−∞, ∞).
(c) For an estimator d of θ , show that the loss function
L(θ, d) =

0
2

if |d − θ | ≤ k
if |d − θ | > k

is subharmonic.
7.16 (a) If f : p →  is superharmonic, then ϕ(f (·)) is also superharmonic, where
ϕ :  →  is a twice-differentiable increasing concave function.
(b) If h is superharmonic, then h∗ (x) =
g(·) is a density.

g(x −y)h(y)dy is also superharmonic, where

(c) If hγ is superharmonic, then so is h∗ (x) = hγ (x)dG(γ ) where G(γ ) is a distribution function.
(Assume that all necessary integrals exist, and that derivatives may be taken inside the
integrals.)
7.17 Use the convexity of the function φ of Problem 7.13 to show that the natural parameter
space of the exponential family (5.2) is convex.
7.18 Show that if f is defined and bounded over (−∞, ∞) or (0, ∞), then f cannot be
convex (unless it is constant).
√
7.19 Show that φ(x, y) = − xy is convex over x > 0, y > 0.
7.20 If f and g are real-valued functions such that f 2 , g 2 are measurable with respect to
the σ -finite measure µ, prove the Schwarz inequality

2 

fg dµ ≤ f 2 dµ g 2 dµ.
[Hint: Write f g dµ = EQ (f/g), where Q is the probability measure with dQ =
g 2 dµ/ g 2 dµ, and apply Jensen’s inequality with ϕ(x) = x 2 .]
7.21 Show that the loss functions (7.24) are continuously differentiable.
7.22 Prove that statements made in Example 7.20(i) and (ii).
7.23 Let f be a unimodal density symmetric about 0, and let L(θ, d) = ρ(d − θ) be a loss
function with ρ nondecreasing on (0, ∞) and symmetric about 0.
(a) The function φ(a) = E[ρ(X − a)] defined in Theorem 7.15 takes on its minimum
at 0.
(b) If
Sa = {x : [ρ(x + a) − ρ(x − a)][f (x + a) − f (x − a)] = 0},
then φ(a) takes on its unique minimum value at a = 0 if and only if there exists a0
such that φ(a0 ) < ∞, and µ(Sa ) > 0 for all a. [Hint: Note that φ(0) ≤ 1/2[φ(2a) +
φ(−2a)], with strict inequality holding if and only if µ(Sa ) > 0 for all a.]
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7.24 (a) Suppose that f and ρ satisfy the assumptions of Problem 7.23 and that f is
strictly decreasing on [0, ∞). Then, if φ(a0 ) < ∞ for some a0 , φ(a) has a unique
minimum at zero unless there exists c ≤ d such that
ρ(0) = c

and ρ(x) = d

for all

x = 0.

(b) If ρ is symmetric about 0, strictly increasing on [0, ∞), and φ(a0 ) < ∞ for some
a0 , then φ(a) has a unique minimum at (0) for all symmetric unimodal f .
[Problems 7.23 and 7.24 were communicated by Dr. W.Y. Loh.]
7.25 Let ρ be a real-valued function satisfying
0 ≤ ρ(t) ≤ M < ∞ and ρ(t) → M as t → ±∞,
and let X be a random variable with a continuous probability density f . Then φ(a) =
E[ρ(X − 1)] attains its minimum. [Hint: Show that (a) φ(a) → M as a → ±∞ and
(b) φ is continuous. Here, (b) follows from the fact (see, for example, TSH2, Appendix,
Section 2) that if fn , n = 1, 2, . . ., and f are probability densities such that fn (x) → f (x)
a.e., then ψfn → ψf for any bounded ψ.]
7.26 Let φ be a strictly convex function defined over an interval I (finite or infinite). If
there exists a value a0 in I minimizing φ(a), then a0 is unique.
7.27 Generalize Corollary 7.19 to the case where X and µ are vectors.
Section 8
8.1 (a) Prove Chebychev’s Inequality: For any random variable X and non-negative function g(·),
1
P (g(X) ≥ ε) ≤ Eg(X)
ε
for every ε > 0 . (In many statistical applications, it is useful to take g(x) =
(x − a)2 /b2 for some constants a and b.)
(b) Prove Lemma 9.3. [Hint: Apply Chebychev’s Inequality.]
Lemma 9.3 A sufficient condition for Yn to converge in probability to c is that E(Yn −
c)2 → 0.
8.2 To see that the converse of Theorem 8.2 does not hold, let X1 , . . . , Xn be iid with
E(Xi ) = θ, var(Xi ) = σ 2 < ∞, and let δn = X̄ with probability 1 − εn and δn = An with
probability εn . If εn and An are constants satisfying
εn → 0

and εn An → ∞,

then δn is consistent for estimating θ , but E(δn − θ)2 does not tend to zero.
8.3 Suppose ρ(x) is an even function, nondecreasing and non-negative for x ≥ 0 and
positive for x > 0. Then, E{ρ[δn − g(θ )]} → 0 for all θ implies that δn is consistent for
estimating g(θ ).
8.4 (a) If An , Bn , and Yn tend in probability to a, b, and y, respectively, then An + Bn Yn
tends in probability to a + by.
(b) If An takes on the constant value an with probability 1 and an → a, then An → a
in probability.
P

8.5 Referring to Example 8.4, show that cn Sn2 → σ 2 for any sequence of constants cn → 1.
In particular, the MLE σ̂ 2 = n−1
Sn2 is a consistent estimator of σ 2 .
n
8.6 Verify Equation (8.9).
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8.7 If {an } is a sequence of real numbers tending to a, and if bn = (a1 + · · · + an )/n, then
bn → a.
8.8 (a) If δn is consistent for θ , and g is continuous, then g(δn ) is consistent for g(θ).
(b) Let X1 , . . . , Xn be iid as N (θ, 1), and let g(θ ) = 0 if θ = 0 and g(0) = 1. Find a
consistent estimator of g(θ).
8.9 (a) In Example 8.5, find cov(Xi , Xj ) for any i = j .
(b) Verify (8.10).
8.10 (a) In Example 8.5, find the value of p1 for which pk becomes independent of k.
(b) If p1 has the value given in (a), then for any integers i1 < · · · < ir and k, the joint
distribution of Xi1 , . . . , Xir is the same as that of Xi1 +k , . . . , Xir +k .
[Hint: Do not calculate, but use the definition of the chain.]
8.11 Suppose X1 , . . . , Xn have a common mean ξ and variance σ 2 , and that cov(Xi , Xj ) =
ρj −i . For estimating ξ , show that:
(a) X̄ is not consistent if ρj −i = ρ = 0 for all i = j ;
(b) X̄ is consistent if |ρj −i | ≤ Mγ j −i with |γ | < 1.
[Hint: (a) Note that var(X̄) > 0 for all sufficiently large n requires ρ ≥ 0, and determine
the distribution of X̄ in the multivariate normal case.]
8.12 Suppose that kn [δn − g(θ )] tends in law to a continuous limit distribution H . Prove
that:
(a) If kn /kn → d = 0 or ∞, then kn [δn − g(θ )] also tends to a continuous limit
distribution.
(b) If kn /kn → 0 or ∞, then kn [δn − g(θ )] tends in probability to zero or infinity,
respectively.
(c) If kn → ∞, then δn → g(θ ) in probability.
8.13 Show that if Yn → c in probability, then it tends in law to a random variable Y which
is equal to c with probability 1.
8.14 (a) In Example 8.7(i) and (ii), Yn → 0 in probability. Show that:
(b) If Hn denotes the distribution function of Yn in Example 8.7(i) and (ii), then
Hn (a) → 0 for all a < 0 and Hn (a) → 1 for all a > 0.
(c) Determine lim Hn (0) for Example 8.7(i) and (ii).
√
√
L
8.15 If Tn > 0 satisfies n[Tn − θ ] → N(0, τ 2 ), find the limiting distribution of (a) T n
and (b) log Tn (suitably normalized).
√
L
8.16 If Tn satisfies n[Tn − θ ] → N(0, τ 2 ), find the limiting distribution of (a) Tn2 , (b)
Tn
log |Tn |, (c) 1/Tn , and (d) e (suitably normalized).
8.17 Variance stabilizing transformations are transformations for which the resulting statistic has an asymptotic variance that is independent of the parameters of interest. For each
of the following cases, find the asymptotic distribution of the transformed statistic and
show that it is variance stabilizing.
√

(a) Tn = n1 ni=1 Xi , Xi ∼Poisson(λ), h(Tn ) = T n .
√

(b) Tn = n1 ni=1 Xi , Xi ∼Bernoulli(p), h(Tn ) = arcsin T n .
8.18 (a) The function v(·) is a variance stabilizing transformation if the estimator v(Tn )
has asymptotic variance τ 2 (θ )[v  (θ )]2 = c, where c is a constant independent of θ.
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(b) For any positive integer n, find the variance stabilizing transformation if τ 2 (θ) = θ n .
In particular, be careful of the important case n = 2.
[A variance stabilizing transformation (if it exists) is the solution of a differential equation
resulting from the Delta Method approximation of the variance of an estimator (Theorem
8.12) and is not a function of the distribution of the statistic (other than the fact that the
distribution will determine the form of the variance). The transformations of part (b) are
known as the Box-Cox family of power transformations and play an important role in
applied statistics. For more details and interesting discussions, see Bickel and Doksum
1981, Box and Cox 1982, and Hinkley and Runger 1984.]
8.19 Serfling (1980, Section 3.1) remarks that the following variations of Theorem 8.12
can be established. Show that:
(a) If h is differentiable in a neighborhood of θ , and h is continuous at θ, then h (θ)
may be replace by h (Tn ) to obtain
√ [h(Tn ) − h(θ )] L
n
→ N(0, 1).
τ h (Tn )
(b) Furthermore, if τ 2 is a continuous function of θ , say τ 2 (θ), it can be replaced by
τ 2 (Tn ) to obtain
√ [h(Tn ) − h(θ )] L
n
→ N(0, 1).
τ (Tn )h (Tn )
8.20 Prove Theorem 8.16.
[Hint: Under the assumptions of the theorem we have the Taylor expansion


∂h
h(x1 , . . . , xs ) = h(ξ1 , . . . , ξs ) + (xi − ξi )
+ Ri
∂ξi
where Ri → 0 as xi → ξi .]
8.21 A sequence of numbers Rn is said to be o(1/kn ) as n → ∞ if kn Rn → 0 and to be
O(1/kn ) if there exist M and n0 such that |kn Rn | < M for all n > n0 or, equivalently,
if kn Rn is bounded.
(a)
(b)
(c)
(d)

If Rn = o(1/kn ), then Rn = 0(1/kn ).
Rn = 0(1) if and only if Rn is bounded.
Rn = o(1) if and only if Rn → 0.
If Rn is O(1/kn ) and kn /kn tends to a finite limit, then Rn is O(1/kn ).

8.22 (a) If Rn and Rn are both O(1/kn ), so is Rn + Rn .
(b) If Rn and Rn are both o(1/kn ), so is Rn + Rn .
8.23 Suppose kn /kn → ∞.
(a) If Rn = 0(1/kn ) and Rn = 0(1/kn ), then Rn + Rn = 0(1/kn ).
(b) If Rn = o(1/kn ) and Rn = o(1/kn ), then Rn + Rn = o(1/kn ).
8.24 A sequence of random variables Yn is bounded in probability if given any ε > 0, there
exist M and n0 such that P (|Yn | > M) < ε for all n > n0 . Show that if Yn converges in
law, then Yn is bounded in probability.
8.25 In generalization of the notation o and O, let us say that Yn = op (1/kn ) if kn Yn → 0
in probability and that Yn = Op (1/kn ) if kn Yn is bounded in probability. Show that the
results of Problems 8.21 - 8.23 continue to hold if o and O are replaced by op and Op .
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8.26 Let (Xn , Yn ) have a bivariate normal distribution with means E(Xn ) = E(Yn ) = 0,
variances E(Xn2 ) = E(Yn2 ) = 1, and with correlation coefficient ρn tending to 1 as
n → ∞.
L

(a) Show that (Xn , Yn ) → (X, Y ) where X is N(0, 1) and P (X = Y ) = 1.
(b) If S = {(x, y) : x = y}, show that (8.25) does not hold.
8.27 Prove Theorem 8.22. [Hint: Make a Taylor expansion as in the proof of Theorem 8.12
and use Problem 4.16.]

10 Notes
10.1 Fubini’s Theorem
Theorem 2.8, called variously Fubini’s or Tonelli’s theorem, is often useful in mathematical statistics. A variant of Theorem 2.8 allows f to be nonpositive, but requires an
integrability condition (Billingsley 1995, Section 18). Dudley (1989) refers to Theorem
2.8 as the Tonelli-Fubini theorem and recounts an interesting history in which Lebesgue
played a role. Apparently, Fubini’s first published proof of this theorem was incorrect
and was later corrected by Tonelli, using results of Lebesgue.
10.2 Sufficiency
The concept of sufficiency is due to Fisher (1920). (For some related history, see Stigler
1973.). In his fundamental paper of 1922, Fisher introduced the term sufficiency and
stated the factorization criterion. The criterion was rediscovered by Neyman (1935) and
was proved for general dominated families by Halmos and Savage (1949). The theory of
minimal sufficiency was initiated by Lehmann and Scheffé (1950) and Dynkin (1951).
Further generalizations are given by Bahadur (1954) and Landers and Rogge (1972).
Yamada and Morimoto (1992) review the topic. Theorem 7.8 with squared error loss
is due to Rao (1945) and Blackwell (1947). It was extended to the pth power of the
error (p ≥ 1) by Barankin (1950) and to arbitrary convex loss functions by Hodges and
Lehmann (1950).
10.3 Exponential Families
One-parameter exponential families, as the only (regular) families of distributions for
which there exists a one-dimensional sufficient statistic, were also introduced by Fisher
(1934). His result was generalized to more than one dimension by Darmois (1935),
Koopman (1936), and Pitman (1936). (Their contributions are compared by Barankin
and Maitra (1963).) Another discussion of this theorem with reference to the literature is
given, for example, by Hipp (1974). Comprehensive treatments of exponential families
are provided by Barndorff-Nielsen (1978) and Brown (1986a); a more mathematical
treatment is given in Hoffman-Jorgenson (1994). Statistical aspects are emphasized in
Johansen (1979).
10.4 Ancillarity
To illustrate his use of ancillary statistics, group families were introduced by Fisher
(1934). (For more information on ancillarity, see Buehler 1982, or the review article by
Lehmann and Scholtz 1992).)
Ancillary statistics, and more general notions of ancillarity, have played an important
role in developing inference in both group families and curved exponential families,
the latter having connections to the field of “small-sample asymptotics,” where it is
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shown how to obtain highly accurate asymptotic approximations, based on ancillaries
and saddlepoints.
For example, as curved exponential families are not of full rank, it is typical that a minimal
sufficient statistic is not complete. One might hope that an s-dimensional sufficient
statistic could be split into a d-dimensional sufficient piece and an s − d-dimensional
ancillary piece. Although this cannot always be done, useful decompositions can be
found. Such endeavors lie at the heart of conditional inference techniques.
Good introductions to these topics can be found in Reid (1988), Field and Ronchetti
(1990), Hinkley, Reid, and Snell (1991), Barndorff-Nielsen and Cox (1994), and Reid
(1995).
10.5 Completeness
Completeness was introduced by Lehmann and Scheffé (1950). Theorem 6.21 is due to
Basu (1955b, 1958). Although there is no converse to Basu’s theorem as stated here,
some alternative definitions and converse results are discussed by Lehmann (1981).
There are alternate versions of Theorem 6.22, which relate completeness in exponential
families to having full rank. This is partially due to the fact that a full or full-rank
exponential family can be defined in alternate ways. For example, referring to (5.1), if
we define as the index set of the densities pθ (x), that is, we consider the family of
densities {pθ (x), θ ∈ }, then Brown (1986a, Section 1.1) defines the exponential family
to be full if = F, where F is the natural parameter space [see (5.3)]. But this property
is not needed for completeness. As Brown (1986a, Theorem 2.12) states, as long as the
interior of is nonempty (that is, contains an open set), the family {pθ (x), θ ∈ } is
complete. Another definition of a full exponential model is given by Barndorff-Nielsen
and Cox (1994, Section 1.3), which requires that the statistics T1 , . . . , Ts not be linearly
dependent.
In nonparametric families, the property of completeness, and determination of complete
sufficient statistics, continues to be investigated. See, for example, Mandelbaum and
Rüschendorf (1987) and Mattner (1992, 1993, 1994). For example, building on the work
of Fraser (1954) and Mandelbaum and Rüschendorf (1987), Mattner (1994) showed that
the order statistics are complete for the family of densities P, in cases such as
(a) P={all probability measures on the real line with unimodal densities with respect
to Lebesgue measure}.
(b) P = {(1 − t)P + tQ : P ∈ P, Q ∈ Q(P ), t ∈ [0, V]}, where V is fixed and, for each
P ∈ P, P is absolutely continuous with respect to the complete and convex family
Q(P ).
10.6 Curved Exponential Families
The theory of curved exponential families was initiated by Efron (1975, 1978), who
applied the ideas of plane curvature and arc length to better understand the structure of
exponential families. Curved exponential families have been extensively studied since
then. (See, for example, Brown 1986a, Chapter 3; Barndorff-Nielsen 1988; McCullagh and Nelder 1989; Barndorff-Nielsen and Cox 1994, Section 2.10.) Here, we give
some details in a two-dimensional case; extensions to higher dimensions are reasonably
straightforward (Problem 5.4).
For the exponential family (5.1), with s = 2, the parameter is (η1 (θ), η2 (θ)), where θ
is an underlying parameter which is indexing the parameter space. If θ itself is a onedimensional parameter, then the parameter space is a curve in two dimensions, a subset
of the full two-dimensional space. Assuming that the ηi ’s have at least two derivatives
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as functions of θ , the parameter space is a one-dimensional differentiable manifold, a
differentiable curve. (See Amari et al 1987 or Murray and Rice 1993 for an introduction
to differential geometry and statistics.)
Figure 10.1. The curve η(τ ) = (η1 (τ ), η2 (τ )) = (τ, − 21 τ 2 ). The radius of curvature γτ is the
instantaneous rate of change of the angle Wa, between the derivatives ∇η(τ ), with respect
to the arc length Ws. The vector ∇η(τ ), the tangent vector, and the unit normal vector
N(τ ) = [−η2 (τ ), η1 (τ )]/[dsτ /dτ ] provide a moving frame of reference.

Example 10.1 Curvature. For the exponential family (5.7) let τ = ξ1 , so the parameter
space is the curve
1
η(τ ) = (τ, − τ 2 ),
2
as shown in Figure 10.1. The direction of the curve η(τ ), at any point τ , is measured by
the derivative vector (the gradient) ∇η(τ ) = (η1 (τ ), η2 (τ )) = (1, −τ ). At each τ we can
assign an angular value
a(τ ) = polar angle of normalized gradient vector ∇η(τ )
(η1 (τ ), η2 (τ ))
= polar angle of
,
[(η1 )2 + (η2 )2 ]1/2
which measures how the curve “bends.” The curvature, γτ , is a measure of the rate of
τ
change of this angle as a function of the arc length s(τ ), where s(τ ) = 0 |∇η(t)|dt.
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Thus,

a(τ + δτ ) − a(τ ) da(τ )
=
;
s(τ + δτ ) − s(τ )
ds(τ )
see Figure 10.1. An application of calculus will show that

(10.1)

(10.2)

γτ = lim

δ→0

γτ =

η1 η2 − η2 η1
,
[(η1 )2 + (η2 )2 ]3/2

so for the exponential family (5.7), we have γτ = −(1 + τ 2 )3/2 .



For the most part, we are only concerned with |γτ |, as the sign merely gives the direction
of parameterization, and the magnitude gives the degree of curvature. As might be
expected, lines have zero curvature and circles have constant curvature. The curvature
of a circle is equal to the reciprocal of the radius, which leads to calling 1/|γτ | the
radius of curvature. Definitions of arc length, and so forth, naturally extend beyond two
dimensions. (See Problems 5.5 and 5.4.)
10.7 Large Deviation Theory
Limit theorems such as Theorem 1.8.12 refer to sequences of situations as n → ∞.
However, in a given problem, one is dealing with a specific large value of n. Any
particular situation can be embedded in many different sequences, which lead to different
approximations.
Suppose, for example, that it is desired to find an approximate value for
P (|Tn − g(θ )| ≥ a)
√
when n = 100 and a = 0.2. If n[Tn − g(θ
√ )] is asymptotically normally distributed
as N (0, 1), one might want to put a = c/ n (so that c = 2) and consider (10.3) as a
member of the sequence


2
P |Tn − g(θ )| ≥ √
(10.4)
≈ 2[1 − X(2)].
n

(10.3)

Alternatively, one could keep a = 0.2 fixed and consider (10.3) as a member of the
sequence
P (|Tn − g(θ )| ≥ 0.2).
(10.5)
Since Tn − g(θ) → 0, this sequence of probabilities tends to zero, and in fact does so at
a very fast rate. In this approach, the normal approximation is no longer useful (it only
tells us that (10.5) → 0 as n → ∞). The study of the limiting behavior of sequences
such as (10.5) is called large deviation theory. An exposition of large deviation theory
is given by Bahadur (1971). Books on large deviation theory include those by Kester
(1985) and Bucklew (1990). Much research has been done on this topic, and applications
to various aspects of point estimation can be found in Fu (1982), Kester and Kallenberg
(1986), Sieders and Dzhaparidze (1987), and Pfanzagl (1990).
We would, of course, like to choose the approximation that comes closer to the true
value. It seems plausible that for values of (10.3) not extremely close to 0 and for moderate sample sizes, (10.4) would tend to do better than that obtained from the sequence
(10.5). Some numerical comparisons in the context of hypothesis testing can be found
in Groeneboom and Oosterhoff (1981); other applications in testing are considered in
Barron (1989).
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CHAPTER 2

Unbiasedness

1 UMVU Estimators
It was pointed out in Section 1.1 that estimators with uniformly minimum risk
typically do not exist, and restricting attention to estimators showing some degree
of impartiality was suggested as one way out of this difficulty. As a first such
restriction, we shall study the condition of unbiasedness in the present chapter.
Definition 1.1 An estimator δ(x) of g(θ) is unbiased if
Eθ [δ(X)] = g(θ)

(1.1)

for all θ ∈

.

When used repeatedly, an unbiased estimator in the long run will estimate the
right value “on the average.” This is an attractive feature, but insistence on unbiasedness can lead to problems. To begin with, unbiased estimators of g may not
exist.
Example 1.2 Nonexistence of unbiased estimator. Let X be distributed according to the binomial distribution b(p, n) and suppose that g(p) = 1/p. Then, unbiasedness of an estimator δ requires
 
n
n
δ(k)
pk q n−k = g(p) for all 0 < p < 1.
(1.2)
k
k=0

That no such δ exists can be seen, for example, for the fact that as p → 0, the left
side tends to δ(0) and the right side to ∞. Yet, estimators of 1/p exist which (for
n not too small) are close to 1/p with high probability. For example, since X/n
tends to be close to p, n/X (with some adjustment when X = 0) will tend to be
close to 1/p.

If there exists an unbiased estimator of g, the estimand g will be called U estimable. (Some authors call such an estimand “estimable,” but this conveys the
false impression that any g not possessing this property cannot be accurately estimated.) Even when g is U -estimable there is no guarantee that any of its unbiased
estimators are desirable in other ways, and one may instead still prefer to use an
estimator that does have some bias. On the other hand, a large bias is usually considered a drawback and special methods of bias reduction have been developed
for such cases.
Example 1.3 The jackknife. A general method for bias reduction was initiated
by Quenouille (1949, 1956) and later named the jackknife by Tukey (1958). Let
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T (x) be an estimator of a parameter τ (θ ) based on a sample x = (x1 , . . . , xn ) and
satisfying E[T (x)] = τ (θ) + O( n1 ). Define x(−i) to be the vector of sample values
excluding xi . Then, the jackknifed version of T (x) is
TJ (x) = nT (x) −

(1.3)

n−1
n

n

T (x(−i) ).

i=1

It can be shown that E[TJ (x)] = τ (θ ) + O( n12 ), so the bias has been reduced (Stuart
and Ord 1991, Section 17.10; see also Problem 1.4).

Although unbiasedness is an attractive condition, after a best unbiased estimator
has been found, its performance should be investigated and the possibility not ruled
out that a slightly biased estimator with much smaller risk might exist (see, for
example, Sections 5.5 and 5.6).
The motive for introducing unbiasedness was the hope that within the class
of unbiased estimators, there would exist an estimator with uniformly minimum
risk. In the search for such an estimator, a natural approach is to minimize the
risk for some particular value θ0 and then see whether the result is independent of
θ0 . To this end, the following obvious characterization of the totality of unbiased
estimators is useful.
Lemma 1.4 If δ0 is any unbiased estimator of g(θ), the totality of unbiased estimators is given by δ = δ0 − U where U is any unbiased estimator of zero, that is,
it satisfies
Eθ (U ) = 0 for all θ ∈ .
To illustrate this approach, suppose the loss function is squared error. The risk
of an unbiased estimator δ is then just the variance of δ. Restricting attention to
estimators δ0 , δ, and U with finite variance, we have, if δ0 is unbiased,
var(δ) = var(δ0 − U ) = E(δ0 − U )2 − [g(θ)]2
so that the variance of δ is minimized by minimizing E(δ0 − U )2 .
Example 1.5 Locally best unbiased estimation. Let X take on the values −1, 0,
1, . . . with probabilities (Problem 1.1)
(1.4)

P (X = −1) = p,

P (X = k) = q 2 p k ,

k = 0, 1, . . . ,

where 0 < p < 1 and q = 1 − p, and consider the problems of estimating (a) p
and (b) q 2 . Simple unbiased estimators of p and q 2 are, respectively,
δ0 =

1
0

if X = −1
and δ1 =
otherwise

1
0

if X = 0
otherwise.

It is easily checked that U is an unbiased estimator of zero if and only if [Problem
1.1(b)]
(1.5)

U (k) = −kU (−1)

for k = 0, 1, . . .

or equivalently if U (k) = ak for all k = −1, 0, 1, . . . and some a. The problem
of determining the unbiased estimator which minimizes the variance at p0 thus
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reduces to that of determining the value of a which minimizes
(1.6)

P (X = k)[δi (k) − ak]2 .

The minimizing values of a are (Problem 1.2)


a0∗ = −p0 / p0 + q02

∞

k 2 p0k

and

a1∗ = 0

k=1

in cases (a) and (b), respectively. Since a1∗ does not depend on p0 , the estimator
δ1∗ = δ1 − a1∗ X = δ1 minimizes the variance among all unbiased estimators not
only when p = p0 but for all values of p. On the other hand, δ0∗ = δ0 − a0∗ X does
depend on p0 , and it therefore only minimizes the variance at p = p0 .

The properties possessed by δ0∗ and δ1∗ are characterized more generally by the
following definition.
Definition 1.6 An unbiased estimator δ(x) of g(θ ) is the uniform minimum variance unbiased (UMVU) estimator of g(θ) if var θ δ(x) ≤ var θ δ  (x) for all θ ∈ ,
where δ  (x) is any other unbiased estimator of g(θ). The estimator δ(x) is locally
minimum variance unbiased (LMVU) at θ = θ0 if var θ0 δ(x) ≤ var θ0 δ  (x) for any
other unbiased estimator δ  (x).
In terms of Definition 1.6, we have shown in Example 1.5 that δ1∗ is UMVU and
that δ0∗ is LMVU. Since δ0∗ depends on p0 , no UMVU estimator exists in this case.
Notice that the definition refers to “the” UMVU estimator, since UMVU estimators are unique (see Problem 1.12). The existence, uniqueness, and characterization
of LMVU estimators have been investigated by Barankin (1949) and Stein (1950).
Interpreting E(δ0 − U )2 as the distance between δ0 and U , the minimizing U ∗
can be interpreted as the projection of δ0 onto the linear space U formed by the
unbiased estimators U of zero. The desired results then follow from the projection
theorem of linear space theory (see, for example, Bahadur 1957, and Luenberger
1969).
The relationship of unbiased estimators of g(θ) with unbiased estimators of zero
can be helpful in characterizing and determining UMVU estimators when they
exist. Note that if δ(X) is an unbiased estimator of g(θ ), then so is δ(X) + aU (X),
for any constant a and any unbiased estimator U of zero and that
var θ0 [δ(X) + aU (X)] = var θ0 δ(X) + a 2 var θ0 U (X) + 2acovθ0 (U (X), δ(X)).
If covθ (U (X), δ(X)) = 0 for some θ = θ0 , we shall show below that there exists a
value of a for which var θ0 [δ(X) + aU (X)] < var θ0 δ(X). As a result, the covariance
with unbiased estimators of zero is the key in characterizing the situations in which
a UMVU estimator exists. In the statement of the following theorem, attention
will be restricted to estimators with finite variance, since otherwise the problem of
minimizing the variance does not arise. The class of estimators δ with Eθ δ 2 < ∞
for all θ will be denoted by W.
Theorem 1.7 Let X have distribution Pθ , θ ∈ , let δ be an estimator in W, and
let U denote the set of all unbiased estimators of zero which are in W. Then, a

86

UNBIASEDNESS

[ 2.1

necessary and sufficient condition for δ to be a UMVU estimator of its expectation
g(θ ) is that
(1.7)
Eθ (δU ) = 0 for all U ∈ U and all θ ∈ .
(Note: Since Eθ (U ) = 0 for all U ∈ U, it follows that Eθ (δU ) = covθ (δ, U ), so
that (1.7) is equivalent to the condition that δ is uncorrelated with every U ∈ U.)
Proof.
(a) Necessity. Suppose δ is UMVU for estimating its expectation g(θ ). Fix U ∈
U, θ ∈ , and for arbitrary real λ, let δ  = δ + λU . Then, δ  is also an unbiased
estimator of g(θ), so that
var θ (δ + λU ) ≥ var θ (δ)

for all λ.

Expanding the left side, we see that
λ2 var θ U + 2λcovθ (δ, U ) ≥ 0

for all λ,

a quadratic in λ with real roots λ = 0 and λ = −2 covθ (δ, U )/var θ (U ). It will
therefore take on negative values unless covθ (δ, U ) = 0.
(b) Sufficiency. Suppose Eθ (δU ) = 0 for all U ∈ U. To show that δ is UMVU,
let δ  be any unbiased estimator of Eθ (δ). If var θ δ  = ∞, there is nothing to
prove, so assume var θ δ  < ∞. Then, δ − δ  ∈ U (Problem 1.8) so that
Eθ [δ(δ − δ  )] = 0
and hence Eθ (δ 2 ) = Eθ (δδ  ). Since δ and δ  have the same expectation,
var θ δ = covθ (δ, δ  ),
and from the covariance inequality (Problem 1.5), we conclude that varθ (δ) ≤
var θ (δ  ).
✷
The proof of Theorem 1.7 shows that condition (1.7), if required only for θ = θ0 ,
is necessary and sufficient for an estimator δ with Eθ0 (δ 2 ) < ∞ to be LMVU at
θ0 . This result also follows from the characterization of the LMVU estimator as
δ = δ0 − U ∗ where δ0 is any unbiased estimator of g and U ∗ is the projection of
δ0 onto U. Interpreting the equation Eθ0 (δU ) = 0 as orthogonality of δ0 and U ,
the projection of U ∗ has the property that δ = δ0 − U ∗ is orthogonal to U, that is,
Eθ0 (δU ) = 0 for all U ∈ U. If the estimator is to be UMVU, this relation must
hold for all θ .
Example 1.8 Continuation of Example 1.5. As an application of Theorem 1.7,
let us determine the totality of UMVU estimators in Example 1.5. In view of (1.5)
and (1.7), a necessary and sufficient condition for δ to be UMVU for its expectation
is
Ep (δX) = 0 for all p,
(1.8)
that is, for δX to be in U and hence to satisfy (1.5). This condition reduces to
kδ(k) = kδ(−1)

for k = 0, 1, 2, . . . ,
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which is satisfied provided
(1.9)

δ(k) = δ(−1)

for k = 1, 2, . . .

with δ(0) being arbitrary. If we put δ(−1) = a, δ(0) = b, the expectation of such a δ
is g(p) = bq 2 + a(1 − q 2 ) and g(p) is therefore seen to possess a UMVU estimator
with finite variance if and only if it is of the form a + cq 2 .

It is interesting to note, although we shall not prove it here, that Theorem 1.7
typically, but not always, holds not only for squared error but for general convex
loss functions. This result follows from a theorem of Bahadur (1957). For details,
see Padmanabhan (1970) and Linnik and Rukhin (1971).
Constants are always UMVU estimators of their expectations since the variance
of a constant is zero. (If δ is a constant, (1.7) is of course trivially satisfied.) Deleting
the constants from consideration, three possibilities remain concerning the set of
UMVU estimators.
Case 1. No nonconstant U -estimable function has a UMVU estimator.
Example 1.9 Nonexistence of UMVU estimator. Let X1 , . . . , Xn be a sample
from a discrete distribution which assigns probability 1/3 to each of the points
θ − 1, θ, θ + 1, and let θ range over the integers. Then, no nonconstant function
of θ has a UMVU estimator (Problem 1.9). A continuous version of this example
is provided by a sample from the uniform distribution U (θ − 1/2, θ + 1/2); see
Lehmann and Scheffé (1950, 1955, 1956). (For additional examples, see Section
2.3.)

Case 2. Some, but not all, nonconstant U -estimable functions have UMVU estimators. Example 1.5 provides an instance of this possibility.
Case 3. Every U -estimable function has a UMVU estimator.
A condition for this to be the case is suggested by (Rao-Blackwell) Theorem
1.7.8. If T is a sufficient statistic for the family P = {Pθ , θ ∈ } and g(θ) is
U -estimable, then any unbiased estimator δ of g(θ ) which is not a function of T
is improved by its conditional expectation given T , say η(T ). Furthermore, η(T )
is again an unbiased estimator of g(θ ) since by (6.1), Eθ [η(T )] = Eθ [δ(X)].
Lemma 1.10 Let X be distributed according to a distribution from P = {Pθ , θ ∈
}, and let T be a complete sufficient statistic for P. Then, every U -estimable
function g(θ) has one and only one unbiased estimator that is a function of T .
(Here, uniqueness, of course, means that any two such functions agree a.e. P.)
Proof. That such an unbiased estimator exists was established just preceding the
statement of Lemma 1.10. If δ1 and δ2 are two unbiased estimators of g(θ ), their
difference f (T ) = δ1 (T ) − δ2 (T ) satisfies
Eθ f (T ) = 0

for all θ ∈

,
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and hence by the completeness of T , δ1 (T ) = δ2 (T ) a.e. P, as was to be proved.
✷
So far, attention has been restricted to squared error loss. However, the RaoBlackwell theorem applies to any convex loss function, and the preceding argument
therefore establishes the following result.
Theorem 1.11 Let X be distributed according to a distribution in P = {Pθ , θ ∈
}, and suppose that T is a complete sufficient statistic for P.
(a) For every U -estimable function g(θ ), there exists an unbiased estimator that
uniformly minimizes the risk for any loss function L(θ, d) which is convex in
its second argument; therefore, this estimator in particular is UMVU.
(b) The UMVU estimator of (i) is the unique unbiased estimator which is a function of T ; it is the unique unbiased estimator with minimum risk, provided its
risk is finite and L is strictly convex in d.
It is interesting to note that under mild conditions, the existence of a complete
sufficient statistic is not only sufficient but also necessary for Case 3. This result,
which is due to Bahadur (1957), will not be proved here.
Corollary 1.12 If P is an exponential family of full rank given by (5.1), then the
conclusions of Theorem 1.11 hold with θ = (θ1 , . . . , θs ) and T = (T1 , . . . , Ts ).
✷

Proof. This follows immediately from Theorem 1.6.22.

Theorem 1.11 and its corollary provide best unbiased estimators for large classes
of problems, some of which will be discussed in the next three sections. For the
sake of simplicity, these estimators will be referred to as being UMVU, but it
should be kept in mind that their optimality is not tied to squared error as loss, but,
in fact, they minimize the risk for any convex loss function.
Sometimes we happen to know an unbiased estimator δ of g(θ ) which is a
function of a complete sufficient statistic. The theorem then states that δ is UMVU.
Suppose, for example, that X1 , . . . , Xn are iid according to N (ξ, σ 2 ) and that the
estimand is σ 2 . The standard unbiased estimator of σ 2 is then δ = (Xi − X̄)2 /(n−
1). Since this is a function of the complete sufficient statistic T = (Xi , (Xi −
X̄)2 ), δ is UMVU. Barring such fortunate accidents, two systematic methods are
available for deriving UMVU estimators through Theorem 1.11.
Method One: Solving for δ
If T is a complete sufficient statistic, the UMVU estimator of any U -estimable
function g(θ ) is uniquely determined by the set of equations
Eθ δ(T ) = g(θ )

(1.10)

for all θ ∈

.

Example 1.13 Binomial UMVU estimator. Suppose that T has the binomial
distribution b(p, n) and that g(p) = pq. Then, (1.10) becomes
n  
n
δ(t)p t q n−1 = pq for all 0 < p < 1.
(1.11)
t
t=0
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If ρ = p/q so that p = ρ/(1 + ρ) and q = 1/(1 + ρ), (1.11) can be rewritten as

n  
n−1 
n
n−2
δ(t)ρ t = ρ(1 + ρ)n−2 =
ρ t (0 < ρ < ∞).
t
t −1
t=0

t=1

A comparison of the coefficients on the left and right sides leads to
δ(t) =

t(n − t)
.
n(n − 1)



Method Two: Conditioning
If δ(X) is any unbiased estimator of g(θ), it follows from Theorem 1.11 that
the UMVU estimator can be obtained as the conditional expectation of δ(X) given
T . For this derivation, it does not matter which unbiased estimator δ is being
conditioned; one can thus choose δ so as to make the calculation of δ  (T ) =
E[δ(X)|T ] as easy as possible.
Example 1.14 UMVU estimator for a uniform distribution. Suppose that X1 ,
. . ., Xn are iid according to the uniform distribution U (0, θ ) and that g(θ) = θ/2.
Then, T = X(n) , the largest of the X’s, is a complete sufficient statistic. Since
E(X1 ) = θ/2, the UMVU estimator of θ/2 is E[X1 |X(n) = t]. If X(n) = t, then
X1 = t with probability 1/n, and X1 is uniformly distributed on (0, t) with the
remaining probability (n − 1)/n (see Problem 1.6.2). Hence,
1
n−1 t
n+1 t
·t +
· =
· .
n
n
2
n
2
Thus, [(n + 1)/n] · T /2 and [(n + 1)/n] · T are the UMVU estimators of θ/2 and
θ , respectively.

E[X1 |t] =

The existence of UMVU estimators under the assumptions of Theorem 1.11 was
proved there for convex loss functions. That the situation tends to be very different
without convexity of the loss is seen from the following results of Basu (1955a).
Theorem 1.15 Let the loss function L(θ, d) for estimating g(θ ) be bounded, say
L(θ, d) ≤ M, and assume that L[θ, g(θ)] = 0 for all θ, that is, the loss is zero when
the estimated value coincides with the true value. Suppose that g is U -estimable
and let θ0 be an arbitrary value of θ. Then, there exists a sequence of unbiased
estimators δn for which R(θ0 , δn ) → 0.
Proof. Since g(θ ) is U -estimable, there exists an unbiased estimator δ(X). For any
0 < π < 1, let

with probability 1 − π
g(θ )

 0

δπ (x) =

 1 [δ(x) − g(θ0 )] + g(θ0 ) with probability π.
π
Then, δπ is unbiased for all π and all θ, since
π
Eθ (δπ ) = (1 − π )g(θ0 ) + [g(θ ) − g(θ0 )] + πg(θ0 ) = g(θ ).
π
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The risk R(θ0 , δπ ) at θ0 is (1−π )·0 plus π times the expected loss of (1/π )[δ(X)−
g(θ0 )] + g(θ0 ), so that
R(θ0 , δπ ) ≤ πM.
As π → 0, it is seen that R(θ0 , δπ ) → 0.

✷

This result implies that for bounded loss functions, no uniformly minimum-riskunbiased or even locally minimum-risk-unbiased estimator exists except in trivial
cases, since at each θ0 , the risk can be made arbitrarily small even by unbiased
estimators. [Basu (1955a) proved this fact for a more general class of nonconvex
loss functions.] The proof lends support to the speculation of Section 1.7 that the
difficulty with nonconvex loss functions stems from the possibility of arbitrarily
large errors since as π → 0, the error |δπ (x) − g(θ0 )| → ∞. It is the leverage of
these large but relatively inexpensive errors which nullifies the restraining effect
of unbiasedness.
This argument applies not only to the limiting case of unbounded errors but
also, although to a correspondingly lesser degree, to the case of finite large errors.
In the latter situation, convex loss functions receive support from a large-sample
consideration. To fix ideas, suppose the observations consist for n iid variables
X1 , . . . , Xn . As n increases, the error in estimating a given value g(θ ) will decrease
and tend to zero as n → ∞. (See Section 1.8 for a precise statement.) Thus,
essentially only the local behavior of the loss function near the true value g(θ ) is
relevant. If the loss function is smooth, its Taylor expansion about d = g(θ ) gives
L(θ, d) = a(θ ) + b(θ)[d − g(θ)] + c(θ)[d − g(θ )]2 + R,
where the remainder R becomes negligible as the error |d − g(θ )| becomes sufficiently small. If the loss is zero when d = g(θ ), then a must be zero, so that
b(θ)[d − g(θ)] becomes the dominating term for small errors. The condition
L(θ, d) ≥ 0 for all θ then implies b(θ ) = 0 and hence
L(θ, d) = c(θ)[d − g(θ)]2 + R.
Minimizing the risk for large n thus becomes essentially equivalent to minimizing
E[δ(X) − g(θ )]2 , which justifies not only a convex loss function but even squared
error. Not only the loss function but also other important aspects of the behavior
of estimators and the comparison of different estimators greatly simplify for large
samples, as will be discussed in Chapter 6.
The difficulty which bounded loss functions present for the theory of unbiased
estimation is not encountered by a different unbiasedness concept, that of median
unbiasedness mentioned in Section 1.1. For estimating g(θ ) in a multiparameter
exponential family, it turns out that uniformly minimum risk median unbiased
estimators exist for any loss function L for which L(θ, d) is a nondecreasing
function of d as d moves in either direction away from g(θ). A detailed version
of this result can be found in Pfanzagl (1979). We shall not discuss the theory of
median unbiased estimation here since the methods required belong to the theory
of confidence intervals rather than that of point estimation (see TSH2, Section 3.5).
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2 Continuous One- and Two-Sample Problems
The problem of estimating an unknown quantity θ from n measurements of θ
was considered in Example 1.1.1 as the prototype of an estimation problem. It
was formalized by assuming that the n measurements are iid random variables
X1 , . . . , Xn with common distribution belonging to the location family
(2.1)

Pθ (Xi ≤ x) = F (x − θ).

The problem takes different forms according to the assumptions made about F .
Some possibilities are the following:
(a) F is completely specified.
(b) F is specified except for an unknown scale parameter. In this case, (2.1) will
be replaced by a location-scale family. It will then be convenient to denote the
location parameter by ξ rather than θ (to reserve θ for the totality of unknown
parameters) and hence to write the family as


x−ξ
(2.2)
.
Pθ (Xi ≤ x) = F
σ
Here, it will be of interest to estimate both ξ and σ .
(c) The distribution of the X’s is only approximately given by Equation (2.1) or
(2.2) with a specified F . What is meant by “approximately” leads to the topic
of robust estimation
(d) F is known to be symmetric about 0 (so that the X’s are symmetrically
distributed about θ or ξ ) but is otherwise unknown.
(e) F is unknown except that it has finite variance; the estimand is ξ = E(Xi ).
In all these models, F is assumed to be continuous.
A treatment of Problems (a) and (b) for an arbitrary known F is given in Chapter 3
from the point of view of equivariance. In the present section, we shall be concerned
with unbiased estimation of θ or (ξ, σ ) in Problems (a) and (b) and some of their
generalizations for some special distributions, particularly for the case that F is
normal or exponential. Problems (c), (d), and (e) all fall under the general heading
of robust and nonparametric statistics (Huber 1981, Hampel et al. 1986, Staudte
and Sheather 1990). We will not attempt a systematic treatment of these topics
here, but will touch upon some points through examples. For example, Problem
(e) will be considered in Section 2.4.
The following three examples will be concerned with the normal one-sample
problems, that is, with estimation problems arising when X1 , . . . , Xn are distributed with joint density (2.3).
Example 2.1 Estimating polynomials of a normal variance. Let X1 , . . . , Xn be
distributed with joint density


1
1
(2.3)
exp − 2 (xi − ξ )2 ,
√
2σ
( 2 πσ )n
and assume, to begin with, that only one of the parameters is unknown. If σ is
known, it follows from Theorem 1.6.22 that the sample mean X̄ is a complete
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sufficient statistic, and since E(X̄) = ξ, X̄ is the UMVU estimator of ξ . More
generally, if g(ξ ) is any U -estimable function of ξ , there exists a unique unbiased
estimator δ(X̄) based on X̄ and it is UMVU. If, in particular, g(ξ ) is a polynomial
of degree r, δ(X̄) will also be a polynomial of that degree, which can be determined
inductively for r = 2, 3, . . . (Problem 2.1).
If ξ is known, (2.3) is a one-parameter exponential family with S 2 = (Xi −
2
ξ ) being a complete sufficient statistic. Since Y = S 2 /σ 2 is distributed as χn2
independently of σ 2 , it follows that
 r
S
1
E
=
,
σr
Kn,r
where Kn,r is a constant, and hence that
Kn,r S r

(2.4)

is UMVU for σ r . Recall from Example 1.5.14 with a = n/2, b = 2 and with r/2
in place of r that
 r
! H[(n + r)/2] r/2
S
E
= E (χn2 )r/2 =
2
r
σ
H(n/2)
so that
(2.5)

H(n/2)
.
+ r)/2]
As a check, note that for r = 2, Kn,r = 1/n, and hence E(S 2 ) = nσ 2 .
Formula (2.5) is established in Example 1.5.14 only for r > 0. It is, however,
easy to see (Problem 1.5.19) that it holds whenever
Kn,r =

2r/2 H[(n

n > −r,

(2.6)
χn2

but that the (r/2)th moment of
does not exist when n ≤ −r.
We are now in a position to consider the more realistic case inwhich both
parameters are unknown. Then, by Example 1.6.24, X̄ and S 2 =
(Xi − X̄)2
2
jointly are complete sufficient statistics for (ξ, σ ). This shows that X̄ continues
to be UMVU for ξ . Since var(X̄) = σ 2 /n, estimation of σ 2 is, of course, also of
2
great importance. Now, S 2 /σ 2 is distributed as χn−1
and it follows from (2.4) with
2
n replaced by n − 1 and the new definition of S that
(2.7)

Kn−1,r S r

is UMVU for σ r provided n > −r + 1, and thus in particular S 2 /(n − 1) is UMVU
for σ 2 .
Sometimes, it is of interest to measure ξ in σ -units and hence to estimate
g(ξ, σ ) = ξ/σ . Now X̄ is UMVU for ξ and Kn−1,−1 /S for 1/σ . Since X̄ and
S are independent, it follows that Kn−1,−1 X̄/S is unbiased for ξ/σ and hence
UMVU, provided n − 1 > 1, that is, n > 2.
If we next consider calculating the variance of Kn−1,−1 X̄/S or, more generally,
calculating the variance of UMVU estimators of polynomial functions of ξ and σ ,
we are led to calculating the moments E(X̄ k ) and E(S k ) for all k = 1, 2, . . . . This
is investigated in Problems 2.4-2.6
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Another class of problems within the framework of the normal one-sample
problem relates to the probability
(2.8)

p = P (X1 ≤ u).

Example 2.2 Estimating a probability or a critical value. Suppose that the
observations Xi denote the performances of past candidates on an entrance examination and that we wish to estimate the cutoff value u for which the probability
of a passing performance, X ≥ u, has a preassigned probability 1 − p. This is the
problem of estimating u in (2.8) for a given value of p. Solving the equation


u−ξ
p = P (X1 ≤ u) = X
(2.9)
σ
(where X denotes the cdf of the standard normal distribution) for u shows that
u = g(ξ, σ ) = ξ + σ X−1 (p).
It follows that the UMVU estimator of u is
(2.10)

X̄ + Kn−1,1 SX−1 (p).

Consider next the problem of estimating p for a given value of u. Suppose, for
example, that a manufactured item is acceptable if some quality characteristic is
≤ u and that we wish to estimate the probability of an item being acceptable, its
reliability, given by (2.9).
To illustrate a method which is applicable to many problems of this type, consider, first, the simpler case that σ = 1. An unbiased estimator δ of p is the indicator
of the event X1 ≤ u. Since X̄ is a complete sufficient statistic, the UMVU estimator
of p = P (X1 ≤ u) = X(u − ξ ) is therefore
E[δ|X̄] = P [X1 ≤ u|X̄].
To evaluate this probability, use the fact that X1 − X̄ is independent of X̄. This
follows from Basu’s theorem (Theorem 1.6.21) since X1 − X̄ is ancillary.1 Hence,
P [X1 ≤ u|x̄] = P [X1 − X̄ ≤ u − x̄|x̄] = P [X1 − X̄ ≤ u − x̄],
and the computation of a conditional probability has been replaced by that of an
unconditional one. Now, X1 − X̄ is distributed as N (0, (n − 1)/n), so that

$
n
P [X1 − X̄ ≤ u − x̄] = X
(2.11)
(u − x̄) ,
n−1
which is the UMVU estimator of p.
Closely related to the problem of estimating p, which is the cdf
F (u) = P [X1 ≤ u] = X(u − ξ )
of X1 evaluated at u, is that of estimating the probability density at u : g(ξ ) =
φ(u − ξ ). We shall now show that the UMVU estimator of the probability density
g(ξ ) = pξX1 (u) of X1 evaluated at u is the conditional density of X1 given X̄
1

Such applications of Basu’s theorem can be simplified when invariance is present. The theory and
some interesting illustrations are discussed by Eaton and Morris (1970).
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evaluated at u, δ(X̄) = p X1 |X̄ (u). Since this is a function of X̄, it is only necessary
to check that δ is unbiased. This can be shown by differentiating the UMVU
estimator of the cdf after justifying the required interchange of differentiation and
integration, or as follows. Note that the joint density of X1 and X̄ is p X1 |X̄ (u)pξX̄ (x)
and that the marginal density is therefore
 ∞
pξX1 (u) =
p X1 |X̄ (u)pξX̄ (x) dx.
−∞

This equation states just that δ(X̄) is an unbiased estimator of g(ξ ). Differentiating
the earlier equation
$

n
P [X1 ≤ u|x̄] = X
(u − x̄)
n−1
with respect to u, we see that the derivative
d
[P [X1 ≤ u|X̄] = pX1 |X̄ (u)
du
$
$

n
n
=
φ
(u − X̄) ,
n−1
n−1
(where φ is the standard normal density) is the UMVU estimator of pξX1 (u).
Suppose now that both ξ and σ are unknown. Then, exactly as in the case
σ = 1, the UMVU estimator of P [X1 ≤ u] = X((u − ξ )/σ ) and of the density
p X1 (u) = (1/σ )φ((u − ξ )/σ ) is given, respectively, by P [X1 ≤ u|X̄, S] and the
conditional density of X1 given X̄ and S evaluated at u, where S 2 = (Xi − X̄)2 . To
replace the conditional distribution with an unconditional one, note that (X1 −X̄)/S
is ancillary and therefore, by Basu’s theorem, independent of (X̄, S). It follows, as
in the earlier case, that


u − x̄
X1 − X̄
P [X1 ≤ u|x̄, s] = P
(2.12)
≤
S
s
and that
(2.13)

pX1 |x̄,s (u) =

1
f
s



u − x̄
s



where f is the density of (X1 − X̄)/S. A straightforward calculation (Problem
2.10) gives
$

 $

(n/2)−2
H n−1
n
n−1
nz2
2
f (z) =  1   n−2 
if 0 < |z| <
1−
n−1
n−1
n
H 2 H 2
(2.14)
and zero elsewhere. The estimator (2.13) is obtained by substitution of (2.14), and
the estimator (2.12) is obtained by integrating the density f .

We shall next consider two extensions of the normal one-sample model. The
first extension is concerned with the two-sample problem, in which there are two
independent groups of observations, each with a model of this type, but corresponding to different conditions or representing measurements of two different
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quantities so that the parameters of the two models are not the same. The second extension deals with the multivariate situation of n p-tuples of observations
(X1ν , . . . , Xpν ), ν = 1, . . . , n, with (X1ν , . . . , Xpν ) representing measurements of
p different characteristics of the νth subject.
Example 2.3 The normal two-sample problem. Let X1 , . . . , Xm and Y1 , . . . , Yn
be independently distributed according to normal distributions N (ξ, σ 2 ) and N (η,
τ 2 ), respectively.
(a) Suppose that ξ, η, σ, τ are completely unknown. Then, the joint density


1
1
1
2
2
exp − 2 (xi − ξ ) − 2 (yj − η)
(2.15)
√
2σ
2τ
( 2π)m+n σ m τ n
constitutes an exponential family for which the four statistics
X̄,

Ȳ ,

SX2 = (Xi − X̄)2 ,

SY2 = (Yj − Ȳ )2

are sufficient and complete. The UMVU estimators of ξ and σ r are therefore
X̄ and Kn−1,r SXr , as in Example 2.1, and those of η and τ r are given by
the corresponding formulas. In the present model, interest tends to focus on
comparing parameters from the two distributions. The UMVU estimator of
η − ξ is Ȳ − X̄ and that of τ r /σ r is the product of the UMVU estimators of
τ r and 1/σ r .
(b) Sometimes, it is possible to assume that σ = τ . Then X̄, Ȳ , and S 2 = (Xi −
X̄)2 + (Yj − Ȳ )2 are complete sufficient statistics [Problem 1.6.35(a)] and
the natural unbiased estimators of ξ , η, σ r , η−ξ , and (η−ξ )/σ are all UMVU
(Problem 2.11).
(c) As a third possibility, suppose that η = ξ but that σ and τ are not known to be
equal, and that it is desired to estimate the common mean ξ . This might arise,
for example, when two independent sets of measurements of the same quantity
are available. The statistics T = (X̄, Ȳ , SX2 , SY2 ) are then minimal sufficient
(Problem 1.6.7), but they are no longer complete since E(Ȳ − X̄) = 0.
If σ 2 /τ 2 = γ is known, the best unbiased linear combination of X̄ and Ȳ is
) 2

τ2
σ
τ2
δγ = α X̄ + (1 − α)Ȳ , where α =
+
n
m
n
(Problem 2.12). Since, in this case, T  = (Xi2 +γ Yj2 , Xi +γ Yj ) is a complete
sufficient statistic (Problem 2.12) and δγ is a function of T  , δγ is UMVU. When
σ 2 /τ 2 is unknown, a UMVU estimator of ξ does not exist (Problem 2.13), but
one can first estimate α, and then estimate ξ by ξ = α̂ X̄ + (1 − α̂)Ȳ . It is easy
to see that ξ̂ is unbiased provided α̂ is a function of only SX2 and SY2 (Problem
2.13), for example, if σ 2 and τ 2 in α are replaced by SX2 /(m − 1) and SY2 /(n − 1).
The problem of finding a good estimator of ξ has been considered by various
authors, among them Graybill and Deal (1959), Hogg (1960), Seshadri (1963),
Zacks (1966), Brown and Cohen (1974), Cohen and Sackrowitz (1974), Rubin
and Weisberg (1975), Rao (1980), Berry (1987), Kubokawa (1987), Loh (1991),
and George (1991).
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It is interesting to note that the nonexistence of a UMVU estimator holds not
only for ξ but for any U -estimable function of ξ . This fact, for which no easy proof
is available, was established by Unni (1978, 1981) using the results of Kagan and
Palamadov (1968).
In cases (a) and (b), the difference η − ξ provides one comparison between the
distributions of the X’s and Y ’s. An alternative measure of the superiority (if large
values of the variables are desirable) of the Y ’s over the X’s is the probability
p = P (X < Y ). The UMVU estimator of p can be obtained as in Example
2.2 as P (X1 < Y1 |X̄, Ȳ , SX2 , SY2 ) and P (X1 < Y1 |X̄, Ȳ , S 2 ) in cases (a) and (b),
respectively (Problem 2.14). In case (c), the problem disappears since then p = 1/2.
Example 2.4 The multivariate normal one-sample problem. Suppose that (Xi ,
Yi , . . .), i = 1, . . . , n, are observations of p characteristics on a random sample of
n subjects from a large population, so that the n p-vectors can be assumed to be
iid. We shall consider the case that their common distribution is a p-variate normal
distribution (Example 1.4.5) and begin with the case p = 2.
The joint probability density of the (Xi , Yi ) is then

n

1
1
1

(2.16)
exp −
(xi − ξ )2
2
2(1 − ρ ) σ 2
2πσ τ 1 − ρ 2
"
2ρ
1
2
− (xi − ξ )(yi − η) + 2 (yi − η)
τ
στ
where E(Xi ) = ξ, E(Yi ) = η, var(Xi ) = σ 2 , var(Yi ) = τ 2 , and cov(Xi , Yi ) = ρσ τ ,
so that ρ is the correlation coefficient between Xi and Yi . The bivariate family
(2.16) constitutes a five-parameter exponential family of full rank, and the set of
sufficient statistics T = (X̄, Ȳ , SX2 , SY2 , SXY ) where
(2.17)

SXY = (Xi − X̄)(Yi − Ȳ )

is therefore complete. Since the marginal distributions of the Xi and Yi are N (ξ, σ 2 )
and N(η, τ 2 ), the UMVU estimators of ξ and σ 2 are X̄ and SX2 /(n − 1), and those
of η and τ 2 are given by the corresponding formulas. The statistic SXY /(n−1) is an
unbiased estimator of ρσ τ (Problem 2.15) and is therefore the UMVU estimator
of cov(Xi , Yi ).
For the correlation coefficient ρ, the natural estimator is the sample correlation
coefficient
*
(2.18)
R = SXY / SX2 SY2 .
However, R is not unbiased, since it can be shown [see, for example, Stuart and
Ord (1987, Section 16.32)] that

 
(1 − ρ 2 )
1
E(R) = ρ 1 −
(2.19)
.
+O
2n
n2
By implementing Method One of Section 2.1, together with some results from the
theory of Laplace transforms, Olkin and Pratt (1958) derived a function G(R) of
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R which is unbiased and hence UMVU. It is given by


1 1 n−1
2
G(r) = rF
, ;
;1 − r ,
2 2
2
where F (a, b; c; x) is the hypergeometric function
∞

H(a + k)H(b + k)H(c)x k
H(a)H(b)H(c + k)k!
k=0
 1 b−1
H(c)
t (1 − t)c−b−1
=
dt.
H(b)H(c − b) 0
(1 − tx)a

F (a, b; c; x) =

Calculation of G(r) is facilitated by using a computer algebra program. Alternatively, by substituting in the above series expansion, one can derive the approximation

 
1 − r2
1
G(r) = r 1 +
+O
2(n − 1)
n2
which is quite accurate.
These results extend easily to the general multivariate case. Let us change
notation and denote by (X1ν , . . . , Xpν ), ν = 1, . . . , n, a sample from a nonsingular p-variate normal distribution with means E(Xiν ) = ξi and covariances
cov(Xiν , Xj ν ) = σij . Then, the density of the X’s is


1
| |n/2

(2.20)
exp − θj k Sj k
(2π)pn/2
2
where
(2.21)

Sj k =

n

(Xj ν − ξj )(Xkν − ξk )

ν=1

matrix (σj k ). This is a full-rank
= (θj k ) is the inverse of thecovariance

p
1
exponential family, for which the p +
= 2 p(p + 1) statistics Xi· = Xiν /n
2
(i = 1, . . . , p) and Sj k = (Xj ν − Xj .)(Xkν − Xk .) are complete.
Since the marginal distributions of the Xj ν and the pair (Xj ν , Xkν ) are univariate
and bivariate normal, respectively, it follows from Example 2.1 and the earlier part
of the present example, that Xi· is UMVU for ξi and Sj k /(n − 1) for σj k . Also, the
√
UMVU estimators of the correlation coefficients ρj k = σj k / σjj σkk are just those
obtained from the bivariate distribution of the (Xj ν , Xkν ). The UMVU estimator of
the square of the multiple correlation coefficient of one of the p coordinates with
the other p − 1 was obtained by Olkin and Pratt (1958). The problem of estimating
a multivariate normal probability density has been treated by Ghurye and Olkin
(1969); see also Gatsonis 1984.


and where

Results quite analogous to those found in Examples 2.1–2.3 obtain when the
normal density (2.3) is replaced by the exponential density


1
1
(2.22)
exp − (xi − a) , xi > a.
bn
b
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Despite its name, this two-parameter family does not constitute an exponential
family since its support changes with a. However, for fixed a, it constitutes a
one-parameter exponential family with parameter 1/b.
Example 2.5 The exponential one-sample problem. Suppose, first, that b is
known. Then, X(1) is sufficient for a and complete (Example 1.6.24). The distribution of n[X(1) − a]/b is the standard exponential distribution E(0, 1) and the
UMVU estimator of a is X(1) − (b/n) (Problem 2.17). On the other hand, when
a is known, the distribution (2.22) constitutes a one-parameter exponential family
with complete sufficient statistic (Xi − a). Since 2(Xi − a)/b is distributed as
2
, it is seen that (Xi − a)/n is the UMVU estimator for b (Problem 2.17).
χ2n
When both parameters are unknown, X(1) and [Xi − X(1) ] are jointly sufficient
and complete (Example 1.6.27). Since they are independently distributed, n[X(1) −
2
a]/b as E(0, 1) and 2[Xi − X(1) ]/b as χ2(n−1)
(Problem 1.6.18), it follows that
(Problem 2.18)
(2.23)

1
[Xi − X(1) ]
n−1

and X(1) −

1
[Xi − X(1) ]
n(n − 1)

are UMVU for b and a, respectively.
It is also easy to obtain the UMVU estimators of a/b and of the critical value
u for which P (X1 ≤ u) has a given value p. If, instead, u is given, the UMVU
estimator of P (X1 ≤ u) can be found in analogy with the normal case (Problems
2.19 and 2.20). Finally, the two-sample problems corresponding to Example 2.3(a)
and (b) can be handled very similarly to the normal case (Problems 2.21-2.23). 
An important aspect of estimation theory is the comparison of different estimators. As competitors of UMVU estimators, we shall now consider the maximum
likelihood estimator (ML estimator, see Section 6.2). This comparison is of interest both because of the widespread use of the ML estimator and because of its
asymptotic optimality (which will be discussed in Chapter 6). If a distribution is
specified by a parameter θ (which need not be real-valued), the ML estimator of
θ is that value θ̂ of θ which maximizes the probability or probability density. The
ML estimator of g(θ ) is defined to be g(θ̂).
Example 2.6 Comparing UMVU and ML estimators. Let X1 , . . ., Xn be iid
according to the normal distribution N (ξ, σ 2 ). Then, the joint density of the X  s is
given by (2.3) and it is easily seen that the ML estimators of ξ and σ 2 are (Problem
2.26)
1
(Xi − X̄)2 .
(2.24)
ξ̂ = X̄ and σ̂ 2 =
n
Within the framework of this example, one can illustrate the different possible
relationships between UMVU and ML estimators.
(a) When the estimand g(ξ, σ ) is ξ , then X̄ is both the ML estimator and the
UMVU estimator, so in this case, the two estimators coincide.
(b) Let σ be known, say σ = 1, and let g(ξ, σ ) be the probability p = X(u − ξ )
considered
in Example 2.2 (see also Example 3.1.13). The UMVU estimator
√
is X[ n/(n − 1)(u − X̄)], whereas the ML estimator is X(u − X̄). Since the
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ML estimator is biased (by completeness, there can be only one unbiased
function of X̄), the comparison should be based on the mean squared error
(rather than the variance)
(2.25)

Rδ (ξ, σ ) = E[δ − g(ξ, σ )]2

as risk. Such a comparison was carried out by Zacks and Even (1966), who
found that neither estimator is uniformly better than the other. For n = 4, for
example, the UMVU estimator is better when |u − ξ | > 1.3 or, equivalently,
when p < .1 or p > .9, whereas for the remaining values the ML estimator
has smaller mean squared error.
This example raises the question whether there are situations in which the
ML estimator is either uniformly better or worse than its UMVU competitor.
The following two simple examples illustrate these possibilities.
(c) If ξ and σ 2 are both unknown, the UMVU estimator and
 the ML estimator of
σ 2 are, respectively, S 2 /(n − 1) and S 2 /n, where S 2 = (Xi − X̄)2 . Consider
the general class of estimators cS 2 . An easy calculation (Problem 2.28) shows
that
!
E(cS 2 − σ 2 ) = σ 4 (n2 − 1)c2 − 2(n − 1)c + 1 .
(2.26)
For any given c, this risk function is proportional to σ 4 . The risk functions
corresponding to different values of c, therefore, do not intersect, but one lies
entirely above the other. The right side of (2.26) is minimized by c = 1/(n+1).
Since the values c = 1/(n − 1) and c = 1/n, corresponding to the UMVU and
ML estimator, respectively, lie on the same side of 1/(n + 1) with 1/n being
closer and the risk function is quadratic, it follows that the ML estimator has
uniformly smaller risk than the UMVU estimator, but that the ML estimator,
in turn, is dominated by S 2 /(n + 1). (For further discussion of this problem,
see Section 3.3.)
(d) Suppose that σ 2 is known and let the estimand be ξ 2 . Then, the ML estimator
is X̄2 and the UMVU estimator is X̄ 2 − σ 2 /n (Problem 2.1). That the risk of
the ML estimator is uniformly larger follows from the following lemma.

Lemma 2.7 Let the risk be expected squared error. If δ is an unbiased estimator
of g(θ) and if δ ∗ = δ +b, where the bias b is independent of θ , then δ ∗ has uniformly
larger risk than δ, in fact,
Rδ∗ (θ) = Rδ (θ) + b2 .
For small sample sizes, both the UMVU and ML estimators can be unsatisfactory. One unpleasant possible feature of UMVU estimators is illustrated by the
estimation of ξ 2 in the normal case [Problem 2.5; Example 2.6(d)]. The UMVU
estimator is X̄2 −σ 2 /n when σ is known, and X̄ 2 −S 2 /n(n−1) when it is unknown.
In either case, the estimator can take on negative values although the estimand is
known to be non-negative. Except when ξ = 0 or n is small, the probability of such
values is not large, but when they do occur, they cause some embarrassment. The
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difficulty can be avoided, and at the same time the risk of the estimator improved,
by replacing the estimator by zero whenever it is negative. This idea is developed
further in Sections 4.7 and 5.6. It is also the case that most of these problems
disappear in large samples, as we will see in Chapter 6.
The examples of this section are fairly typical and suggest that the difference
between the two estimators tends to be small. For samples from the exponential
families, which constitute the main area of application of UMVU estimation, it
has, in fact, been shown under suitable regularity assumptions that the UMVU and
ML estimators are asymptotically equivalent as the sample size tends to infinity,
so that the UMVU estimator shares the asymptotic optimality of the ML estimator.
(For an exact statement and counterexamples, see Portnoy 1977b.)
3 Discrete Distributions
The distributions considered in the preceding section were all continuous. We shall
now treat the corresponding problems for some of the basic discrete distributions.
Example 3.1 Binomial UMVU estimators. In the simplest instance of a onesample problem with qualitative rather than quantitative “measurements,” the observations are dichotomous; cure or no cure, satisfactory or defective, yes or no.
The two outcomes will be referred to generically as success or failure.
The results of n independent such observations with common success probability
p are conveniently represented by random variables Xi which are 1 or 0 as the
ith case or “trial” is a success or failure. Then, P (Xi = 1) = p, and the joint
distribution of the X’s is given by
(3.1)

P (X1 = x1 , . . . , Xn = xn ) = pxi q n−xi

(q = 1 − p).

This is a one-parameter exponential family, and T = Xi —the total number
of successes—is a complete sufficient statistic. Since E(Xi ) = E(X̄) = p and
X̄ = T /n, it follows that T /n is the UMVU estimator of p. Similarly, (Xi −
X̄)2 /(n − 1) = T (n − T )/n(n − 1) is the UMVU estimator of var(Xi ) = pq
(Problem 3.1; see also Example 1.13).
The distribution of T is the binomial distribution b(p, n), and it was pointed out
in Example 1.2 that 1/p is not U -estimable on the basis of T , and hence not in the
present situation. In fact, it follows from Equation (1.2) that a function g(p) can
be U -estimable only if it is a polynomial of degree ≤ n.
To see that every such polynomial is actually U -estimable, it is enough to show
that pm is U -estimable for every m ≤ n. This can be established, and the UMVU
estimator determined, by Method 1 of Section 1 (Problem 3.2). An alternative
approach utilizes Method 2. The quantity pm is the probability
pm = P (X1 = · · · = Xm = 1)
and its UMVU estimator is therefore given by
δ(t) = P [X1 = · · · = Xm = 1|T = t].
This probability is 0 if t < m. For t ≥ m, δ(t) is the probability of obtaining m
successes in the first m trials and t − m successes in the remaining n − m trials,

2.3 ]

DISCRETE DISTRIBUTIONS

101

divided by P (T = t), and hence it is


) 
n
m n−m
t−m n−1
p
p q
pt q n−1 ,
t −m
t
or
T (T − 1) · · · (T − m + 1)
.
n(n − 1) · · · (n − m + 1)
Since this expression is zero when T = 0, . . . , m − 1, it is seen that δ(T ), given by
(3.2) for all T = 0, 1, . . . , n, is the UMVU estimator of p m . This proves that g(p)
is U -estimable on the basis of n binomial trials if and only if it is a polynomial of
degree ≤ n.

(3.2)

δ(T ) =

Consider now the estimation of 1/p, for which no unbiased estimator exists.
This problem arises, for example, when estimating the size of certain animal populations. Suppose that a lake contains an unknown number N of some species of
fish. A random sample of size k is caught, tagged, and released again. Somewhat
later, a random sample of size n is obtained and the number X of tagged fish in the
sample is noted. (This is the capture-recapture method. See, for example, George
and Robert, 1992.) If, for the sake of simplicity, we assume that each caught fish is
immediately returned to the lake (or alternatively that N is very large compared to
n), the n fish in this sample constitute n binomial trials with probability p = k/N
of success (i.e., obtaining a tagged fish). The population size N is therefore equal
to k/p. We shall now discuss a sampling scheme under which 1/p, and hence k/p,
is U -estimable.
Example 3.2 Inverse binomial sampling. Reliable estimation of 1/p is clearly
difficult when p is close to zero, where a small change of p will cause a large change
in 1/p. To obtain control of 1/p for all p, it would therefore seem necessary to take
more observations the smaller p is. A sampling scheme achieving this is inverse
sampling, which continues until a specified number of successes, say m, have been
obtained. Let Y + m denote the required number of trials. Then, Y has the negative
binomial distribution given by (Problem 1.5.12)


m+y−1
P (Y = y) =
p m (1 − p)y , y = 0, 1, . . . ,
(3.3)
m−1
with
(3.4)

E(Y ) = m(1 − p)/p;

var(Y ) = m(1 − p)/p 2 .

It is seen from (3.4) that
δ(Y ) = (Y + m)/m,
the reciprocal of the proportion of successes, is an unbiased estimator of 1/p.
The full data in the present situation are not Y but also include the positions in
which the m successes occur. However, Y is a sufficient statistic (Problem 3.6),
and it is complete since (3.3) is an exponential family. As a function of Y, δ(Y ) is
thus the unique unbiased estimator of 1/p; based on the full data, it is UMVU.
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It is interesting to note that 1/(1 − p) is not U -estimable with the present
sampling scheme, for suppose δ(Y ) is an unbiased estimator so that


∞
m+y−1
m
p
δ(y)
(1 − p)y = 1/(1 − p) for all 0 < p < 1.
m−1
y=0

The left side is a power series which converges for all 0 < p < 1, and hence
converges and is continuous for all |p| < 1. As p → 1, the left side therefore
tends to δ(0) while the right side tends to infinity. Thus, the assumed δ does not

exist. (For the estimation of p r , see Problem 3.4.)
The situations described in Examples 3.1 and 3.2 are special cases of sequential
binomial sampling in which the number of trials is allowed to depend on the
observations. The outcome of such sampling can be represented as a random walk
in the plane. The walk starts at (0, 0) and moves a unit to the right or up as the first
trial is a success or failure. From the resulting point (1, 0) or (0, 1), it again moves
a unit to the right or up, and continues in this way until the sampling plan tells it
to stop. A stopping rule is thus defined by a set B of points, a boundary, at which
sampling stops. We require B to satisfy
P (x, y) = 1

(3.5)
(x,y)∈B

since otherwise there is positive probability that sampling will go on indefinitely.
A stopping rule that satisfies (3.5) is called closed.
Any particular sample path ending in (x, y) has probability px q y , and the probability of a path ending in any particular point (x, y) is therefore
(3.6)

P (x, y) = N (x, y)px q y ,

where N(x, y) denotes the number of paths along which the random walk can
reach the point (x, y). As illustrations, consider the plans of Examples 3.1 and 3.2.
(a) In Example 3.1, B is the set of points (x, y) satisfying
x + y = n, x = 0, . . . , n,
 
n
and for any (x, y) ∈ B, we have N (x, y) =
.
x
(b) In Example 3.2, B is the set of points (x, y) with x = m; y = 0, 1, . . . , and
for any such point


m+y−1
N (x, y) =
.
y
The observations in sequential binomial sampling are represented by the sample
path, and it follows from (3.6) and the factorization criterion that the coordinates
(X, Y ) of the stopping point in which the path terminates constitute a sufficient
statistic. This can also be seen from the definition of sufficiency, since the conditional probability of any given sample path given that it ends in (x, y) is
px q x
1
,
=
N (x, y)p x q y N (x, y)
which is independent of p.
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Example 3.3 Sequential estimation of binomial p. For any closed sequential
binomial sampling scheme, an unbiased estimator of p depending only on the
sufficient statistic (X, Y ) can be found in the following way. A simple unbiased
estimator is δ = 1 if the first trial is a success and δ = 0 otherwise. Application of
the Rao-Blackwell theorem then leads to
δ  (X, Y ) = E[δ|(X, Y )] = P [1st trial = success|(X, Y )]
as an unbiased estimator depending only on (X, Y ). If the point (1, 0) is a stopping
point, then δ  = δ and nothing is gained. In all other cases, δ  will have a smaller
variance than δ. An easy calculation [Problem 3.8(a)] shows that
(3.7)

δ  (x, y) = N  (x, y)/N (x, y)

where N  (x, y) is the number of paths possible under the sampling schemes which
pass through (1, 0) and terminate in (x, y).

More generally, if (a, b) is any accessible point, that is, if it is possible under
the given sampling plan to reach (a, b), the quantity pa q b is U -estimable, and
an unbiased estimator depending only on (X, Y ) is given by (3.7), where N  (x, y)
now stands for the number of paths passing through (a, b) and terminating in (x, y)
[Problem 3.8(b)].
The estimator (3.7) will be UMVU for any sampling plan for which the sufficient
statistic (X, Y ) is complete. To describe conditions under which this is the case, let
us call an accessible point that is not in B a continuation point. A sampling plan
is called simple if the set of continuation points Ct on each line segment x + y = t
is an interval or the empty set. A plan is called finite if the number of accessible
points is finite.
Example 3.4 Two sampling plans.
(a) Let a, b, and m be three positive integers with a < b < m. Continue observation until either a successes or failures have been obtained. If this does not
happen during the first m trials, continue until either b successes or failures
have been obtained. This sampling plan is simple and finite.
(b) Continue until both at least a successes and a failures have been obtained.
This plan is neither simple nor finite, but it is closed (Problem 3.10).

Theorem 3.5 A necessary and sufficient condition for a finite sampling plan to be
complete is that it is simple.
We shall here only prove sufficiency. [For a proof of necessity, see Girschick,
Mosteller, and Savage 1946.] If the restriction to finite plans is dropped, simplicity
is no longer sufficient (Problem 3.9). Another necessary condition in that case is
stated in Problem 3.13. This condition, together with simplicity, is also sufficient.
(For a proof, see Lehmann and Stein 1950.)
For the following proof it may be helpful to consider a diagram of plan (a) of
Example 3.4.
Proof. Proof of sufficiency. Suppose there exists a nonzero function δ(X, Y ) whose
expectation is zero for all p (0 < p < 1). Let t0 be the smallest value of t for
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which there exists a boundary point (x0 , y0 ) on x + y = t0 such that δ(x0 , y0 ) = 0.
Since the continuation points on x + y = t0 (if any) form an interval, they all lie on
the same side of (x0 , y0 ). Suppose, without loss of generality, that (x0 , y0 ) lies to
the left and above Ct0 , and let (x1 , y1 ) be that boundary point on x + y = t0 above
Ct0 and with δ(x, y) = 0, which has the smallest x-coordinate. Then, all boundary
points with δ(x, y) = 0 satisfy t ≥ t0 and x ≥ x1 . It follows that for all 0 < p < 1
E[δ(X, Y )] = N (x1 , y1 )δ(x1 , y1 )p x1 q t0 −x1 + p x1 +1 R(p) = 0
where R(p) is a polynomial in p. Dividing by p x1 and letting p → 0, we see that
δ(x1 , y1 ) = 0, which is a contradiction.
✷
Fixed binomial sampling satisfies the conditions of the theorem, but, there (and
for inverse binomial sampling), completeness follows already from the fact that it
leads to a full-rank exponential family (5.1) with s = 1. An example in which this is
not the case is curtailed binomial sampling, in which sampling is continued as long
as X < a, Y < b, and X + Y < n(a, b < n) and is stopped as soon as one of the
three boundaries is reached (Problem 3.11). Double sampling and curtailed double
sampling provide further applications of the theory. (See Girshick, Mosteller, and
Savage 1946; see also Kremers 1986.)
The discrete distributions considered so far were all generated by binomial trials.
A large class of examples is obtained by considering one-parameter exponential
families (5.2) in which T (x) is integer-valued. Without loss of generality, we shall
take T (x) to be x and the distribution of X to be given by
P (X = x) = eηx−B(η) a(x).

(3.8)

Putting θ = eη , we can write (3.8) as
(3.9)

P (X = x) = a(x)θ x /C(θ ),

x = 0, 1, . . . ,

θ > 0.

x

For any function a(x) for which a(x)θ < ∞ for some θ > 0, this is a family
of power series distributions (Problems 1.5.14–1.5.16).
 The binomial distribution
n
b(p, n) is obtained from (3.9) by putting a(x) =
for x = 0, 1, . . . , n, and
x
a(x) = 0 otherwise; θ = p/q and 
C(θ ) = (θ + 1)n . The negative binomial dism+x−1
tribution with a(x) =
, θ = q, and C(θ ) = (1 − θ)−m is another
m−1
example. The family (3.9) is clearly complete. If a(x) > 0 for all x = 0, 1, . . . ,
then θ r is U -estimable for any positive integer r, and its unique unbiased estimator
is obtained by solving the equations
∞

δ(x)a(x)θ x = θ r · C(θ)

for all θ ∈

.

x=0

Since a(x)θ x = C(θ ), comparison of the coefficients of θ x yields
(3.10)

δ(x) =

0
a(x − r)/a(x)

if x = 0, . . . , r − 1
if x ≥ r.

Suppose, next, that X1 , . . . , Xn are iid according to a power series family (3.9).
Then, X1 + · · · + Xn is sufficient for θ, and its distribution is given by the following
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lemma.
Lemma 3.6 The distribution of T = X1 + · · · + Xn is the power series family
P (T = t) =

(3.11)

A(t, n)θ t
,
[C(θ )]n

where A(t, n) is the coefficient of θ t in the power series expansion of [C(θ )]n .
Proof. By definition,
P (T = t) = θ t
t

a(x1 ) · · · a(xn )
[C(θ )]n

where t indicates that the summation extends over all n-tuples of integers
(x1 , . . . , xn ) with x1 + · · · + xn = t. If
B(t, n) =

(3.12)

t

a(x1 ) · · · a(xn ),

the distribution of T is given by (3.11) with B(t, n) in place of A(t, n). On the
other hand,
n

[C(θ)]n =

∞

a(x)θ x

,

x=0

and for any t = 0, 1, . . . , the coefficient of θ t in the expansion of the right side as
a power series in θ is just B(t, n). Thus, B(t, n) = A(t, n), and this completes the
proof.
✷
It follows from the lemma that T is complete and from (3.10) that the UMVU
estimator of θ r on the basis of a sample of n is

0
if t = 0, . . . , r − 1
δ(t) = A(t − r, n)
(3.13)
if t ≥ r.

A(t, n)
Consider, next, the problem of estimating the probability distribution of X from
a sample X1 , . . . , Xn . The estimand can be written as
g(θ ) = Pθ (X1 = x)
and the UMVU estimator is therefore given by
δ(t) = P [X1 = x|X1 + · · · + Xn = t]
P (X1 = x)P (X2 + · · · + Xn = t − x)
=
.
P (T = t)
In the present case, this reduces to
(3.14)

δ(t) =

a(x)A(t − x, n − 1)
,
A(t, n)

n > 1,

0 ≤ x ≤ t.

Example 3.7 Poisson UMVU estimation. The Poisson distribution, shown in
Table 1.5.1, arises as a limiting case of the binomial distribution for large n and
small p, and more generally as the number of events occurring in a fixed time
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period when the events are generated by a Poisson process. The distribution P (θ )
of a Poisson variable with expectation θ is given by (3.9) with
a(x) =

(3.15)

1
,
x!

C(θ) = eθ .

Thus, [C(θ )]n = enθ and

nt
.
t!
r
The UMVU estimator of θ is therefore, by (3.13), equal to
A(t, n) =

(3.16)

t(t − 1) · · · (t − r + 1)
nr
for all t ≥ r. Since the right side is zero for t = 0, . . . , r − 1, formula (3.17) holds
for all r.
The UMVU estimator of Pθ (X = x) is given by (3.14), which, by (3.16), becomes
   x 

1
n − 1 t−x
t
δ(t) =
, x = 0, 1, . . . , t.
x
n
n
For varying x, this is the binomial distribution b(1/n, t).
In some situations, Poisson variables are observed only when they are positive.
For example, suppose that we have a sample from a truncated Poisson distribution
(truncated on the left at 0) with probability function
(3.17)

δ(t) =

1 θx
,
eθ − 1 x!
This is a power series distribution with
(3.18)

P (X = x) =

a(x) =

1
x!

if x ≥ 1,

x = 1, 2, . . . .

a(0) = 0,

and

C(θ) = eθ − 1.
For any values of t and n, the UMVU estimator δ(t) of θ , for example, can now
be obtained from (3.13). (See Problems 3.18–3.22; for further discussion, see Tate
and Goen 1958.)

We next consider some multiparameter situations.
Example 3.8 Multinomial UMVU estimation. Let (X0 , X1 , . . . , Xn ) have the
multinomial distribution (5.4). As was seen in Example 1.5.3, this is an s-parameter
exponential family, with (X1 , . . ., Xs ) or (X0 , X1 , . . . , Xs ) constituting a complete
sufficient statistic. [Recall that X0 = n − (X1 + · · · + Xs ).] Since E(Xi ) = npi , it
follows that Xi /n is the UMVU estimator of pi . To obtain the UMVU estimator of
pi pj , note that one unbiased estimator is δ = 1 if the first trial results in outcome
i and the second trial in outcome j , and δ = 0 otherwise. The UMVU estimator of
pi pj is therefore
)
(n − 2)!Xi Xj
X i Xj
n!
E(δ|X0 , . . . , Xs ) =
=
.

X0 ! · · · Xs ! n(n − 1)
X0 ! · · · Xs !
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Table 3.1. I × J Contingency Table
B 1 · · · BJ

Total

n11 · · · n1J

A1
..
.
AI

n I 1 · · · nI J

n1+
..
.
nI +

Total

n+1 · · · n+J

n

In the application of multinomial models, the probabilities p0 , . . . , ps are frequently subject to additional restrictions, so that the number of independent parameters is less than s. In general, such a restricted family will not constitute a full-rank
exponential family, but may be a curved exponential family. There are, however,
important exceptions. Simple examples are provided by certain contingency tables.
Example 3.9 Two-way contingency tables. A number n of subjects is drawn at
random from a population sufficiently large that the drawings can be considered
to be independent. Each subject is classified according to two characteristics: A,
with possible outcomes A1 , . . . , AI , and B, with possible outcomes B1 , . . . , BJ .
[For example, students might be classified as being male or female (I = 2) and
according to their average performance (A, B, C, D, or F ; J = 5).] The probability
that a subject has properties (Ai , Bj ) will be denoted by pij and the number of
such subjects in the sample by nij . The joint distribution of the I J variables nij
is an unrestricted multinomial distribution with s = I J − 1, and the results of the
sample can be represented in an I × J table, such as Table 3.1. From Example 3.8,
it follows that the UMVU estimator of pij is nij /n.
A special case of Table 3.1 arises when A and B are independent, that is, when
pij = pi+ p+j where pi+ = pi1 + · · · + piJ and p+j = p1j + · · · + pIj . The joint
probability of the I J cell counts then reduces to
 n +  n+j
n!
#
pi+i
p+j .
n
!
ij
i,j
i
j
This is an (I + J − 2)-parameter exponential family with the complete sufficient
statistics (ni+ , n+j ), i = 1, . . . , I , j = 1, . . . , J , or, equivalently, i = 1, . . . , I − 1,
j = 1, . . . , J − 1. In fact, (n1+ , . . . , nI + ) and (n+1 , . . . , n+J ) are independent,
with multinomial distributions M(p1+ , . . . , pI + ; n) and M(p+1 , . . . , p+J ; n), respectively (Problem 3.27), and the UMVU estimators of pi+ , p+j and pij = pi+ p+j
are, therefore, ni+ /n, n+j /n and ni+ n+j /n2 , respectively.

When studying the relationship between two characteristics A and B, one may
find A and B to be dependent although no mechanism appears to exist through
which either factor could influence the other. An explanation is sometimes found
in the dependence of both factors on a common third factor, C, a phenomenon
known as spurious correlation. The following example describes a model for this
situation.
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Example 3.10 Conditional independence in a three-way table. In the situation
of Example 3.9, suppose that each subject is also classified according to a third
factor C as C1 , . . . , or CK . [The third factor for the students of Example 3.9
might be their major (History, Physics, etc.).] Consider this situation under the
assumption that conditionally given Ck (k = 1, . . . , K), the characteristics A and
B are independent, so that
pij k = p++k pi+|k p+j |k

(3.19)

where pi+|k , p+j |k , and pij |k denote the probability of the subject having properties
Ai , Bj , or (Ai , Bj ), respectively, given that it has property Ck .
After some simplification, the joint probability of the I J K cell counts nij k is
seen to be proportional to (Problem 3.28)


 n  n  n+j k

nij k
++k
i+k
(3.20)
p++k
(p++k pi+|k p+j |k ) =
pi+|k
p+j |k .
i,j,k

k

i

j

This is an exponential family of dimension
(K − 1) + K(I + J − 2) = K(I + J − 1) − 1
with complete sufficient statistics T = {(n++k , ni+k , n+j k ), i = 1, . . . , I , j =
1, . . . , J , k = 1, . . . , K}. Since the expectation of any cell count is n times the
probability of that cell, the UMVU estimators of p++k , pi+k , and p+j k are n++k /n,
ni+k /n, and n+j k /n, respectively.

Consider, now, the estimation of the probability pij k . The unbiased estimator
δ0 = nij k /n, which is UMVU in the unrestricted model, is not a function of
T and hence no longer UMVU. The relationship (3.19) suggests the estimator
δ1 = (n++k /n) · (ni+k /n++k ) · (n+j k /n++k ), which is a function of T . It is easy to
see (Problem 3.30) that δ1 is unbiased and hence is UMVU. (For additional results
concerning the estimation of the parameters of this model, see Cohen 1981, or
Davis 1989.)
To conclude this section, an example is provided in which the UMVU estimator
fails completely.
Example 3.11 Misbehaved UMVU estimator. Let X have the Poisson distribution P (θ ) and let g(θ ) = e−aθ , where a is a known constant. The condition of
unbiasedness of an estimator δ leads to
(1 − a)x θ x
δ(x)θ x
= e(1−a)θ =
x!
x!
and hence to
(3.21)
δ(X) = (1 − a)X .
Suppose a = 3. Then, g(θ) = e−3θ , and one would expect an estimator which
decreases from 1 to 0 as X goes from 0 to infinity. The ML estimator e−3X meets
this expectation. On the other hand, the unique unbiased estimator δ(x) = (−2)x
oscillates wildly between positive and negative values and appears to bear no
relation to the problem at hand. (A possible explanation for this erratic behavior is
suggested in Lehmann (1983).) It is interesting to see that the difficulty disappears
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if the
sample size is increased. If X1 , · · · , Xn are iid according to P (θ), then
T =
Xi is a sufficient statistic and has the Poisson P (nθ) distribution. The
condition of unbiasedness now becomes
δ(t)(nθ )t
(n − a)t θ t
= e(n−a)θ =
t!
t!
and the UMVU estimator is

a T
δ(T ) = 1 −
(3.22)
.
n
This is quite reasonable as soon as n > a.

4 Nonparametric Families
Section 2.2 was concerned with continuous parametric families of distributions
such as the normal, uniform, or exponential distributions, and Section 2.3 with
discrete parametric families such as the binomial and Poisson distributions. We
now turn to nonparametric families in which no specific form is assumed for the
distribution.
We begin with the one-sample problem in which X1 , . . . , Xn are iid with distribution F ∈ F. About the family F, we shall make only rather general assumptions,
for example, that it is the family of distributions F which have a density, or are continuous, or have first moments, and so on. The estimand g(F ) might, for example,
be E(Xi ) = x dF (x), or var Xi , or P (Xi ≤ a) = F (a).
It was seen in Problem 1.6.33 that for the family F0 of all probability densities,
the order statistics X(1) < · · · < X(n) constitute a complete sufficient statistic, and
the hint given there shows that this result remains valid if F0 is further restricted by
requiring the existence of some moments.2 (For an alternative proofs, see TSH2,
Section 4.3. Also, Bell, Blackwell, and Breiman (1960) show the result is valid for
the family of all continuous distributions.)
An estimator δ(X1 , . . . , Xn ) is a function of the order statistics if and only if
it is symmetric in its n arguments. For families F for which the order statistics
are complete, there can therefore exist at most one symmetric unbiased estimator
of any estimand, and this is UMVU. Thus, to find the UMVU estimator of any
U -estimable g(F ), it suffices to find a symmetric unbiased estimator.
Example 4.1 Estimating the distribution function. Let g(F ) = P (X ≤ a) =
F (a), a known. The natural estimator is the number of X’s which are ≤ a, divided by N. The number of such X’s is the outcome of n binomial trials with
success probability F (a), so that this estimator is unbiased for F (a). Since it is
also symmetric, it is the UMVU estimator. This can be paraphrased by saying
that the empirical cumulative distribution function is the UMVU estimator of the
unknown true cumulative distribution function.
Note. In the normal case of Section 2.2, it was possible to find unbiased estimators
not only of P (X ≤ u) but also of the probability density pX (u) of X. No unbiased
2

The corresponding problem in which the values of some moments (or expectations of other functions)
are given is treated by Hoeffding (1977) and N. Fisher (1982).
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estimator of the density exists for the family F0 . For proofs, see Rosenblatt 1956,
and Bickel and Lehmann 1969, and for further discussion of the problem of estimating a nonparametric density see Rosenblatt 1971, the books by Devroye and
Gyoerfi (1985), Silverman (1986), or Wand and Jones (1995), and the review article by Izenman (1991). Nonparametric density estimation is an example of what
Liu and Brown (1993) call singular problems, which pose problems for unbiased
estimation. See Note 8.3.

Example 4.2 Nonparametric UMVU estimation of a mean. Let us now further
restrict F0 , the class of all distributions F having a density, by adding the condition
E|X| < ∞, and let g(F ) = xf (x) dx. Since X̄ is symmetric and unbiased for
g(F ), X̄ is UMVU. An alternative proof of this result is obtained by noting that X1
is unbiased for g(F ). The UMVU estimator is found by conditioning on the order
statistics; E[X1 |X(1) , . . . , X(n) ]. But, given the order statistics, X1 assumes each
value with probability 1/n. Hence, the above conditional expectation is equal to
(1/n)X(i) = X̄.
In Section 2.2, it was shown that X̄ is UMVU for estimating E(Xi ) = ξ in the
family of normal distributions N (ξ, σ 2 ); now it is seen to be UMVU in the family
of all distributions that have a probability density and finite expectation. Which of
these results is stronger? The uniformity makes the nonparametric result appear
much stronger. This is counteracted, however, by the fact that the condition of
unbiasedness is much more restrictive in that case. Thus, the number of competitors
which the UMVU estimator “beats” for such a wide class of distributions is quite
small (see Problem 4.1). It is interesting in this connection to note that, for a
family intermediate between the two considered here, the family of all symmetric
distributions having a probability density, X̄ is not UMVU (Problem 4.4; see also
Bickel and Lehmann 1975-1979).

Example 4.3 Nonparametric UMVU estimation of a variance. Let g(F ) =
var X. Then [(Xi − X̄)2 ]/(n−1) is symmetric and unbiased, and hence is UMVU.

Example 4.4 Nonparametric UMVU estimation of a second moment. Let
g(F ) = ξ 2 , where ξ = EX. Now, σ 2 = E(X 2 ) − ξ 2 and a symmetric unbiased
estimator of E(X2 ) is Xi2 /n. Hence, the UMVU estimator of ξ 2 is Xi2 /n −
(Xi − X̄)2 /(n − 1).
An alternative derivation of this result is obtained by noting that X1 X2 is unbiased for ξ 2 . The UMVU estimator of ξ 2 can thus be found by conditioning:
E[X1 , X2 |X(1) , . . . , X(n) ]. But, given the order statistics, the pair {X1 , X2 } assumes
the value of each pair {X(i) , X(j ) }, i = j , with probability 1/n(n − 1). Hence, the
above conditional expected value is
1
n(n − 1)
which is equivalent to the earlier result.

Xi Xj ,
i=j



Consider, now, quite generally a function g(F ) which is U -estimable in F0 .
Then, there exists an integer m ≤ n and a function δ(X1 , . . . , Xm ), which is
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unbiased for g(F ). We can assume without loss of generality that δ is symmetric
in its m arguments; otherwise, it can be symmetrized. Then, the estimator
(4.1)



1

δ(Xi1 , . . . , Xim )
n (i1 ,...,im )
m

is UMVU for g(F ); here, the sum is over all m-tuples (i1 , . . . , im ) from the integers
1, 2, . . . , n with i1 < · · · < im . That this estimator
 is UMVU follows from the
n
facts that it is symmetric and that each of the
summands has expectation
m
g(F ).
The class of statistics (4.1) called U -statistics was studied by Hoeffding (1948)
who, in particular, gave conditions for their asymptotic normality; for further work
on U -statistics, see Serfling 1980, Staudte and Sheather 1990, Lee 1990, or Koroljuk and Borovskich 1994.
Two problems suggest themselves:
(a) What kind of functions g(F ) have unbiased estimators, that is, are U -estimable?
(b) If a functional g(F ) has an unbiased estimator, what is the smallest number
of observations for which the unbiased estimator exists? We shall call this
smallest number the degree of g(F ).
(For the case that F assigns positive probability only to the two values 0 and 1,
these equations are answered in the preceding section.)
Example 4.5 Degree of the variance. Let g(F ) be the variance σ 2 of F . Then
g(F ) has an unbiased estimator in the subset F0 of F02 with EF X 2 < ∞ and n = 2
observations, since (Xi − X̄)2 /(n − 1) = 21 (X2 − X1 )2 is unbiased for σ 2 . Hence,
the degree of σ 2 is ≤ 2. Furthermore, since in the normal case with unknown mean
there is no unbiased estimator of σ 2 based on only one observation (Problem 2.7),
there is no such estimator within the class F0 . It follows that the degree of σ 2 is 2.

We shall now give another proof that the degree of σ 2 in this example is greater
than 1 to illustrate a method that is of more general applicability for problems of
this type.
Let g be any estimand that is of degree 1 in F0 . Then, there exists δ such that

δ(x)dF (x) = g(F ), for all F ∈ F0 .
Fix two arbitrary distributions F1 and F2 in calF 0 with F1 = F2 , and let F =
αF1 + (1 − α)F2 , 0 ≤ α ≤ 1. Then,


(4.2) g[αF1 + (1 − α)F2 ] = α δ(x)dF1 (x) + (1 − α) δ(x)dF2 (x).
Then, αF1 + (1 − α)F2 is also in calF 0 , and as a function of α, the right-hand side
is linear in α. Thus, the only g’s that can be of degree 1 are those for which the
left-hand side is linear in α.
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Now, consider
g(F ) = αF2 = E(X 2 ) − [EX]2 .
In this case,
(4.3)

2
σαF
= αE(X12 ) + (1 − α)E(X22 ) − [αEX1 + (1 − α)EX2 ]2
1 +(1−α)F2

where Xi is distributed according to Fi . The coefficient of α 2 on the right-hand
side is seen to be −[E(X2 ) − E(X1 )]2 . Since this is not zero for all F1 , F2 ∈ F0 ,
the right-hand side is not linear in α, and it follows that σ 2 is not of degree 1. 
Generalizing (4.2), we see that if g(F ) is of degree m, then

 g[αF1 + (1 − α)F2 ]
= · · · δ(x1 , . . . , xm )d[αF1 (x1 ) + (1 − α)F2 (x1 )] · · ·
(4.4)

is a polynomial of degree at most m,
which is thus a necessary condition for g to be estimable with m observations.
Conditions for (4.4) to be also sufficient are given by Bickel and Lehmann (1969).
Condition (4.4) may also be useful for proving that there exists no value of n
for which a functional g(F ) has an unbiased estimate.
Example 4.6 Nonexistence of unbiased estimator. Let g(F ) = σ . Then g[αF1 +
(1 − α)F2 ] is the square root of the right-hand side of (4.3). Since this quadratic
in α is not a perfect square for all F1 , F2 ∈ F0 , it follows that its square root is not
a polynomial. Hence σ does not have an unbiased estimator for any fixed number
n of observations.

Let us now turn from the one-sample to the two-sample problem. Let X1 , . . . , Xm
and Y1 , . . . , Yn be independently distributed according to distributions F and G ∈
F0 . Then the order statistics X(1) < · · · < X(m) and Y(1) < · · · < Y(n) are sufficient
and complete (Problem 4.5). A statistic δ is a function of these order statistics if
and only if δ is symmetric in the Xi ’s and separately symmetric in the Yj ’s.
Example 4.7 Two-sample UMVU estimator. Let h(F, G) = E(Y )−E(X). Then
Ȳ − X̄ is unbiased for h(F, G). Since it is a function of the complete sufficient
statistic, it is UMVU.

The concept of degree runs into difficulty in the present case. Smallest values m0
and n0 are sought for which a given functional h(F, G) has an unbiased estimator.
One possibility is to find the smallest m for which there exists an n such that
h(F, G) has an unbiased estimator, and to let m0 and n0 be the smallest values so
determined. This procedure is not symmetric in m and n. However, it can be shown
that if the reverse procedure is used, the same minimum values are obtained. [See
Bickel and Lehmann, (1969)].
As a last illustration, let us consider the bivariate nonparametric problem. Let
(X1 , Y1 ), . . . , (Xn , Yn ) be iid according to a distribution F ∈ F, the family of
all bivariate distributions having a probability density. In analogy with the order
statistics in the univariate case, the set of pairs
T = {[X(1) , Yj1 ], . . . , [X(n) , Yjn ]}
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that is, the n pairs (Xi , Yi ), ordered according to the value of their first coordinate,
constitute a sufficient statistic. An equivalent statistic is
T  = {[Xi1 , Y(1) ], . . . , [Xin , Y(n) ]},
that is, the set of pairs (Xi , Yi ) ordered according to the value of the second coordinate. Here, as elsewhere, the only aspect of T that matters is the set of points
to which T assigns a constant value. In the present case, these are the n! points
that can be obtained from the given point [(X1 , Y1 ), . . . , (Xn , Yn )] by permuting
the n pairs. As in the univariate case, the conditional probability of each of these
permutations given T or T  is 1/n!. Also, as in the univariate case, T is complete
(Problem 4.10).
An estimator δ is a function of the complete sufficient statistic if and only if δ is
invariant under permutation of the n pairs. Hence, any such function is the unique
UMVU estimator of its expectation.
Example 4.8 U -estimation of covariance. The estimator (Xi −X̄) (Yi −Ȳ )/(n−
1) is UMVU for cov(X, Y ) (Problem 4.8).


5 The Information Inequality
The principal applications of UMVU estimators are to exponential families, as
illustrated in Sections 2.2–2.3. When a UMVU estimator does not exist, the variance VL (θ0 ) of the LMVU estimator at θ0 is the smallest variance that an unbiased
estimator can achieve at θ0 . This establishes a useful benchmark against which to
measure the performance of a given unbiased estimator δ. If the variance of δ is
close to VL (θ ) for all θ, not much further improvement is possible. Unfortunately,
the function VL (θ ) is usually difficult to determine. Instead, in this section, we shall
derive some lower bounds which are typically not sharp [i.e., lie below VL (θ )] but
are much simpler to calculate. One of the resulting inequalities for the variance, the
information inequality, will be used in Chapter 5 as a tool for minimax estimation.
However, its most important role is in Chapter 6, where it provides insight and
motivation for the theory of asymptotically efficient estimators.
For any estimator δ of g(θ ) and any function ψ(x, θ) with a finite second moment, the covariance inequality (Problem 1.5) states that
(5.1)

var(δ) ≥

[cov(δ, ψ)]2
.
var(ψ)

In general, this inequality is not helpful since the right side also involves δ. However, when cov(δ, ψ) depends on δ only through Eθ (δ) = g(θ ), (5.1) does provide
a lower bound for the variance of all unbiased estimators of g(θ). The following
result is due to Blyth (1974).
Theorem 5.1 A necessary and sufficient condition for cov(δ, ψ) to depend on δ
only through g(θ) is that for all θ
(5.2)

cov(U, ψ) = 0

for all U ∈ U,
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where U is the class of statistics defined in Theorem 1.1, that is,
U = {U : Eθ U = 0, Eθ U 2 < ∞ , for all θ ∈

}.

Proof. To say that cov(δ, ψ) depends on δ only through g(θ ) is equivalent to
saying that for any two estimators δ1 and δ2 with Eθ δ1 = Eθ δ2 for all θ , we have
cov(δ1 , ψ) = cov(δ2 , ψ). The proof of the theorem is then easily established by
writing
(5.3)

cov(δ1 , ψ) − cov(δ2 , ψ) = cov(δ1 − δ2 , ψ)
= cov(U, ψ)

and noting that therefore, cov(δ1 , ψ) = cov(δ2 , ψ) for all δ1 and δ2 if and only if
cov(U, ψ) = 0 for all U .
✷
Example 5.2 Hammersley-Chapman-Robbins inequality. Suppose X is distributed with density pθ = p(x, θ), and for the moment, suppose that p(x, θ) > 0
for all x. If θ and θ + W are two values for which g(θ) = g(θ + W), then the function
p(x, θ + W)
(5.4)
−1
ψ(x, θ) =
p(x, θ)
satisfies the conditions of Theorem 5.1 since
Eθ (ψ) = 0

(5.5)
and hence

cov(U, ψ) = E(ψU ) = Eθ+W (U ) − Eθ (U ) = 0.
In fact,
cov(δ, ψ) = Eθ (δψ) = g(θ + W) − g(θ ),
so that (5.1) becomes

2
p(X, θ + W)
(5.6)
−1 .
var(δ) ≥ [g(θ + W) − g(θ)]2 /Eθ
p(X, θ)
Since this inequality holds for all W, it also holds when the right side is replaced
by its supremum over W. The resulting lower bound is due to Hammersley (1950)
and Chapman and Robbins (1951).

In this inequality, the assumption of a common support for the distributions pθ
can be somewhat relaxed. If S(θ ) denotes the support of pθ , (5.6) will be valid
provided S(θ + W) is contained in S(θ). In taking the supremum over W, attention
must then be restricted to the values of W for which this condition holds.
When certain regularity conditions are satisfied, a classic inequality is obtained
by letting W → 0 in (5.4). The inequality (5.6) is unchanged if (5.4) is replaced
by
pθ+W − pθ 1
,
W
pθ
which tends to ((∂/∂θ )pθ )/pθ as W → 0, provided pθ is differentiable with respect
to θ . This suggests as an alternative to (5.4)
(5.7)

ψ(x, θ) =

∂
p(x, θ)/p(x, θ).
∂θ
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Since for any U ∈ U, clearly (d/dθ)Eθ (U ) = 0, ψ will satisfy (5.2), provided

Eθ (U ) = Upθ dµ
can be differentiated with respect to θ under the integral sign for all U ∈ U. To
obtain the resulting lower bound, let pθ = (∂pθ /∂θ ) so that

cov(δ, ψ) = δpθ dµ.
If differentiation under the integral sign is permitted in

δpθ dµ = g(θ ),
it then follows that
(5.8)

cov(δ, ψ) = g  (θ)

and hence

[g  (θ)]2
.
∂
var
log p(X, θ)
∂θ
The assumptions required for this inequality will be stated more formally in Theorem 5.15, where we will pay particular attention to requirements on the estimator.
Pitman (1979, Chapter 5) provides an interesting interpretation of the inequality
and discussion of the regularity assumptions.
The function ψ defined by (5.7) is the relative rate at which the density pθ
changes at x. The average of the square of this rate is denoted by

2    2
∂
pθ
I (θ ) = Eθ
log p(X, θ) =
(5.10)
pθ dµ.
∂θ
pθ
var(δ) ≥

(5.9)



It is plausible that the greater this expectation is at a given value θ0 , the easier it
is to distinguish θ0 from neighboring values θ, and, therefore, the more accurately
θ can be estimated at θ = θ0 . (Under suitable assumptions this surmise turns out
to be correct for large samples; see Chapter 6.) The quantity I (θ ) is called the
information (or the Fisher information) that X contains about the parameter θ.
It is important to realize that I (θ) depends on the particular parametrization
chosen. In fact, if θ = h(ξ ) and h is differentiable, the information that X contains
about ξ is
I ∗ (ξ ) = I [h(ξ )] · [h (ξ )]2 .
(5.11)
When different parameterizations are considered in a single problem, the notation
I (θ) is inadequate; however, it suffices for most applications.
To obtain alternative expressions for I (θ) that sometimes are more convenient,
let us make the following assumptions:
(a)

is an open interval (finite, infinite, or semi-infinite).

(b)

The distributions Pθ have common support, so that
without loss of generality the set A = {x : pθ (x) > 0}
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is independent of θ.
For any x in A and θ in , the derivative
pθ (x) = ∂pθ (x)/∂θ exists and is finite.

Lemma 5.3
(a) If (5.12) holds, and the derivative with respect to θ of the left side of

pθ (x) dµ(x) = 1
(5.13)
can be obtained by differentiating under the integral sign, then


∂
Eθ
log pθ (X) = 0
(5.14)
∂θ


and
I (θ ) = var θ

(5.15)


∂
log pθ (X) .
∂θ

(b) If, in addition, the second derivative with respect to θ of log pθ (x) exists for
all x and θ and the second derivative with respect to θ of the left side of (5.13)
can be obtained by differentiating twice under the integral sign, then
 2

∂
I (θ ) = −Eθ
(5.16)
log
p
(X)
.
θ
∂θ 2
Proof.
(a) Equation (5.14) is derived by differentiating (5.13), and (5.15) follows from
(5.10) and (5.14).
(b) We have

 ∂
2
∂2
p
p
(x)
(x)
θ
θ
2
∂


log pθ (x) = ∂θ
−  ∂θ
 ,
∂θ 2
pθ (x)
pθ (x)
2

and the result follows by taking the expectation of both sides.
✷
Let us now calculate I (θ) for some of the families discussed in Sections 1.4 and
1.5.
We first look at exponential families with s = 1, given in Equation (1.5.1), and
derive a relationship between some unbiased estimators and information.
Theorem 5.4 Let X be distributed according to the exponential family (5.1) with
s = 1, and let
τ (θ) = Eθ (T ),
(5.17)
the so-called mean-value parameter. Then, T
(5.18)

I [τ (θ)] =

1
.
var θ (T )
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Proof. From Equation (5.15), the amount of information that X contains about
θ, I (θ ), is


∂
I (θ ) = var θ
log pθ (X)
∂θ
= var θ [η (θ)T (X) − B  (θ)]
(5.19)
(from (1.5.1))
= [η (θ)]2 var(T ).
Now, from (5.11), the information I [τ (θ )] that X contains about τ (θ), is given by
I (θ)
[τ  (θ)]2
  2
η (θ)
= 
var(T ).
τ (θ)

I [τ (θ)] =
(5.20)

Finally, using the fact that τ (θ) = B  (θ)/η (θ) [(Problem 1.5.6)], we have
 2 1/2
B  (θ) − η (θ)τ (θ )
τ (θ )
var(T ) =
(5.21)
=
[η (θ)]2
η2 (θ )
and substituting (5.21) into (5.20) yields (5.18).

✷

If we combine Equations (5.11) and (5.19), then for any differentiable function
h(θ ), we have
  2
η (θ)
I [h(θ )] = 
(5.22)
var(T ).
h (θ)
Example 5.5 Information in a gamma variable. Let X ∼ Gamma(α, β), where
we assume that α is known. The density is given by
(5.23)

1
x α−1 e−x/β
H(α)β α
= e(−1/β)x−α log(β) h(x)

pβ (x) =

with h(x) = x α−1 / H(α). In this parametrization, η(β) = −1/β, T (x) = x and
B(β) = α log(β). Thus, E(T ) = αβ, var(T ) = αβ 2 , and the information in X about
αβ is I (αβ) = 1/αβ 2 .
If we are instead interested in the information in X about β, then we can reparameterize (5.23) using η(β) = −α/β and T (x) = x/α. From (5.22), we have,
quite generally, that I [ch(θ)] = c12 I [h(θ)], so the information in X about β is
I (β) = α/β 2 .

Table 5.1 gives I [τ (θ)] for a number of special cases.
Qualitatively, I [τ (θ )] given by (5.18) behaves as one would expect. Since T is
the UMVU estimator of its expectation τ (θ), the variance of T is a measure of the
difficulty of estimating τ (θ). Thus, the reciprocal of the variance measures the ease
with which τ (θ ) can be estimated and, in this sense, the information X contains
about τ (θ).
Example 5.6 Information in a normal variable. Consider the case of the N (ξ, σ 2 )
distribution with σ known, when the interest is in estimation of ξ 2 . The density is
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Table 5.1. I [τ (θ )] for Some Exponential Families
Distribution

Parameter τ (θ )

I (τ (θ))

ξ
σ2
p
λ
β

1/σ 2
1/2σ 4
n/pq
1/λ
α/β 2

N (ξ, σ 2 )
N (ξ, σ 2 )
b(p, n)
P (λ)
H(α, β)

given by
pξ (x) = √

1

e− 2σ 2 (x−ξ )
1

2

2π σ
= eη(ξ )T (x)−B(ξ ) h(x)

with η(ξ ) = ξ, T (x) = x/σ 2 , B(ξ ) = 21 ξ 2 /σ 2 , and h(x) = e−x
information in X about h(ξ ) = ξ 2 is given by
  2
η (ξ )
1
2
var(T ) = 2 2 .
I (ξ ) = 
h (ξ )
4ξ σ

2

/2σ 2

√
/ 2π . The

Note that we could have equivalently defined η(ξ ) = ξ/σ 2 , T (x) = x and arrived
at the same answer.

Example 5.7 Information about a function of a Poisson parameter. Suppose
that X has the Poisson (λ) distribution, so that I [λ], the information X contains
about λ = E(X), is 1/λ. For η(λ) = log λ, which is an increasing function of
λ, I [log λ] = λ. Thus, the information in X about λ is inversely proportional to
that about log λ . In particular, for large values of λ, it seems that the parameter
log λ can be estimated quite accurately, although the converse is true for λ. This
conclusion is correct and is explained by the fact the log λ changes very slowly
when λ is large. Hence, for large λ, even a large error in the estimate of λ will
lead to only a small error in log λ, whereas the situation is reversed for λ near
zero where log λ changes very
√rapidly. It is interesting to note that there exists a
function of λ [namely h(λ) = λ] whose behavior is intermediate between that of
h(λ) = λ and h(λ) = log λ, in that the amount of information X contains about it
is constant, independent of λ (Problem 5.6).

As a second class of distributions for which to evaluate I (θ ), consider location
families with density
(5.24)

f (x − θ)

(x, θ real-valued)

where f (x) > 0 for all x. Conditions (5.12) are satisfied provided the derivative
f  (x) of f (x) exists for all values of x. It is seen that I (θ ) is independent of θ and
given by (Problem 5.14)
 ∞ 
[f (x)]2
(5.25)
dx.
If =
−∞ f (x)
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Table 5.2. If for Some Standard Distributions
Distribution

N (0, 1)

L(0, 1)

C(0, 1)

DE(0, 1)

If

1

1/3

1/2

1

Table 5.2 shows If for a number of distributions (defined in Table 1.4.1).
Actually, the double exponential density does not satisfy the stated assumptions
since f  (x) does not exist at x = 0. However, (5.25) is valid under the slightly
weaker assumption that f is absolutely continuous [see (1.3.7)] which does hold
in the double exponential case. For this and the extensions below, see, for example,
Huber 1981, Section 4.4. On the other hand, it does not hold when f is the uniform
density on (0, 1) since f is then not continuous and hence, a fortiori, not absolutely
continuous. It turns out that whenever f is not absolutely continuous, it is natural to
put If equal to ∞. For the uniform distribution, for example, it is easier by an order
of magnitude to estimate θ (see Problem 5.33) than for any of the distributions
listed in Table 5.2, and it is thus reasonable to assign to If the value ∞. This
should be contrasted with the fact that f  (x) = 0 for all x = 0, 1, so that formal
application of (5.25) leads to the incorrect value 0.
When (5.24) is replaced by


x−θ
1
f
(5.26)
,
b
b
the amount of information about θ becomes (Problem 5.14)
If
b2

(5.27)

with If given by (5.25).
The information about θ contained in independent observations is, as one would
expect, additive. This is stated formally in the following result.
Theorem 5.8 Let X and Y be independently distributed with densities pθ and qθ ,
respectively, with respect to measures µ and ν satisfying (5.12) and (5.14).
If I1 (θ ), I2 (θ ), and I (θ ) are the information about θ contained in X, Y , and
(X, Y ), respectively, then
I (θ) = I1 (θ) + I2 (θ).
(5.28)
Proof. By definition,



2

∂
∂
log pθ (X) +
log qθ (Y )
I (θ ) = E
∂θ
∂θ

,

and the result follows from the fact that the cross-product is zero by (5.14).

✷

Corollary 5.9 If X1 , . . . , Xn are iid, satisfy (5.12) and (5.14), and each has information I (θ), then the information in X = (X1 , . . . , Xn ) is nI (θ ).
Let us now return to the inequality (5.9), and proceed to a formal statement of
when it holds. If (5.12), and hence (5.15), holds, then the denominator of the right
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side of (5.9) can be replaced by I (θ ). The result is the following version of the
Information Inequality.
Theorem 5.10 (The Information Inequality) Suppose pθ is a family of densities
with dominating measure µ for which (5.12) and (5.14) hold, and that I (θ ) > 0.
Let δ be any statistic with
(5.29)
Eθ (δ 2 ) < ∞
for which the derivative with respect to θ of Eθ (δ) exists and can be differentiated
under the integral sign, that is,

d
∂
Eθ (δ) =
δ pθ dµ.
(5.30)
dθ
∂θ
Then
(5.31)


var θ (δ) ≥

2
∂
Eθ (δ)
∂θ
.
I (θ)

Proof. The result follows from (5.9)and Lemma 5.3 and is seen directly by differentiating (5.30) and then applying (5.1).
✷
If δ is an estimator of g(θ), with
Eθ (δ) = g(θ) + b(θ)
where b(θ ) is the bias of δ, then (5.31) becomes
(5.32)

var θ (δ) ≥

[b (θ) + g  (θ)]2
,
I (θ)

which provides a lower bound for the variance of any estimator in terms of its bias
and I (θ ).
If δ = δ(X) where X = (X1 , . . . , Xn ) and if the X’s are iid, then by Corollary
5.9
[b (θ) + g  (θ)]2
(5.33)
var θ (δ) ≥
nI1 (θ)
where I1 (θ ) is the information about θ contained in X1 . Inequalities (5.32) and
(5.33) will be useful in Chapter 5.
Unlike I (θ), which changes under reparametrization, the lower bound (5.31),
and hence the bounds (5.32) and (5.33), does not. Let θ = h(ξ ) with h differentiable.
Then,
∂
∂
Eh(ξ ) (δ) =
Eθ (δ) · h (ξ ),
∂ξ
∂θ
and the result follows from (5.11). (See Problem 5.20.)
The lower bound (5.31) for var θ (δ) typically is not sharp. In fact, under suitable
regularity conditions, it is attained if and only if pθ (x) is an exponential family
(1.5.1) with s = 1 and T (x) = δ(x) (see Problem 5.17). However, (5.1) is based
on the Cauchy-Schwarz inequality, which has a well-known condition for equality
(see Problems 5.2 and 5.19). The bound (5.31) will be attained by an estimator if
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∂
log pθ (x) + b
∂θ
for some constants a and b (which may depend on θ).
δ=a

(5.34)

Example 5.11 Binomial attainment of information bound. For the binomial
distribution X ∼ b(p, n), we have




∂
∂
log pθ (x) + b = a
[x log p + (n − x) log(1 − p)] + b
δ=a
∂θ
∂p


x − np
=a
+b
p(1 − p)
with Eδ = b and var δ = na 2 /p(1 − p). This form for δ is the only form of function
for which the information inequality bound (5.31) can be attained. The function
δ is an estimator only if a = p(1 − p) and b = np. This yields δ = X, Eδ = np,
and var(δ) = np(1 − p). Thus, X is the only unbiased estimator that achieves the
information inequality bound (5.31).

Many authors have presented general necessary and sufficient conditions for
attainment of the bound (5.31) (Wijsman 1973, Joshi 1976, Müller-Funk et al.,
1989). The following theorem is adapted from Müller-Funk et al.
Theorem 5.12 Attainment. Suppose (5.12) holds, and δ is a statistic with var θ δ <
∞ for all θ ∈ . Then δ attains the lower bound

2 )
∂
I (θ )
Eθ δ
var θ δ =
∂θ
for all θ ∈
such that

if and only if there exists a continuously differentiable function ϕ(θ )
pθ (x) = C(θ )eϕ(θ)δ(x) h(x)

is a density with respect to a dominating measure µ(x) for suitably chosen C(θ )
and h(x), i.e., pθ (x) constitutes an exponential family.
Moreover, if Eθ δ = g(θ), then δ and g satisfy
  
g (θ) ∂
log pθ (x) + g(θ),
(5.35)
δ(x) =
I (θ ) ∂θ
g(θ) = −C  (θ)/C(θ)ϕ  (θ),
and I (θ) = ϕ  (θ )g  (θ ).
Note that the function δ specified in (5.35) may depend on θ . In such a case, δ is
not an estimator, and there is no estimator that attains the information bound.
Example 5.13 Poisson attainment of information bound. Suppose X is a discrete random variable with probability function that is absolutely continuous with
respect to µ = counting measure, and satisfies
Eλ X = var λ (X) = λ.
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If X attains the Information Inequality bound then λ = [∂/(∂λ)Eλ (X)]2 /I (λ) so
from Theorem 5.12 ϕ  (λ) = 1/λ and the distribution of X must be
pλ (x) = C(λ)e[log λ]x h(x).
Since g(θ ) = λ = −λC  (λ)/C(λ), it follows that C(λ) = e−λ , which implies
h(x) = x!, and pλ (x) is the Poisson distribution.

Some improvements over (5.31) are available when the inequality is not attained.
These will be briefly mentioned at the end of the next section.
Theorem 5.10 restricts the information inequality to estimators δ satisfying
(5.29) and (5.30). The first of these conditions imposes no serious restrictions
since any estimator satisfies (5.31) automatically. However, it is desirable to replace
(5.30) by a condition (on the densities pθ ) not involving δ, so that (5.31) will then
hold for all δ. Such conditions will be given in Theorem 5.15 below, with a more
detailed discussion of alternatives given in Note 8.6.
In reviewing the argument leading to (5.9), the conditions that were needed on
the estimator δ(x) were
(a) Eθ [δ 2 (X)] < ∞ for all θ

∂
∂
(b)
Eθ [δ(X)] =
(5.36)
δ(x)pθ (x) dµ(x) = g  (θ ).
∂θ
∂θ
The key point is to find a way to ensure that cov(δ, φ) = (∂/∂θ)Eθ δ, and hence
(5.30) holds. Consider the following argument, in which one of the steps is not
immediately justified. For qθ (x) = ∂ log pθ (x)/∂θ , write



∂
cov(δ, q) = δ(x)
log pθ (x) pθ (x)dx
∂θ



pθ+W (x) − pθ (x)
= δ(x) lim
pθ (x)dx
W→0
Wpθ (x)



pθ+W (x) − pθ (x)
?
δ(x)
(5.37)
= lim
pθ (x)dx
W→0
Wpθ (x)
Eθ+W δ(X) − Eθ δ(X)
= lim
W→0
W
∂
Eθ δ(X)
=
∂θ
Thus (5.30) will hold provided the interchange of limit and integral is valid. A
simple condition for this is given in the following lemma.
Lemma 5.14 Assume that (5.12(a)) and (5.12(b)) hold, and let δ be any estimator
for which Eθ δ 2 < ∞. Let qθ (x) = ∂ log pθ (x)/∂θ and, for some ε > 0, let bθ be a
function that satisfies


 pθ+W (x) − pθ (x) 
 ≤ bθ (x) for all |W| < ε.
(5.38) Eθ bθ2 (X) < ∞ and 

Wp (x)
θ

Then Eθ qθ (X) = 0 and
∂
(5.39)
Eθ δ(X) = Eδ(X)qθ (X) = covθ (δ, qθ ),
∂θ
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and thus (5.30) holds.
Proof. Since




δ(x) pθ+W (x) − pθ (x)  ≤ |δ(x)|b(x)|,


Wp (x)
θ

and
Eθ [|δ(x)|b(x)] ≤ {Eθ [δ(x)2 ]}1/2 {Eθ [b(x)2 ]}1/2 << ∞,
it follows from the Dominated Convergence Theorem (Theorem 1.2.5) that the
interchange of limit and integral in (5.37) is valid.
✷
An immediate consequence of Lemma 5.14 is the following theorem.
Theorem 5.15 Suppose pθ (x) is a family of densities with dominating measure
µ(x) satisfying (5.12), I (θ ) > 0, and there exists a function bθ and ε > 0 for which
(5.38) holds, If δ is any statistic for which Eθ (δ 2 ) << ∞, then the information
inequality (5.31) will hold.
We note that condition (5.38) is similar to what is known as a Lipschitz condition,
which imposes a smoothness constraint on a function by bounding the left side
of (5.38) by a constant. It is satisfied for many families of densities (see Problem
5.27), including of course the exponential family. We give one illustration here.
Example 5.16 Integrability. Suppose that X ∼ f (x − θ ), where f (x − θ ) is
Students t distribution with m degrees of freedom. It is not immediately obvious
that this family of densities satisfies (5.14), so we cannot directly apply Theorem
5.10. We leave the general case to Problem 5.27(b), and show here that the Cauchy
1
family (m = 1), with density pθ (x) = π1 1+(x−θ)
2 , satisfies (5.38). The left side of
(5.38) is
 


1
1 + (x − θ)2


 W 1 + (x − W − θ )2 − 1 


 1 1 + (x − θ)2 − 1 − (x − W − θ )2 


=

W
1 + (x − W − θ )2


2
 1 2W(x − θ) − W 

= 
W 1 + (x − W − θ )2 
|x − W − θ |
|W|
≤2
+
2
1 + (x − W − θ )
1 + (x − W − θ )2
≤ 2 + ε.
Here the last inequality follows from the facts that |W| << ε and |x|/(1 + x 2 ) ≤ 1
for all x . Condition (5.38) therefore holds with bθ (x) = 2 + ε, which verifies the
information inequality (5.31) for the Cauchy case.

As a consequence of Theorem 5.15, note
Corollary 5.17 If (5.38) holds, then (5.14) is valid.
Proof. Putting δ(x) = 1 in (5.29), we have that



∂
∂
d
(1) =
pθ dµ = Eθ
log pθ (X)
0=
dθ
∂θ
∂θ
✷
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6 The Multiparameter Case and Other Extensions
In discussing the information inequality, we have so far assumed that θ is realvalued. To extend the inequalities of the preceding section to the multiparameter
case, we begin by generalizing the inequality (5.1) to one involving several functions ψi (i = 1, . . . , r). This extension also provides a tool for sharpening the
inequality (5.31).
Theorem 6.1 For any unbiased estimator δ of g(θ ) and any functions ψi (x, θ)
with finite second moments, we have
var(δ) ≥ γ  C −1 γ ,

(6.1)

where γ  = (γ1 · · · γr ) and C = ||Cij || are defined by
(6.2)

γi = cov(δ, ψi ),

Cij = cov(ψi , ψj ).

The right side of (6.1) will depend on δ only through g(θ ) = Eθ (δ), provided each
of the functions ψi satisfies (5.2).
Proof. For any constants a1 , . . . , ar , it follows from (5.1) that
var(δ) ≥

(6.3)

[cov(δ, ai ψi )]2
,
var(ai ψi )

and direct calculation shows
(6.4)

cov(δ, ai ψi ) = ai γi = a  γ ,

var(ai ψi ) = a  Ca.

Since (6.3) is true for any vector a, from (6.4) and (5.1) we have
[a  γ ]2
= γ  C −1 γ ,
a
a  Ca
where we use the fact (see Problem 6.2) that if P is an r × r matrix and p an r × 1
column vector such that P = pp  , then
var(δ) ≥ max

(6.5)

max
a

aP a
= largest eigenvalue of Q−1 P
a  Qa
= p Q−1 p.
✷

As the first and principal application of (6.1), we shall extend the information
inequality (5.31) to the multiparameter case. Let X be distributed with density
pθ , θ ∈ , with respect to µ where θ is vector-valued, say θ = (θ1 , . . . , θs ).
Suppose that
(6.6)

(5.12)(a) and (b) hold, and in addition
(c) For any x in A, θ in , and i = 1, . . . , s,
the derivative ∂pθ (x)/∂θi exists and is finite.

In a generalization of (5.10), define the information matrix as the s × s matrix
(6.7)

I (θ ) = ||Iij (θ)||
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∂
∂
(6.8)
log pθ (X) ·
log pθ (X) .
Iij (θ ) = Eθ
∂θi
∂θj
If (6.6) holds and the derivative with respect to each θi of the left side of (5.13)
can be obtained by differentiating under the integral sign, one obtains, as in Lemma
5.3,


∂
(6.9)
log pθ (X) = 0
E
∂θi
and


∂
∂
log pθ (X),
(6.10)
log pθ (X) .
Iij (θ ) = cov
∂θi
∂θj
Being a covariance matrix, I (θ) is positive semidefinite and positive definite unless
the (∂/∂θi ) log pθ (X), i = 1, . . . , s, are affinely dependent (and hence, by (6.9),
linearly dependent).
If, in addition to satisfying (6.6) and (6.9), the density pθ also has second derivatives ∂ 2 pθ (x)/∂θi ∂θj for all i and j , there is in generalization of (5.16), an alternative expression for Iij (θ ) which is often more convenient (Problem 6.4),


∂2
(6.11)
log pθ (X) .
Iij (θ ) = −E
∂θi ∂θj
In the multiparameter situation with θ = (θi , . . . , θs ), Theorem 5.8 and Corollary
5.9 continue to hold with only the obvious changes, that is, information matrices
for independent observations are additive.
To see how an information matrix changes under reparametrization, suppose
that
(6.12)
θi = hi (ξ1 , . . . , ξs ), i = 1, . . . , s,
and let J be the matrix



 ∂θj 
 .
J = 
∂ξi 
Let the information matrix for (ξ1 , . . . , ξs ) be I ∗ (ξ ) = ||Iij∗ (ξ )|| where


∂
∂
(6.14)
log pθ(ξ ) (X) ·
log pθ (ξ ) (X) .
Iij∗ (ξ ) = E
∂ξi
∂ξj
(6.13)

Then, it is seen from the chain rule for differentiating a function of several variables
that (Problem 6.7)
∂θk ∂θl
(6.15)
Ikl (θ)
Iij∗ (ξ ) =
∂ξi ∂ξj
k
l
and hence that
(6.16)

I ∗ (ξ ) = J I J  .

In generalization of Theorem 5.4, let us now calculate I (θ ) for multiparameter
exponential families.
Theorem 6.2 Let X be distributed according to the exponential family (1.5.1) and
let
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i = 1, . . . , s,

I (τ ) = C −1

(6.18)

where C is the covariance matrix of (T1 , . . . , Ts ).
Proof. It is easiest to work with the natural parametrization (1.5.2), which is equivalent. By (6.10) and (1.5.15), the information in X about the natural parameter η
is


 ∂ 2

I ∗ (η) = 
A(η) = cov(Tj , Tk ) = C.
∂ηj ∂ηk
Furthermore, (1.5.14) shows that τj = ∂/∂ηj A(η) and, hence, (6.13) shows that


 ∂τj 
 = C.
J = 
∂ηi 
Thus, from (6.16)

C = I ∗ (η) = J I (τ )J  = CI (τ )C,
✷

which implies (6.18).

Example 6.3 Multivariate normal information matrix. Let (X1 , . . ., Xp ) have
a multivariate normal distribution with mean 0 and covariance matrix  = ||σij ||,
so that by (1.4.15), the density is proportional to
e−ηij xi xj /2
where ||ηij || =  −1 . Since E(Xi Xj ) = σij , we find that the information matrix of
the σij is
I () =  −1 .
(6.19)

Example 6.4 Exponential family information matrices. Table 6.1 gives I (θ ) for
three two-parameter exponential families, where ψ(α) = H  (α)/ H(α) and ψ  (α) =
dψ(α)/dα are, respectively, the digamma and trigamma function (Problem 6.5).

Example 6.5 Information in location-scale families. For the location-scale families with density (1/θ2 )f ((x − θ1 )/θ2 ), θ2 > 0, f (x) > 0 for all x, the elements
of the information matrix are (Problem 6.5)
   2
f (y)
1
I11 = 2
(6.20)
f (y) dy,
f (y)
θ2
2
  
yf (y)
1
I22 = 2
+ 1 f (y) dy
f (y)
θ2
and
(6.21)

I12

1
= 2
θ2





f  (y)
y
f (y)

2
f (y) dy.
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Table 6.1. Three Information Matrices
N (ξ, σ 2 )


1/σ 2 0
I (ξ, σ ) =
0 2/σ 2

I (α, β) =

H(α, β)
 

ψ (α) 1/β
I (α, β) =
1/β α/β 2

B(α, β)
ψ  (α) − ψ  (α + β)
−ψ  (α + β)
−ψ  (α + β)
ψ  (β) − ψ  (α + β)



The covariance term I12 is zero whenever f is symmetric about the origin.



Let us now generalize Theorems 5.10 and 5.15 to the multiparameter case in
which θ = (θ1 , . . . , θs ). For convenience, we state the generalizations in one theorem.
Theorem 6.6 (Multiparameter Information Inequality) Suppose that (6.6) holds,
and I (θ ) is positive definite. Let δ be any statistic for which Eθ (|δ|2 ) < ∞ and
either
(i) For i = 1, . . . , s, (∂/∂θi )Eθ δ exists and can be obtained by differentiating
under the integral sign,
or
(ii) There exist functions b(i) , i = 1, . . . , s, with Eθ b(i) (X)2 < ∞ that satisfy
θ
θ


 pθ +WVi (x) − pθ (x) 
 ≤ b(i) (x) for all W,



θ
W
where Vi ∈ R s is the unit vector with 1 in the ith position and zero elsewhere.
Then, Eθ (∂/∂θi ) log pθ (X) = 0 and
(6.22)

var θ (δ) ≥ α  I −1 (θ)α

where α  is the row matrix with ith element
∂
(6.23)
Eθ [δ(X)].
αi =
∂θi
Proof. If the functions ψi of Theorem 6.1 are taken to be ψi =
(∂/∂θi ) log pθ (X), (6.22) follows from (6.1) and (6.10).
✷
If δ is an estimator of g(θ) and b(θ ) is its bias, then (6.23) reduces to
(6.24)

αi =

∂
[b(θ ) + g(θ )].
∂θi

It is interesting to compare the lower bound (6.22) with the corresponding bound
when the θ ’s other than θi are known. By Theorem 5.15, the latter is equal to
[(∂/∂θi )Eθ (δ)]2 /Iii (θ ). This is the bound obtained by setting a = Vi in (6.4),
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where Vi is the ith unit vector. For example, if the θ’s other than θi are zero, then
the only nonzero element of the vector α of (6.22) is αi . Since (6.22) was obtained
by maximizing (6.4), comparing the two bounds shows
(6.25)

Iii−1 (θ) ≤ ||I −1 (θ)||ii .

(See Problem 6.10 for a different derivation.) The two sides of (6.25) are equal if
(6.26)

Iij (θ) = 0

for all j = i,

as is seen from the definition of the inverse of a matrix, and, in fact, (6.26) is also
necessary for equality in (6.25) (Problem 6.10). In this situation, when (6.26) holds,
the parameters are said to be orthogonal. This is illustrated by the first matrix in
Table 6.1. There, the information bound for one of the parameters is independent
of whether the other parameter is known. This is not the case, however, in the
second and third situations in Table 6.1, where the value of one parameter affects
the information for another. Some implications of these results for estimation will
be taken up in Section 6.6. (Cox and Reid (1987) discuss methods for obtaining
parameter orthogonality, and some of its consequences; see also Barndorff-Nielsen
and Cox 1994.)
In a manner analogous to the one-parameter case, it can be shown that the
information inequality bound is attained only if δ(x) has the form
(6.27)

δ(x) = g(θ) + [∇g(θ)] I (θ)−1 [∇ log pθ (x)],

where Eδ = g(θ), ∇g(θ ) = {(∂/∂θi )g(θ ), i = 1, 2, . . . , s}, ∇ log pθ (x) = {(∂/∂θi )
log pθ (x), i = 1, 2, . . . , s}. It is also the case, analogous to Theorem 5.12, that
if the bound is attainable then the underlying family of distributions constitutes
an exponential family (Joshi 1976, Fabian and Hannan, 1977; Müller-Funk et al.
1989).
The information inequalities (5.31) and (6.22) have been extended in a number
of directions, some of which are briefly sketched in the following.
(a) When the lower bound is not sharp, it can usually be improved by considering
not only the derivatives ψi but also higher derivatives:
(6.28)

ψi1 ,...,is =

1 ∂ i1 +···+is pθ (x)
.
pθ (x) ∂θ1i1 · · · ∂θsis

It is then easy to generalize (5.31) and (5.24) to obtain a lower bound based on
any given set S of the ψ’s. Assume (6.6) with (c) replaced by the corresponding
assumption for all the derivatives needed for the set S, and suppose that the
covariance matrix K(θ) of the given set of ψ’s is positive definite. Then, (6.1)
yields the Bhattacharyya inequality
(6.29)

var θ (δ) ≥ α  K −1 (θ)α

where α  is the row matrix with elements
(6.30)

∂ i1 +···+is
∂θ1i1 · · · ∂θsis

Eθ δ(X) = cov(δ, ψi1 ,...,is ).
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It is also seen that equality holds in (6.29) if and only if δ is a linear function of the ψ’s in S (Problem 6.12). The problem of whether the Bhattacharyya bounds become sharp as s → ∞ has been investigated for some
one-parameter cases by Blight and Rao (1974).
(b) A different kind of extension avoids the need for regularity conditions by considering differences instead of derivatives. (See Hammersley 1950, Chapman
and Robbins 1951, Kiefer 1952, Fraser and Guttman 1952, Fend 1959, Sen
and Ghosh 1976, Chatterji 1982, and Klaassen 1984, 1985.)
(c) Applications of the inequality to the sequential case in which the number of
observations is not a fixed integer but a random variable, say N , determined
from the observations is provided by Wolfowitz (1947), Blackwell and Girshick (1947), and Seth (1949). Under suitable regularity conditions, (6.23)
then continues to hold with n replaced by Eθ (N ); see also Simons 1980,
Govindarajulu and Vincze 1989, and Stefanov 1990.
(d) Other extensions include arbitrary convex loss functions (Kozek 1976);
weighted loss functions (Mikulski and Monsour 1988); to the case that g
and δ are vector-valued (Rao 1945, Cramér 1946b, Seth 1949, Shemyakin
1987, and Rao 1992); to nonparametric problems (Vincze 1992); location
problems (Klaassen 1984); and density estimation (Brown and Farrell 1990).
7 Problems
Section 1
1.1 Verify (a) that (1.4) defines a probability distribution and (b) condition (1.5).
1.2 In Example 1.5, show that ai∗ minimizes (1.6) for i = 0, 1, and simplify the expression
for a0∗ . [Hint: κp κ−1 and κ(κ − 1)p κ−2 are the first and second derivatives of p κ =
1/q.]
1.3 Let X take on the values −1, 0, 1, 2, 3 with probabilities P (X = −1) = 2pq and
P (X = k) = p k q 3−k for k = 0, 1,2,3.
(a) Check that this is a probability distribution.
(b) Determine the LMVU estimator at p0 of (i) p, and (ii) pq, and decide for each
whether it is UMVU.
1.4 For a sample of size n, suppose that the estimator T (x) of τ (θ) has expectation
E[T (X)] = τ (θ ) +

∞
k=1

ak
,
nk

where ak may depend on θ but not on n.
(a) Show that the expectation of the jackknife estimator TJ of (1.3) is
a2
E[TJ (X)] = τ (θ ) − 2 + O(1/n3 ).
n
(b) Show that if var T ∼ c/n for some constant c, then var TJ ∼ c /n for some
constant c . Thus, the jackknife will reduce bias and not increase variance.
A second-order jackknife can be defined by jackknifing TJ , and this will result in further
bias reduction, but may not maintain a variance of the same order (Robson and Whitlock
1964; see also Thorburn 1976 and Note 8.3).
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1.5 (a) Any two random variables X and Y with finite second moments satisfy the
covariance inequality [cov(X, Y )]2 ≤ var(X) · var(Y ).
(b) The inequality in part (a) is an equality if and only if there exist constants a and b
for which P (X = aY + b) = 1.
[Hint: Part (a) follows from the Schwarz inequality (Problem 1.7.20) with f = X−E(X)
and g = Y − E(Y ).]
1.6 An alternative proof of the Schwarz inequality is obtained by noting that




(f + λg)2 dP = f 2 dP + 2λ fg dP + λ2 g 2 dP ≥ 0 for all λ,
so that this quadratic in λ has at most one root.
√
1.7 Suppose X is distributed on (0, 1) with probability density pθ (x) = (1 − θ) + θ/2 x
for all 0 < x < 1, 0 ≤ θ ≤ 1. Show that there does not exist an LMVU estimator of θ.
[Hint: Let δ(x) = a[x −1/2 + b] for c < x < 1 and δ(x) = 0 for 0 < x < c. There exist
values a and b, and c such that E0 (δ) = 0 and E1 (δ) = 1 (and δ is unbiased) and that
E0 (δ 2 ) is arbitrarily close to zero (Stein 1950).]
1.8 If δ and δ  have finite variance, so does δ  − δ. [Hint: Problem 1.5.]
1.9 In Example 1.9, (a) determine all unbiased estimators of zero; (b) show that no
nonconstant estimator is UMVU.
1.10 If estimators are restricted to the class of linear estimators, characterization of best
unbiased estimators is somewhat easier. Although the following is a consequence of
Theorem 1.7, it should be established without using that theorem.
Let Xp×1 satisfy E(X) = Bψ and var(X) = I , where Bp×r is known, and ψr×1 is
unknown. A linear estimator is an estimator of the form a  X, where ap×1 is a known
vector. We are concerned with the class of estimators
D = {δ(x) : δ(x) = a  x, for some known vector a}.
(a) For a known vector c, show that the estimators in D that are unbiased estimators
of c ψ satisfy a  B = c .
(b) Let Dc = {δ(x) : δ(x) = a  x, a  B = c } be the class of linear unbiased estimators of
c ψ. Show that the best linear unbiased estimator (BLUE) of c ψ, the linear unbiased estimator with minimum variance, is δ ∗ (x) = a ∗ x, where a ∗ = a  B(B  B)−1 B 
and a ∗ B = c with variance var(δ ∗ ) = c c.
(c) Let D0 = {δ(x) : δ(x) = a  x, a  B = 0.} be the class of linear unbiased estimators of
zero. Show that if δ ∈ D0 , then cov(δ, δ ∗ ) = 0.
(d) Hence, establish the analog of Theorem 1.7 for linear estimators:
Theorem. An estimator δ ∗ ∈ Dc satisfies var(δ ∗ ) = minδ∈Dc var(δ) if and only if
cov(δ ∗ , U ) = 0, where U is any estimator in D0 .
(e) Show that the results here can be directly extended to the case of var(X) = , where
p×p is a known matrix, by considering the transformed problem with X∗ =  1/2 X
and B ∗ =  1/2 B.
1.11 Use Theorem 1.7 to find UMVU estimators of some of the ηθ (di ) in the doseresponse model (1.6.16), with the restriction (1.6.17) (Messig and Strawderman 1993).
Let the classes W and U be defined as in Theorem 1.7.
(a) Show that an estimator U ∈ U if and only if U (x1 , x2 ) = a[I (x1 = 0) − I (x2 = 0)]
for an arbitrary constant a < ∞.
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(b) Using part (a) and (1.7), show that an estimator δ is UMVU for its expectation only
if it is of the form δ(x1 , x2 ) = aI(0,0) (x1 , x2 )+bI(0,1),(1,0),(2,0) (x1 , x2 ) + cI(1,1) (x1 , x2 )+
dI(2,1) (x1 , x2 ) where a, b, c, and d are arbitrary constants.
(c) Show that there does not exist a UMVU estimator of ηθ (d1 ) = 1 − e−θ , but the
UMVU estimator of ηθ (d2 ) = 1 − e−2θ is δ(x1 , x2 ) = 1 − 21 [I (x1 = 0) + I (x2 = 0)].
(d) Show that the LMVU estimator of 1 − e−θ is δ(x1 , x2 ) =
0) − I (x2 = 0)].

x1
2

+

1
[I (x1
2(1+e−θ )

=

1.12 Show that if δ(X) is a UMVU estimator of g(θ ), it is the unique UMVU estimator
of g(θ ). (Do not assume completeness, but rather use the covariance inequality and the
conditions under which it is an equality.)
1.13 If δ1 and δ2 are in W and are UMVU estimators of g1 (θ) and g2 (θ), respectively,
then a1 δ1 + a2 δ2 is also in W and is UMVU for estimating a1 g1 (θ) + a2 g2 (θ), for any real
a1 and a2 .
1.14 Completeness of T is not only sufficient but also necessary so that every g(θ) that
can be estimated unbiasedly has only one unbiased estimator that is a function of T .
1.15 Suppose X1 , . . . , Xn are iid Poisson (λ).
(a) Show that X̄ is the UMVU estimator for λ.

(b) For S 2 = ni=1 (Xi − X̄)2 /(n−1), we have that ES 2 = E X̄ = λ. To directly establish
that var S 2 > var X̄, prove that E(S 2 |X̄) = X̄.
Note: The identity E(S 2 |X̄) = X̄ shows how completeness can be used in calculating
conditional expectations.
1.16 (a) If X1 , . . . , Xn are iid (not necessarily normal) with var(Xi ) = σ 2 < ∞, show
that δ = (Xi − X̄)2 /(n − 1) is an unbiased estimator of σ 2 .
(b) If the Xi take on the values 1 and 0 with probabilities p and q = 1−p, the estimator
δ of (a) depends only on T = Xi and hence is UMVU for estimating σ 2 = pq.
Compare this result with that of Example 1.13.
1.17 If T has the binomial distribution b(p, n) with n > 3, use Method 1 to find the
UMVU estimator of p 3 .
1.18 Let X1 , . . . , Xn be iid according to the Poisson distribution P (λ). Use Method 1 to
find the UMVU estimator of (a) λk for any positive integer k and (b) e−λ .
1.19 Let X1 , . . . , Xn be distributed as in Example 1.14. Use Method 1 to find the UMVU
estimator of θ k for any integer k > −n.
1.20 Solve Problem 1.18(b) by Method 2, using the fact that an unbiased estimator of
e−λ is δ = 1 if X1 = 0, and δ = 0 otherwise.
1.21 In n Bernoulli trials, let Xi = 1 or 0 as the ith trial is a success or failure, and let
T = Xi . Solve Problem 1.17 by Method 2, using the fact that an unbiased estimator
of p 3 is δ = 1 if X1 = X2 = X3 = 1, and δ = 0 otherwise.
1.22 Let X take on the values 1 and 0 with probability p and q, respectively, and assume
that 1/4 < p < 3/4. Consider the problem of estimating p with loss function L(p, d) =
1 if |d − p| ≥ 1/4, and 0 otherwise. Let δ ∗ be the randomized estimator which is Y0 or
Y1 when X = 0 or 1 where Y0 and Y1 are distributed as U (−1/2, 1/2) and U (1/2, 3/2),
respectively.
(a) Show that δ ∗ is unbiased.
(b) Compare the risk function of δ ∗ with that of X.
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Section 2
2.1 If X1 , . . . , Xn are iid as N (ξ, σ 2 ) with σ 2 known, find the UMVU estimator of (a)
ξ 2 , (b) ξ 3 , and (c) ξ 4 . [Hint: To evaluate the expectation of X̄k , write X̄ = Y + ξ , where
Y is N(0, σ 2 /n) and expand E(Y + ξ )k .]
2.2 Solve the preceding problem when σ is unknown.
2.3 In Example 2.1 with σ known, let δ = ci Xi be any linear estimator of ξ . If δ is
biased, show that its risk E(δ − ξ )2 is unbounded. [Hint: If ci = 1 + k, the risk is
≥ k 2 ξ 2 .]
2.4 Suppose, as in Example 2.1, that X1 , . . . , Xn are iid as N (ξ, σ 2 ), with one of the
parameters known, and that the estimand
 is a polynomial in ξ or σ . Then, the UMVU
estimator is a polynomial in X̄ or S 2 = (Xi −ξ )2 . The variance of any such polynomial
can be estimated if one knows the moments E(X̄ k ) and E(S k ) for all k = 1, 2, . . . . To
determine E(X̄ k ), write X̄ = Y + ξ , where Y is distributed as N (0, σ 2 /n). Show that
(a)
k  
k
ξ k−r E(Y r )
E(X̄ k ) =
r
r=0
with
E(Y r ) =


 (r − 1)(r − 3) · · · 3 · 1(σ 2 /n)r/2 when r ≥ 2 is even


when r is odd .

0

(b) As an example, consider
estimator S /n of σ 2 . Show that E(S 4 ) =
 2  the UMVU
4
n(n + 2)σ 2 and var Sn = 2σn and that the UMVU estimator of this variance is
2

2S 4 /n2 (n + 2).
2.5 In Example 2.1, when both parameters are unknown, show that the UMVU estimator

S2
where now S 2 = (Xi − X̄)2 .
of ξ 2 is given by δ = X̄ 2 − n(n−1)
2.6 (a) Determine the variance of the estimator Problem 2.5.
(b) Find the UMVU estimator of the variance in part (a).
2.7 If X is a single observation from N (ξ, σ 2 ), show that no unbiased estimator δ of
σ 2 exists when ξ is unknown. [Hint: For fixed σ = a, X is a complete sufficient statistic
for ξ , and E[δ(X)] = a 2 for all ξ implies δ(x) = a 2 a.e.]
2.8 Let Xi , i = 1, . . . , n, be independently distributed as N (α + βti , σ 2 ) where α, β, and
σ 2 are unknown, and the t’s are known constants that are not all equal. Find the UMVU
estimators of α and β.
2.9 In Example 2.2 with n = 1, the UMVU estimator of p is the indicator of the event
X1 ≤ u whether σ is known or unknown.
2.10 Verify Equation (2.14), the density of (X1 − X̄)/S in normal sampling. [The UMVU
estimator in (2.13) is used by Kiefer (1977) as an example of his estimated confidence
approach.]
2.11 Assuming (2.15) with σ = τ , determine the UMVU estimators of σ 2 and (η − ξ )/σ .
2.12 Assuming (2.15) with η = ξ and σ 2 /τ 2 = γ , show that when γ is known:
(a) T  defined in Example 2.3(iii) is a complete sufficient statistic;
(b) δγ is UMVU for ξ .
2.13 Show that in the preceding problem with γ unknown,
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(a) a UMVU estimator of ξ does not exist;
(b) the estimator ξ̂ is unbiased under the conditions stated in Example 2.3. [Hint: (i)
Problem 2.12(b) and the fact that δγ is unbiased for ξ even when σ 2 /τ 2 = γ . (ii)
Condition on (SX , SY ).]
2.14 For the model (2.15) find the UMVU estimator of P (X1 < Y1 ) when (a) σ = τ and
(b) when σ and τ are arbitrary. [Hint: Use the conditional density (2.13) of X1 given
X̄, SX2 and that of Y1 given Ȳ , SY2 to determine the conditional density of Y1 − X1 given
X̄, Ȳ , SX2 , and SY2 .]
2.15 If (X1 , Y1 ), . . . , (Xn , Yn ) are iid according to any bivariate distribution with finite
second moments, show that SXY /(n − 1) given by (2.17) is an unbiased estimator of
cov(Xi , Yi ).
2.16 In a sample size N = n + k + 1, some of the observations are missing. Assume that
(Xi , Yi ), i = 1, . . . , n, are iid according to the bivariate normal distribution (2.16), and
that U1 , . . . , Uk and V1 , . . . , Vl are independent N(ξ, σ 2 ) and N(η, τ 2 ), respectively.
(a) Show that the minimal sufficient statistics are complete when ξ and η are known
but not when they are unknown.
(b) When ξ and η are known, find the UMVU estimators for σ 2 , τ 2 , and ρσ τ , and
suggest reasonable unbiased estimators for these parameters when ξ and η are
unknown.
2.17 For the family (2.22), show that the UMVU estimator of a when b is known and the
UMVU estimator of b is known are as stated in Example 2.5. [Hint: Problem 6.18.]
2.18 Show that the estimators (2.23) are UMVU. [Hint: Problem 1.6.18.].
2.19 For the family (2.22) with b = 1, find the UMVU estimator of P (X1 ≥ u) and
of the density e−(u−a) of X1 at u. [Hint: Obtain the estimator δ(X(1) ) of the density by
applying Method 2 of Section 2.1 and then the estimator of the probability by integration.
Alternatively, one can first obtain the estimator of the probability as P (X1 ≥ u|X(1) )
using the fact that X1 − X(1) is ancillary and that given X(1) , X1 is either equal to X(1) or
distributed as E(X(1) , 1).]
2.20 Find the UMVU estimator of P (X1 ≥ u) for the family (2.22) when both a and b
are unknown.
2.21 Let X1 , . . . , Xm and Y1 , . . . , Yn be independently distributed as E(a, b) and E(a  , b ),
respectively.
(a) If a, b, a  , and b are completely unknown, X(1) , Y(1) , [Xi −X(1) ], and [Yj −Y(1) ]
jointly are sufficient and complete.
(b) Find the UMVU estimators of a  − a and b /b.
2.22 In the preceding problem, suppose that b = b.
(a) Show that X(1) , Y(1) , and [Xi − X(1) ] + [Yj − Y(1) ] are sufficient and complete.
(b) Find the UMVU estimators of b and (a  − a)/b.
2.23 In Problem 2.21, suppose that a  = a.
(a) Show that the complete sufficient statistic of Problem 2.21(a) is still minimal sufficient but no longer complete.
(b) Show that a UMVU estimator for a  = a does not exist.
(c) Suggest a reasonable unbiased estimator for a  = a.
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2.24 Let X1 , . . . , Xn be iid according to the uniform distribution U (ξ − b, ξ + b). If ξ, b
are both unknown, find the UMVU estimators of ξ , b, and ξ/b. [Hint: Problem 1.6.30.]
2.25 Let X1 , . . . , Xm and Y1 , . . . , Yn be iid as U (0, θ ) and U (0, θ  ), respectively. If n > 1,
determine the UMVU estimator of θ/θ  .
2.26 Verify the ML estimators given in (2.24).
2.27 In Example 2.6(b), show that
(a) The bias of the ML estimator is 0 when ξ = u.
(b) At ξ = u, the ML estimator has smaller expected squared error than the UMVU
estimator.
*
n
[Hint: In (b), note that u − X̄ is always closer to 0 than n−1
(u − X̄).]
2.28 Verify (2.26).
2.29 Under the assumptions of Lemma 2.7, show that:
(a) If b is replaced by any random variable B which is independent of X and not 0
with probability 1, then Rδ (θ ) < Rδ∗ (θ ).
(b) If squared error is replaced by any loss function of the form L(θ, δ) = ρ(d − θ) and
δ is risk unbiased with respect to L, then Rδ (θ ) < Rδ∗ (θ).

Section 3
3.1 (a) In Example 3.1, show that (Xi − X̄)2 = T (n − T )/n.
(b) The variance of T (n−T )/n(n−1) in Example 3.1 is (pq/n)[(q−p)2 +2pq/(n−1)].
3.2 If T is distributed as b(p, n), find an unbiased estimator δ(T ) of p m (m ≤ n) by
Method 1, that is, using (1.10). [Hint: Example 1.13.]
3.3 (a) Use the method
to (3.2) to find the UMVU estimator πk (T ) of P [X1 +

 leading
m
k m−k
p q
· · · + Xm = k] =
(m ≤ n).
k
(b) For fixed t and varying k, show that the πk (t) are the probabilities of a hypergeometric distribution.
3.4 If Y is distributed according to (3.3), use Method 1 of Section 2.1
(a) to show that the UMVU estimator of p r (r < m) is
δ(y) =

(m − r + y − 1)(m − r + y − 2) . . . (m − r)
,
(m + y − 1)(m + y − 2) · · · m

and hence in particular that the UMVU estimator of 1/p, 1/p 2 and p are, respectively, (m + y)/m, (m + y)(m + y + 1)/m(m + 1), and (m − 1)/(m + y − 1);
(b) to determine the UMVU estimator of var(Y );
(c) to show how to calculate the UMVU estimator δ of log p.
3.5 Consider the scheme in which binomial sampling is continued until at least a successes and b failures have been obtained. Show how to calculate a reasonable estimator of
log(p/q). [Hint: To obtain an unbiased estimator of log p, modify the UMVU estimator
δ of Problem 3.4(c).]
3.6 If binomial sampling is continued until m successes have been obtained, let Xi (i =
1, . . . , m) be the number of failures between the (i − 1)st and ith success.
(a) The Xi are iid according to the geometric distribution P (Xi = x) = pq x , x =
0, 1, . . ..
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(b) The statistic Y = Xi is sufficient for (X1 , . . . , Xm ) and has the distribution (3.3).
3.7 Suppose that binomial sampling is continued until the number of successes equals
the number of failures.
(a) This rule is closed if p = 1/2 but not otherwise.
(b) If p = 1/2 and N denotes the number of trials required, E(N ) = ∞.
3.8 Verify Equation (3.7) with the appropriate definition of N  (x, y) (a) for the estimation
of p and (b) for the estimation of p a q b .
3.9 Consider sequential binomial sampling with the stopping points (0, 1) and (2, y),
y = 0, 1, . . .. (a) Show that this plan is closed and simple. (b) Show that (X, Y ) is not
complete by finding a nontrivial unbiased estimator of zero.
3.10 In Example 3.4(ii), (a) show that the plan is closed but not simple, (b) show that
(X, Y ) is not complete, and (c) evaluate the unbiased estimator (3.7) of p.
3.11 Curtailed single sampling. Let a, b < n be three non-negative integers. Continue
observation until either a successes, b failures, or n observations have been obtained.
Determine the UMVU estimator of p.
3.12 For any sequential binomial sampling plan, the coordinates (X, Y ) of the end point
of the sample path are minimal sufficient.
3.13 Consider any closed sequential binomial sampling plan with a set B of stopping
points, and let B  be the set B∪{(x0 , y0 )} where (x0 , y0 ) is a point not in B that has positive
probability of being reached under plan B. Show that the sufficient statistic T = (X, Y ) is
not complete for the sampling plan which has B  as its set of stopping points. [Hint: For
any point (x, y) ∈ B, let N(x, y) and N  (x, y) denote the number of paths to (x, y) when
the set of stopping points is B and B  , respectively, and let N (x0 , y0 ) = 0, N  (x0 , y0 ) = 1.
Then, the statistic 1 − [N (X, Y )/N  (X, Y )] has expectation 0 under B  for all values of
p.]
3.14 For any sequential binomial sampling plan under which the point (1, 1) is reached
with positive probability but is not a stopping point, find an unbiased estimator of pq
depending only on (X, Y ). Evaluate this estimator for
(a) taking a sample of fixed size n > 2;
(b) inverse binomial sampling.
3.15 Use (3.3) to determine A(t, n) in (3.11) for the negative binomial distribution with
m = n, and evaluate the estimators (3.13) of q r , and (3.14).
3.16 Consider n binomial trials with success probability p, and let r and s be two positive
integers with r + s < n. To the boundary x + y = n, add the boundary point (r, s), that
is, if the number of successes in the first r + s trials is exactly r, the process is stopped
and the remaining n − (r + s) trials are not performed.
(a) Show that U is an unbiased estimator of zero if and only if U (k, n − k) = 0 for
k = 0, 1, . . . , r − 1 and k = n − s + 1, n − s + 2, . . . , n, and U (k, n − k) = ck U (r, s)
for k = r, . . . , n − s, where the c’s are given constants = 0.
(b) Show that δ is the UMVU estimator of its expectation if and only if
δ(k, n − k) = δ(r, s)

for k = r, . . . , n − s.

3.17 Generalize the preceding problem to the case that two points (r1 , s1 ) and (r2 , s2 )
with ri + si < n are added to the boundary. Assume that these two points are such that
all n + 1 points x + y = n remain boundary points. [Hint: Distinguish the three cases
that the intervals (r1 , s1 ) and (r2 , s2 ) are (i) mutually exclusive, (ii) one contained in the
other, and (iii) overlapping but neither contained in the other.]
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3.18 If X has the Poisson distribution P (θ ), show that 1/θ does not have an unbiased
estimator.
3.19 If X1 , . . . , Xn are iid according to (3.18), the Poisson distribution truncated on the
left at 0, find the UMVU estimator of θ when (a) n = 1 and (b) n = 2.
3.20 Let X1 , . . . , Xn be a sample from the Poisson distribution truncated on the left at 0,
i.e., with sample space X = {1, 2, 3, . . .}.
Cn

(a) For t = xi , the UMVU estimator of λ is (Tate and Goen 1958) λ̂ = Ct−1
n t where
t
 

n
n
∞
(−1)k k t is a Stirling number of the second kind.
Ctn = (−1)
k=0
n!
k


C n−1
. [Hint: Establish
(b) An alternate form of the UMVU estimator is λ̂ = nt 1 − t−1
Cn
t

n−1
n
the identity Ctn = Ct−1
+ nCt−1
.]

(c) The Cramér-Rao lower bound for the variance of unbiased estimators of λ is λ(1 −
e−λ )2 /[n(1 − e−λ − λe−λ )], and it is not attained by the UMVU estimator. (It is,
however, the asymptotic variance of the ML estimator.)
3.21 Suppose that X has the Poisson distribution truncated on the right at a, so that it
has the conditional distribution of Y given Y ≤ a, where Y is distributed as P (λ). Show
that λ does not have an unbiased estimator.
3.22 For the negative binomial distribution truncated at zero, evaluate the estimators
(3.13) and (3.14) for m = 1, 2, and 3.
3.23 If X1 , . . . , Xn are iid P (λ), consider estimation of e−bλ , where b is known.
(a) Show that δ ∗ = (1 − b/n)t is the UMVU estimator of e−bλ .
(b) For b > n, describe the behavior of δ ∗ , and suggest why it might not be a reasonable
estimator.
(The probability e−bλ , for b > n, is that of an “unobservable” event, in that it can be
interpreted as the probability of no occurrence in a time interval of length b. A number
of such situations are described and analyzed in Lehmann (1983), where it is suggested
that, in these problems, no reasonable estimator may exist.)
3.24 If X1 , . . . , Xn are iid according to the logarithmic series distribution of Problem
1.5.14, evaluate the estimators (3.13) and (3.14) for n = 1, 2, and 3.
3.25 For the multinomial distribution of Example 3.8,
r

(a) show that p00 · · · psrs has an unbiased estimator provided r0 , . . . , rs are nonnegative
integers with ri ≤ n;
(b) find the totality of functions that can be estimated unbiasedly;
(c) determine the UMVU estimator of the estimand of (a).
3.26 In Example 3.9 when pij = pi+ p+j , determine the variances of the two unbiased
estimators δ0 = nij /n and δ1 = ni+ n+j /n2 of pij , and show directly that var(δ0 ) > var(δ1 )
for all n > 1.
3.27 In Example 3.9, show that independence of A and B implies that (n1+ , . . ., nI + ) and
(n+1 , . . ., n+J ) are independent with multinomial distributions as stated.
3.28 Verify (3.20).
3.29 Let X, Y , and g be such that E[g(X, Y )|y] is independent of y. Then, E[f (Y )g(X, Y )] =
E[f (Y )]E[g(X, Y )], and hence f (Y ) and g(X, Y ) are uncorrelated, for all f .
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3.30 In Example 3.10, show that the estimator δ1 of pij k is unbiased for the model (3.20).
[Hint: Problem 3.29.]

Section 4
4.1 Let X1 , . . . , Xn be iid with distribution F .
(a) Characterize the totality of functions f (X1 , . . . , Xn ) which are unbiased estimators
of zero for the class F0 of all distributions F having a density.
(b) Give one example of a nontrivial unbiased estimator of zero when (i) n = 2 and (ii)
n = 3.
4.2 Let F be the class of all univariate distribution functions F that have a probability
density function f and finite mth moment.
(a) Let X1 , . . . , Xn be independently distributed with common distribution F ∈ F.
For n ≥ m, find the UMVU estimator of ξ m where ξ = ξ (F ) = EXi .
(b) Show that for the case that P (Xi = 1) = p, P (Xi = 0) = q, p + q = 1, the estimator
of (a) reduces to (3.2).
4.3 In the preceding problem, show that 1/var F Xi does not have an unbiased estimator
for any n.
4.4 Let X1 , . . . , Xn be iid with distribution F ∈ F where F is the class of all symmetric
distributions with a probability density. There exists no UMVU estimator of the center
of symmetry θ of F (if unbiasedness is required only for the distributions F for which
the expectation of the estimator exists). [Hint: The UMVU estimator of θ when F is
U (θ − 1/2, θ + 1/2), which was obtained in Problem 2.24, is unbiased for all F ∈ F;
so is X̄.]
4.5 If X1 , . . . , Xm and Y1 , . . . , Yn are independently distributed according to F and G ∈
F0 , defined in Problem 4.1, the order statistics X(1) < · · · < X(m) and Y(1) < · · · <
Y(n) are sufficient and complete. [Hint: For completeness, generalize the second proof
suggested in Problem 6.33.]
4.6 Under the assumptions of the preceding problem, find the UMVU estimator of
P (Xi < Yj ).
4.7 Under the assumptions of Problem 4.5, let ξ = EXi and η = EYj . Show that ξ 2 η2
possesses an unbiased estimator if and only if m ≥ 2 and n ≥ 2.
4.8 Let (X1 , Y1 ), . . . , (Xn , Yn ) be iid F ∈ F, where F is the family of all distributions

with probability density and finite second moments. Show that δ(X, Y ) =
(Xi −
X̄)(Yi − Ȳ )/(n − 1) is UMVU for cov(X, Y ).
4.9 Under the assumptions of the preceding problem, find the UMVU estimator of
(a) P (Xi ≤ Yi );
(b) P (Xi ≤ Xj and Yi ≤ Yj ), i = j .
4.10 Let (X1 , Y1 ), . . . , (Xn , Yn ) be iid with F ∈ F, where F is the family of all bivariate
densities. Show that the sufficient statistic T , which generalizes the order statistics to
the bivariate case, is complete. [Hint: Generalize the second proof suggested in Problem
6.33. As an exponential family for (X, Y ), take the densities proportional to eQ(x,y) where
Q(x, y) = (θ01 x + θ10 y) + (θ02 x 2 + θ11 xy + θ20 y 2 ) + · · ·
+(θ0n x n + · · · + θn0 y n ) − x 2n − y 2n .]
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Section 5
5.1 Under the assumptions of Problem 1.3, determine for each p1 , the value LV (p1 ) of
the LMVU estimator of p at p1 and compare the function LV (p), 0 < p < 1 with the
variance Vp0 (p) of the estimator which is LMVU at (a) p0 = 1/3 and (b) p0 = 1/2.
5.2 Determine the conditions under which equality holds in (5.1).
5.3 Verify I (θ) for the distributions of Table 5.1.
5.4 If X is normal with mean zero and standard deviation σ , determine I (σ ).
5.5 Find I (p) for the negative binomial distribution.
√
5.6 If X is distributed as P (λ), show that the information it contains about λ is independent of λ.
5.7 Verify the following statements, asserted by Basu (1988, Chapter 1), which illustrate the relationship between information,
! sufficiency, and ancillarity. Suppose that
we let I (θ) = Eθ −∂ 2 /∂θ 2 log!f (x|(θ ) be the information in X about θ and let
J (θ ) = Eθ −∂ 2 /∂θ 2 log g(T |θ ) be the information about θ contained in a statistic
T , where g(·|θ ) is the density function of T . Define λ(θ) = I (θ) − J (θ), a measure of
information lost by using T instead of X. Under suitable regularity conditions, show
that
(a) λ(θ ) ≥ 0 for all θ
(b) λ(θ ) = 0 if and only if T is sufficient for θ .
(c) If Y is ancillary but (T , Y ) is sufficient, then I (θ) = Eθ [J (θ|Y )], where


∂2
J (θ|y) = Eθ − 2 log h(T |y, θ)|Y = y
∂θ
and h(t|y, θ) is the conditional density of T given Y = y.
(Basu’s “regularity conditions” are mainly concerned with interchange of integration
and differentiation. Assume any such interchanges are valid.)
5.8 Find a function of θ for which the amount of information is independent of θ:
(a) for the gamma distribution H(α, β) with α known and with θ = β;
(b) for the binomial distribution b(p, n) with θ = p.
5.9 For inverse binomial sampling (see Example 3.2):
(a) Show that the best unbiased estimator of p is given by δ ∗ (Y ) = (m−1)/(Y +m − 1).
(b) Show that the information contained in Y about P is I (p) = m/p 2 (1 − p).
(c) Show that varδ ∗ > 1/I (p).
(The estimator δ ∗ can be interpreted as the success rate if we ignore the last trial, which
we know must be a success.)
5.10 Show that (5.13) can be differentiated by differentiating under the integral sign
when pθ (x) is given by (5.24), for each of the distributions of Table 5.2. [Hint: Form the
difference quotient and apply the dominated convergence theorem.]
5.11 Verify the entries of Table 5.2.
5.12 Evaluate (5.25) when f is the density of Student’s t-distribution with ν degrees of
freedom. [Hint: Use the fact that

 ∞
H(1/2)H(k − 1/2)
dx
.
=
2 k
H(k)
−∞ (1 + x )
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5.13 For the distribution with density (5.24), show that I (θ) is independent of θ.
5.14 Verify (a) formula (5.25) and (b) formula (5.27).
5.15 For the location t density, calculate the information inequality bound for unbiased
estimators of θ .
5.16 (a) For the scale family with density (1/θ )f (x/θ), θ > 0, the amount of information a single observation X has about θ is
2
  
yf (y)
1
+
1
f (y) dy.
θ2
f (y)
(b) Show that the information X contains about ξ = log θ is independent of θ.
(c) For the Cauchy distribution C(0, θ), I (θ ) = 1/(2θ 2 ).
5.17 If pθ (x) is given by 1.5.1 with s = 1 and T (x) = δ(x), show that var[δ(X)] attains
the lower bound (5.31) and is the only estimator to do so. [Hint: Use (5.18) and (1.5.15).]
5.18 Show that if a given function g(θ) has an unbiased estimator, there exists an unbiased estimator δ which for all θ values attains the lower bound (5.1) for some ψ(x, θ)
satisfying (5.2) if and only if g(θ ) has a UMVU estimator δ0 . [Hint: By Theorem 5.1,
ψ(x, θ) = δ0 (x) satisfies (5.2). For any other unbiased δ, cov(δ − δ0 , δ0 ) = 0 and hence
var(δ0 ) = [cov(δ, δ0 )]2 /var(δ0 ), so that ψ = δ0 provides an attainable bound.] (Blyth
1974).
5.19 Show that if Eθ δ = g(θ ), and var(δ) attains the information inequality bound (5.31),
then
g  (θ ) ∂
pθ (x).
δ(x) = g(θ ) +
I (θ ) ∂θ
5.20 If Eθ δ = g(θ ), the information inequality lower bound is I B(θ) = [g  (θ)]2 /I (θ). If
θ = h(ξ ) where h is differentiable, show that I B(ξ ) = I B(θ).
5.21 (Liu and Brown 1993) Let X be an observation from the normal mixture density

1  −(1/2)(x−θ )2
2
+ e−(1/2)(x+θ ) , θ ∈ ,
pθ (x) = √
e
2 2π
where is any neighborhood of zero. Thus, the random variable X is either N(θ, 1) or
N(−θ, 1), each with probability 1/2. Show that θ = 0 is a singular point, that is, if there
exists an unbiased estimator of θ it will have infinite variance at θ = 0.
5.22 Let X1 , . . . , Xn be a sample from the Poisson (λ) distribution truncated on the
left at 0, i.e., with sample space X = {1, 2, 3, . . .} (see Problem 3.20). Show that the
Cramér-Rao lower bound for the variance of unbiased estimators of λ is
λ(1 − e−λ )2
n(1 − e−λ − λe−λ )
and is not attained by the UMVU estimator. (It is, however, the asymptotic variance of
the ML estimator.)
5.23 Let X1 , . . . , Xn be iid according to a density p(x, θ) which is positive for all x.
Then, the variance of any unbiased estimator δ of θ satisfies
var θ0 (δ) ≥

∞
−∞

[Hint: Direct consequence of (5.6).]

(θ − θ0 )2
,
"n
[p(x, θ)]2
−1
p(x, θ0 )

θ = θ0 .
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5.24 If X1 , . . . , Xn are iid as N (θ, σ 2 ) where σ is known and θ is known to have one
of the values 0, ±1, ±2, . . . , the inequality of the preceding problem shows that any
unbiased estimator δ of the restricted parameter θ satisfies
var θ0 (δ) ≥

W2
e

nW2 /σ 2

−1

, W = 0,

where W = θ − θ0 , and hence supW=0 var θ0 (δ) ≥ 1/[en/σ − 1].
2

5.25 Under the assumptions of the preceding problem, let X̄∗ be the integer closest to X̄.
(a) The estimator X̄ ∗ is unbiased for the restricted parameter θ.
(b) There exist positive constants a and b such that for all sufficiently large n, var θ (X̄ ∗ ) ≤
ae−bn for all integers θ.
[Hint: (b) One finds P (X̄∗ = k) = Ik φ(t) dt, where Ik is the interval ((k − θ −
√
√
1/2) n/σ, (k − θ + 1/2) n/σ ), and hence
"
√ 
∞
n
1
var(X̄ ∗ ) ≤ 4
k−
.
k 1−X
σ
2
k=1
The result follows from the fact that for all y > 0, 1 − X(y) ≤ φ(y)/y. See, for
example, Feller 1968, Chapter VII, Section 1. Note that h(y) = φ(y)/(1 − X(y)) is
the hazard function for the standard normal distribution, so we have h(y) ≥ y for
all y > 0. (1 − X(y))/φ(y) is also known as Mill’s ratio (see Stuart and Ord, 1987,
Section 5.38.) Efron and Johnstone (1990) relate the hazard function to the information
inequality].
Note. The surprising results of Problems 5.23–5.25 showing a lower bound and variance
which decrease exponentially are due to Hammersley (1950), who shows that, in fact,
$
n
8σ 2 −n/8σ 2
∗
var(X̄ ) ∼
e
as 2 → ∞.
πn
σ
Further results concerning the estimation of restricted parameters and properties of
X̄ ∗ are given in Khan (1973), Ghosh (1974), Ghosh and Meeden (1978), and Kojima,
Morimoto, and Takeuchi (1982).
5.26 Kiefer inequality.
(a) Let X have density (with respect to µ) p(x, θ) which is > 0 for all x, and let 1
and 2 be two distributions on the real line with finite first moments. Then, any
unbiased estimator δ of θ satisfies
var(δ) ≥

[ Wd1 (W) − Wd2 (W)]2
ψ 2 (x, θ)p(x, θ) dµ(x)

where
ψ(x, θ) =
with

θ

θ

p(x, θ + W)[d1 (W) − d2 (W)]
p(x, θ)

= {W : θ + Wε }.

(b) If 1 and 2 assign probability 1 to W = 0 and W, respectively, the inequality
reduces to (5.6) with g(θ ) = θ . [Hint: Apply (5.1).] (Kiefer 1952.)
5.27 Verify directly that the following families of densities satisfy (5.38).
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(a) The exponential family of (1.5.1),
pη (x) = h(x)eηT (x)−A(η) .
(b) The location t family of Example 5.16.
(c) The logistic density of Table 1.4.1.
5.28 Extend condition (5.38) to vector-valued parameters, and show that it is satisfied by
the exponential family (1.5.1) for s > 1.
5.29 Show that the assumption (5.36(b)) implies (5.38), so Theorem 5.15 is, in fact, a
corollary of Theorem 5.10.
5.30 Show that (5.38) is satisfied if either of the following is true:
(a) |∂ log pθ /∂θ | is bounded.
(b) [pθ +W (x) − pθ (x)]/W → ∂ log pθ /∂θ uniformly.
5.31 (a) Show that if (5.38) holds, then the family of densities is strongly differentiable
(see Note 8.6).
(b) Show that weak differentiability is implied by strong differentiability.
5.32 Brown and Gajek (1990) give two different sufficient conditions for (8.2) to hold,
which are given below. Show that each implies (8.2). (Note that, in the progression from
(a) to (b) the conditions become weaker, thus more widely applicable and harder to
check.)
(a) For some B < ∞,

Eθ0

2

∂2
pθ (X)/pθ0 (X)
∂θ 2

<B

for all θ in a neighborhood of θ .
(b) If pt∗ (x) = ∂/∂θpθ (x)|θ =t , then

lim Eθ0

W→0

pθ∗0 +W (X) − pθ∗0 (X)
pθ0 (X)

2
= 0.

5.33 Let F be the class of all unimodal symmetric densities or, more generally, densities
symmetric around zero and satisfying f (x) ≤ f (0) for all x. Show that

1
min x 2 f (x)dx =
,
f ∈F
12
and that the minimum is attained by the uniform(− 21 , 21 ) distribution. Thus, the uniform
distribution has minimum variance among symmetric unimodal distributions. (See Example 4.8.6 for large-sample properties of the scale uniform.) [Hint: The side condition
f (x)dx = 1, together with the method of undetermined multipliers, yields an equivalent problem, minimization of (x 2 − a 2 )f (x)dx, where a is chosen to satisfy the
constraint. A Neyman-Pearson type argument will now work.]

Section 6
6.1 For any random variables (ψ1 , . . . , ψs ), show that the matrices ||Eψi ψj || and C =
||cov(ψi , ψj )|| are positive semidefinite.
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6.2 In this problem, we establish some facts about eigenvalues and eigenvectors of square
matrices. (For a more general treatment, see, for example, Marshall and Olkin 1979,
Chapter 20.)
We use the facts that a scalar λ > 0 is an eigenvalue of the n × n symmetric matrix
A if there exists an n × 1 vector p, the corresponding eigenvector, satisfying Ap = λp.
If A is nonsingular, there are n eigenvalues with corresponding linearly independent
eigenvectors.
(a) Show that A = P  Dλ P , where Dλ is a diagonal matrix of eigenvalues of A and P
is and n × n matrix whose rows are the corresponding eigenvalues that satisfies
P  P = P P  = I , the identity matrix.

(b) Show that maxx xxAx
 x = largest eigenvalue of A.
(c) If B is a nonsingular symmetric matrix with eigenvector-eigenvalue represen Ax
tation B = Q Dβ Q, then maxx xx  Bx
= largest eigenvalue of A∗ , where A∗ =
−1/2
−1/2
−1/2

Dβ QAQ Dβ and Dβ is a diagonal matrix whose elements are the reciprocals of the square roots of the eigenvalues of B.
(d) For any square matrices C and D, show that the eigenvalues of the matrix CD are
 Ax
the same as the eigenvalues of the matrix DC, and hence that maxx xx  Bx
= largest
−1
eigenvalue of AB .
 x
(e) If A = aa  , where a is a n×1 vector (A is thus a rank-one matrix), then maxx xxaa
 Bx =
 −1
a B a.






λ y2

[Hint: For part (b) show that xxAx
= y yD yλ y = i yi 2i , where y = P x, and hence the
x
i i
maximum is achieved at the vector y that is 1 at the coordinate of the largest eigenvalue
and zero everywhere else.]
6.3 An alternate proof of Theorem 6.1 uses the method of Lagrange (or undetermined)
multipliers. Show that, for fixed γ , the maximum value of a  γ , subject to the constraint
that a  Ca = 1, is obtained by the solutions to
"
1
∂
a  γ − λ[a  Ca − 1] = 0,
∂ai
2

where λ is the undetermined multiplier. (The solution is a = ±C −1 γ / γ  C −1 γ .)
6.4 Prove (6.11) under the assumptions of the text.
6.5 Verify (a) the information matrices of Table 6.1 and (b) Equations (6.15) and (6.16).
6.6 If p(x) = (1−ε)φ(x −ξ )+(ε/τ )φ[(x −ξ )/τ ] where φ is the standard normal density,
find I (ε, ξ, τ ).
6.7 Verify the expressions (6.20) and (6.21).


A11 A12
be a partitioned matrix with A22 square and nonsingular, and
6.8 Let A =
A21 A22
let


I −A12 A−1
22
B=
.
0
I
Show that |A| = |A11 − A12 A−1
22 A21 | · |A22 |.
6.9 (a) Let

A=

a b
bC



where a is a scalar and b a column matrix, and suppose that A is positive definite.
Show that |A| ≤ a|C| with equality holding if and only if b = 0.
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(b) More generally, if the matrix A of Problem 6.8 is positive definite, show that |A| ≤
|A11 | · |A22 | with equality holding if and only if A12 = 0.
[Hint: Transform A11 and the positive semidefinite A12 A−1
22 A21 simultaneously to diagonal form.]
6.10 (a) Show that if the matrix A is nonsingular, then for any vector x, (x  Ax)(x  A−1 x) >
(x  x)2 .
(b) Show that, in the notation of Theorem 6.6 and the following discussion,
22
1
∂
E δ
∂θi θ
(ε α)2
=  i
,
Iii (θ )
εi I (θ )εi
and if α = (0, . . . , 0, αi , 0, . . . 0), α  I (θ )−1 α = (εi α)2 εi I (θ)−1 εi , and hence establish (6.25).
6.11 Prove that (6.26) is necessary for equality in (6.25). [Hint: Problem 6.9(a).]
6.12 Prove the Bhattacharyya inequality (6.29) and show that the condition of equality
is as stated.

8 Notes
8.1 Unbiasedness and Information
The concept of unbiasedness as “lack of systematic error” in the estimator was introduced
by Gauss (1821) in his work on the theory of least squares. It has continued as a basic
assumption in the developments of this theory since then.
The amount of information that a data set contains about a parameter was introduced by
Edgeworth (1908, 1909) and was developed more systematically by Fisher (1922 and
later papers). The first version of the information inequality, and hence connections with
unbiased estimation, appears to have been given by Fréchet (1943). Early extensions
and rediscoveries are due to Darmois (1945), Rao (1945), and Cramér (1946b). The designation “information inequality,” which replaced the earlier “Cramér-Rao inequality,”
was proposed by Savage (1954).
8.2 UMVU Estimators
The first UMVU estimators were obtained by Aitken and Silverstone (1942) in the
situation in which the information inequality yields the same result (Problem 5.17).
UMVU estimators as unique unbiased functions of a suitable sufficient statistic were
derived in special cases by Halmos (1946) and Kolmogorov (1950) and were pointed out
as a general fact by Rao (1947). An early use of Method 1 for determining such unbiased
estimators is due to Tweedie (1947). The concept of completeness was defined, its
implications for unbiased estimation developed, and Theorem 1.7 obtained, in Lehmann
and Scheffé (1950, 1955, 1956).
Theorem 1.11 has been used to determine UMVU estimators in many special cases.
Some applications include those of Abbey and David (1970, exponential distribution),
Ahuja (1972, truncated Poisson), Bhattacharyya et al. (1977, censored), Bickel and
Lehmann (1969, convex), Varde and Sathe (1969, truncated exponential), Brown and
Cohen (1974, common mean), Downton (1973, P (X ≤ Y )), Woodward and Kelley
(1977, P (X ≤ Y )), Iwase (1983, inverse Gaussian), and Kremers (1986, sum-quota
sampling).
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Figure 8.1. Illustration of the information inequality

8.3 Existence of Unbiased Esimators
Doss and Sethuraman (1989) show that the process of bias reduction may not always
be the wisest course. If an estimand g(θ ) does not have an unbiased estimator, and one
tries to reduce the bias in a biased estimator δ, they show that as the bias goes to zero,
var(δ) → ∞ (see Problem 1.4).
This result has implications for bias-reduction procedures such as the jackknife and
the bootstrap. (For an introduction to the jackknife and the bootstrap, see Efron and
Tibshirani 1993 or Shao and Tu 1995.) In particular, Efron and Tibshirani (1993, Section
10.6) discuss some practical implications of bias reduction, where they urge caution in
its use, as large increases in standard errors can result.
Liu and Brown (1993) call a problem singular if there exists no unbiased estimator
with finite variance. More precisely, if F is a family of densities, then if a problem is
singular, there will be at least one member of F, called a singular point, where any
unbiased estimator of a parameter (or functional) will have infinite variance. There are
many examples of singular problems, both in parametric and nonparametric estimation,
with nonparametric density estimation being, perhaps, the best known. Two particularly
simple examples of singular problems are provided by Example 1.2 (estimation of 1/p
in a binomial problem) and Problem 5.21 (a mixture estimation problem).
8.4 Geometry of the Information Inequality
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The information inequality can be interpreted as, and a proof can be based on, the fact
that the length of the hypotenuse of a right triangle exceeds the length of each side.
For two vectors a and b, define < t, q >= t  q, with < t, t >2 = |t|2 . For the triangle
in Figure 8.1, using the fact that the cosine of the angle between t and q is cos(t, q) =
t  q/|t||q| and the fact that the hypotenuse is the longest side, we have


< t, q >
< t, q >
=
.
|t| > |t| cos(t, q) = |t|
|t||q|
|q|
If we define < X, Y > = E [(X − EX) (Y − EY )] for random variables X and Y ,
applying the above inequality with this definition results in the covariance inequality
(5.1), which, in turn, leads to the information inequality. See Fabian and Hannan (1977)
for a rigorous development.
8.5 Fisher Information and the Hazard Function
Efron and Johnstone (1990) investigate an identity between the Fisher information number and the hazard function, h, defined by
hθ (x) = lim W−1 P (x ≤ X < x + W|X ≥ x) =
W→0

fθ (x)
1 − Fθ (x)

where fθ and Fθ are the density and distribution function of the random variable X,
respectively. The hazard function, h(x), represents the conditional survival rate given
survival up to time x and plays and important role in survival analysis. (See, for example,
Kalbfleish and Prentice 1980, Cox and Oakes 1984, Fleming and Harrington 1991.)
Efron and Johnstone show that
 ∞
 ∞
∂
∂
log[fθ (x)]2 fθ (x)dx =
log[hθ (x)]2 fθ (x)dx.
I (θ ) =
−∞ ∂θ
−∞ ∂θ
They then interpret this identity and discuss its implications to, and connections with,
survival analysis and statistical curvature of hazard models, among other things. They
also note that this identity can be derived as a consequence of the more general result of
James (1986), who showed that if b(·) is a continuous function of the random variable
X, then
var[b(X)] = E[b(X) − b̄(X)]2 ,

where

b̄(x) = E[b(X)|b(X) > x],

as long as the expectations exist.
8.6 Weak and Strong Differentiability
Research into determining necessary and sufficient conditions for the applicability of the
Information Inequality bound has a long history (see, for example, Blyth and Roberts
1972, Fabian and Hannan 1977, Ibragimov and Has’minskii 1981, Section 1.7, MüllerFunk et al. 1989, Brown and Gajek 1990). What has resulted is a condition on the density
sufficient to ensure (5.29).
The precise condition needed was presented by Fabian and Hannan (1977), who call it
weak differentiability. The function pθ +W (x)/pθ (x) is weakly differentiable at θ if there
is a measurable function q such that



"
pθ +W (x)
− 1 − q(x) pθ (x) dµ(x) = 0
W→0
pθ (x)
2
for all h(·) such that h (x)pθ (x) dµ(x) < ∞. Weak differentiability is actually equivalent (necessary and sufficient) to the existence of a function qθ (x) such that (∂/∂θ )Eθ δ =
Eδq. Hence, it can replace condition (5.38) in Theorem 5.15.




(8.1)

lim

h(x)

W−1
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Since weak differentiability is often difficult to verify, Brown and Gajek (1990) introduce the more easily verifiable condition of strong differentiability, which implies weak
differentiability, and thus can also replace condition (5.38) in Theorem 5.15 (Problem
5.31). The function pθ +W (x)/pθ (x) is strongly differentiable at θ = θ0 with derivative
qθ0 (x) if

"2

 
pθ +W (x)
−1
− 1 − qθ0 (x) pθ0 (x) dµ(x) = 0.
(8.2)
lim
W
W→0
pθ (x)
These variations of the usual definition of differentiability are well suited for the information inequality problem. In fact, consider the expression in the square brackets
in (8.1). If the limit of this expression exists, it is qθ (x) = ∂ log pθ (x)/∂θ. Of course,
existence of this limit does not, by itself, imply condition (8.2); such an implication
requires an integrability condition.
Brown and Gajek (1990) detail a number of easier-to-check conditions that imply
(8.2). (See Problem 5.32.) Fabian and Hannan (1977) remark that if (8.1) holds and
∂ log pθ (x)/∂θ exists, then it must be the case that qθ (x) = ∂ log pθ (x)/∂θ. However,
the existence of one does not imply the existence of the other.

CHAPTER 3

Equivariance

1 First Examples
In Section 1.1, the principle of unbiasedness was introduced as an impartiality
restriction to eliminate estimators such as δ(X) ≡ g(θ0 ), which would give very
low risk for some parameter values at the expense of very high risk for others. As
was seen in Sections 2.2–2.4, in many important situations there exists within the
class of unbiased estimators a member that is uniformly better for any convex loss
function than any other unbiased estimator.
In the present chapter, we shall use symmetry considerations as the basis for
another such impartiality restriction with a somewhat different domain of applicability.
Example 1.1 Estimating binomial p. Consider n binomial trials with unknown
probability p (0 < p < 1) of success which we wish to estimate with loss function
L(p, d), for example, L(p, d) = (d − p)2 or L(p, d) = (d − p)2 /p(1 − p). If Xi ,
i = 1, . . . , n is 1 or 0 as the ith trial is a success or failure, the joint distribution of
the X’s is
P (x1 , . . . , xn ) = pxi (1 − p)(1−xi ) .
Suppose now that another statistician interchanges the definition of success and
failure. For this worker, the probability of success is
p = 1 − p

(1.1)

and the indicator of success and failure on the ith trial is
Xi = 1 − Xi .

(1.2)
The joint distribution of the Xi is

P (x1 , · · · , xn ) = p
and hence satisfies
(1.3)

xi



(1 − p  )(1−xi )

P (xi , . . . , xn ) = P (x1 , . . . , xn ).

In the new terminology, the estimated value d  of p  is
(1.4)

d  = 1 − d,

and the loss resulting from its use is L(p  , d  ). The loss functions suggested at the
beginning of the example (and, in fact, most loss functions that we would want to
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employ in this situation) satisfy
(1.5)

L(p, d) = L(p  , d  ).

Under these circumstances, the problem of estimating p with loss function L is said
to be invariant under the transformations (1.1), (1.2), and (1.4). This invariance is
an expression of the complete symmetry of the estimation problem with respect
to the outcomes of success and failure.
Suppose now that in the above situation, we had decided to use δ(x), where
x = (x1 , . . . , xn ) as an estimator of p. Then, the formal identity of the primed and
unprimed problem suggests that we should use
(1.6)

δ(x ) = δ(1 − x1 , . . . , 1 − xn )

to estimate p = 1 − p. On the other hand, it is natural to estimate 1 − p by 1
minus the estimator of p, i.e., by
(1.7)

1 − δ(x).

It seems desirable that these two estimators should agree and hence that
(1.8)

δ(x ) = 1 − δ(x).

An estimator satisfying (1.8) will be called equivariant under the transformations
(1.1), (1.2), and (1.4). Note that the standard estimate Xi /n satisfies (1.8).
The arguments for (1.6) and (1.7) as estimators of 1 − p are of a very different
nature. The appropriateness of (1.6) depends entirely on the symmetry of the
situation. It would continue to be suitable if it were known, for example, that
1
< p < 23 but not if, say, 41 < p < 21 . In fact, in the latter case, δ(X) would
3
typically be chosen to be < 21 for all X, and hence δ(X ) would be entirely unsuitable
as an estimator of 1 − p, which is known to be > 21 . More generally, (1.6) would
cease to be appropriate if any prior information about p is available which is not
symmetric about 21 . In contrast, the argument leading to (1.7) is quite independent of
any symmetry assumptions, but simply reflects the fact that if δ(X) is a reasonable
estimator of a parameter θ (that is, is likely to be close to θ ), then 1 − δ(X) is
reasonable as an estimator of 1 − θ.

We shall postpone giving a general definition of equivariance to the next section,
and in the remainder of the present section, we formulate this concept and explore
its implications for the special case of location problems.
Let X = (X1 , . . . , Xn ) have joint distribution with probability density
(1.9)

f (x − ξ ) = f (x1 − ξ, . . . , xn − ξ ),

−∞ < ξ < ∞,

where f is known and ξ is an unknown location parameter. Suppose that for the
problem of estimating ξ with loss function L(ξ, d), we have found a satisfactory
estimator δ(X).
In analogy with the transformations (1.2) and (1.1) of the observations Xi and
the parameter p in Example 1.1, consider the transformations
(1.10)

Xi = Xi + a
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and
(1.11)
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ξ  = ξ + a.

The joint density of X = (X1 , . . . , Xn ) can be written as
f (x − ξ  ) = f (x1 − ξ  , · · · , xn − ξ  )
so that in analogy with (1.3) we have by (1.10) and (1.11)
(1.12)

f (x − ξ  ) = f (x − ξ ) for all x and ξ.

The estimated value d  of ξ  is
(1.13)

d = d + a

and the loss resulting from its use is L(ξ  , d  ).
In analogy with (1.5), we require L to satisfy L(ξ  , d  ) = L(ξ, d) and hence
(1.14)

L(ξ + a, d + a) = L(ξ, d).

A loss function L satisfies (1.14) for all values of a if and only if it depends only
on the difference d − ξ , that is, it is of the form
(1.15)

L(ξ, d) = ρ(d − ξ ).

That (1.15) implies (1.14) is obvious. The converse follows by putting a = −ξ in
(1.14) and letting ρ(d − ξ ) = L(0, d − ξ ).
We can formalize these considerations in the following definition.
Definition 1.2 A family of densities f (x|ξ ), with parameter ξ , and a loss function
L(ξ, d) are location invariant if, respectively, f (x  |ξ  ) = f (x|ξ ) and L(ξ, d) =
L(ξ  , d  ) whenever ξ  = ξ + a and d  = d + a. If both the densities and the loss
function are location invariant, the problem of estimating ξ is said to be location
invariant under the transformations (1.10), (1.11), and (1.13).
As in Example 1.1, this invariance is an expression of symmetry. Quite generally,
symmetry in a situation can be characterized by its lack of change under certain
transformations. After a transformation, the situation looks exactly as it did before.
In the present case, the transformations in question are the shifts (1.10), (1.11), and
(1.13), which leave both the density (1.12) and the loss function (1.14) unchanged.
Suppose now that in the original (unprimed) problem, we had decided to use
δ(X) as an estimator of ξ . Then, the formal identity of the primed and unprimed
problem suggest that we should use
(1.16)

δ(X ) = δ(X1 + a, . . . , Xn + a)

to estimate ξ  = ξ + a. On the other hand, it is natural to estimate ξ + a by adding
a to the estimator of ξ , i.e., by
(1.17)
δ(X) + a.
As before, it seems desirable that these two estimators should agree and hence that
(1.18)

δ(X1 + a, . . . , Xn + a) = δ(X1 , . . . , Xn ) + a

for all a.
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Definition 1.3 An estimator satisfying (1.18) will be called equivariant under the
transformations (1.10), (1.11), and (1.13), or location equivariant.1
All the usual estimators of a location parameter are location equivariant. This
is the case, for example, for the mean, the median, or any weighted average of the
order statistics (with weights adding up to one). The MLE ξ̂ is also equivariant
since, if ξ̂ maximizes f (x − ξ ), ξ̂ + a maximizes f (x − ξ − a).
As was the case in Example 1.1, the arguments for (1.16) and (1.17) as estimators
of ξ + a are of a very different nature. The appropriateness of (1.16) results from
the invariance of the situation under shift. It would not be suitable for an estimator
of ξ + a, for example, if it were known that 0 < ξ < 1. Then, δ(X) would typically
only take values between 0 and 1, and hence δ(X ) would be disastrous as an
estimate of ξ + a if a > 1. In contrast, the argument leading to (1.17) is quite
independent of any equivariance arguments, but simply reflects the fact that if
δ(X) is a reasonable estimator of a parameter ξ , then δ(X) + a is reasonable for
estimating ξ + a.
The following theorem states an important set of properties of location equivariant estimators.
Theorem 1.4 Let X be distributed with density (1.9), and let δ be equivariant for
estimating ξ with loss function (1.15). Then, the bias, risk, and variance of δ are
all constant (i.e., do not depend on ξ ).
Proof. Note that if X has density f (x) (i.e., ξ = 0), then X + ξ has density (1.9).
Thus, the bias can be written as
b(ξ ) = Eξ [δ(X)] − ξ = E0 [δ(X + ξ )] − ξ = E0 [δ(X)],
which does not depend on ξ .
The proofs for risk and variance are analogous (Problem 1.1).

✷

Theorem 1.4 has an important consequence. Since the risk of any equivariant
estimator is independent of ξ , the problem of uniformly minimizing the risk within
this class of estimators is replaced by the much simpler problem of determining
the equivariant estimator for which this constant risk is smallest.
Definition 1.5 In a location invariant estimation problem, if a location equivariant
estimator exists which minimizes the constant risk, it is called the minimum risk
equivariant (MRE) estimator.
Such an estimator will typically exist, and is often unique, although in rare
cases there could be a sequence of estimators whose risks decrease to a value not
assumed. To derive an explicit expression for the MRE estimator, let us begin by
finding a representation of the most general location equivariant estimator.
Lemma 1.6 If δ0 is any equivariant estimator, then a necessary and sufficient
condition for δ to be equivariant is that
(1.19)
1

δ(x) = δ0 (x) + u(x)

Some authors have called such estimators invariant, which could suggest that the estimator remains
unchanged, rather than changing in a prescribed way. We will reserve that term for functions that
do remain unchanged, such as those satisfying (1.20).
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where u(x) is any function satisfying
(1.20)

u(x + a) = u(x),

f or all

x, a.

Proof. Assume first that (1.19) and (1.20) hold. Then, δ(x+a) = δ0 (x+a)+u(x+a) =
δ0 (x) + a + u(x) = δ(x) + a, so that δ is equivariant.
Conversely, if δ is equivariant, let
u(x) = δ(x) − δ0 (x).
Then
u(x + a) = δ(x + a) − δ0 (x + a)
= δ(x) + a − δ0 (x) − a = u(x)
so that (1.19) and (1.20) hold.

✷

To complete the representation, we need a characterization of the functions u
satisfying (1.20).
Lemma 1.7 A function u satisfies (1.20) if and only if it is a function of the differences yi = xi − xn (i = 1, . . . , n − 1), n ≥ 2; for n = 1, if and only if it is a
constant.
Proof. The proof is essentially the same as that of (1.15).

✷

Note that the function u(·), which is invariant, is only a function of the ancillary
statistic (y1 , . . . , yn−1 ) (see Section 1.6). Hence, by itself, it does not carry any
information about the parameter ξ . The connection between invariance and ancillarity is not coincidental. (See Lehmann and Scholz 1992, and Problems 2.11 and
2.12.)
Combining Lemmas 1.6 and 1.7 gives the following characterization of equivariant estimators.
Theorem 1.8 If δ0 is any equivariant estimator, then a necessary and sufficient
condition for δ to be equivariant is that there exists a function v of n − 1 arguments
for which
δ(x) = δ0 (x) − v(y) f or all x.
(1.21)
Example 1.9 Location equivariant estimators based on one observation. Consider the case n = 1. Then, it follows from Theorem 1.8 that the only equivariant
estimators are X + c for some constant c.

We are now in a position to determine the equivariant estimator with minimum
risk.
Theorem 1.10 Let X = (X1 , . . . , Xn ) be distributed according to (1.9), let Yi =
Xi − Xn (i = 1, . . . , n − 1) and Y = (Y1 , . . . , Yn−1 ). Suppose that the loss function
is given by (1.15) and that there exists an equivariant estimator δ0 of ξ with finite
risk. Assume that for each y there exists a number v(y) = v ∗ (y) which minimizes
(1.22)

E0 {ρ[δ0 (X) − v(y)]|y}.
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Then, a location equivariant estimator δ of ξ with minimum risk exists and is given
by
δ ∗ (X) = δ0 (X) − v ∗ (Y).
Proof. By Theorem 1.8, the MRE estimator is found by determining v so as to
minimize
Rξ (δ) = Eξ {ρ[δ0 (X) − v(Y) − ξ ]}.
Since the risk is independent of ξ , it suffices to minimize
R0 (δ) = E0 {ρ[δ0 (X) − v(Y)]}

= E0 {ρ[δ0 (X) − v(y)]|y} dP0 (y).
The integral is minimized by minimizing the integrand, and hence (1.22), for each
y. Since δ0 has finite risk E0 {ρ[δ0 (X)]|y} < ∞ (a.e. P0 ), the minimization of
(1.22) is meaningful. The result now follows from the assumptions of the theorem.
✷
Corollary 1.11 Under the assumptions of Theorem 1.10, suppose that ρ is convex
and not monotone. Then, an MRE estimator of ξ exists; it is unique if ρ is strictly
convex.
Proof. Theorems 1.10 and 1.7.15.

✷

Corollary 1.12 Under the assumptions of Theorem 1.10:
(i) if ρ(d − ξ ) = (d − ξ )2 , then
v ∗ (y) = E0 [δ0 (X)|y];
(1.23)
(ii) if ρ(d − ξ ) = |d − ξ |, then v ∗ (y) is any median of δ0 (X) under the conditional
distribution of X given y.
Proof. Examples 1.7.17 and 1.7.18

✷

Example 1.13 Continuation of Example 1.9. For the case n = 1, if X has finite risk, the arguments of Theorem 1.10 and Corollary 1.11 show that the MRE
estimator is X − v ∗ where v ∗ is any value minimizing
(1.24)

E0 [ρ(X − v)].

In particular, the MRE estimator is X − E0 (X) and X− med0 (X) when the loss is
squared error and absolute error, respectively.
Suppose, now, that X is symmetrically distributed about ξ . Then, for any ρ which
is convex and even, if follows from Corollary 1.7.19 that (1.24) is minimized by
v = 0, so that X is MRE. Under the same assumptions, if n = 2, the MRE estimator
is (X1 + X2 )/2. (Problem 1.3).

The existence of MRE estimators is, of course, not restricted to convex loss
functions. As an important class of nonconvex loss functions, consider the case
that ρ is bounded.
Corollary 1.14 Under the assumptions of Example 1.13, suppose that 0 ≤ ρ(t) ≤
M for all values of t, that ρ(t) → M as t → ±∞, and that the density f of X is
continuous a.e. Then, an MRE estimator of ξ exists.
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✷

Proof. See Problem 1.8.
Example 1.15 MRE under 0 − 1 loss. Suppose that
ρ(d − ξ ) =

1
0

if |d − ξ | > k
otherwise.

Then, v will minimize (1.24), provided it maximizes
(1.25)

P0 {|X − v| ≤ k}.

Suppose that the density f is symmetric about 0. If f is unimodal, then v = 0
and the MRE estimator of ξ is X. On the other hand, suppose that f is U-shaped,
say f (x) is zero for |x| > c > k and is strictly increasing for 0 < x < c. Then,
there are two values of v maximizing (1.25), namely v = c − k and v = −c + k,
hence, X − c + k and X + c − k are both MRE.

Example 1.16 Normal. Let X1 , . . . , Xn be iid according to N (ξ, σ 2 ), where σ
is known. If δ0 = X̄ in Theorem 1.10, it follows from Basu’s theorem that δ0 is
independent of Y and hence that v(y) = v is a constant determined by minimizing
(1.24) with X̄ in place of X. Thus X̄ is MRE for all convex and even ρ. It is also
MRE for many nonconvex loss functions including that of Example 1.15.

This example has an interesting implication concerning a “least favorable” property of the normal distribution.
Theorem 1.17 Let F be the class of all univariate distributions F that have a
density f (w.r.t. Lebesgue measure) and fixed finite variance, say σ 2 = 1. Let
X1 , . . . , Xn be iid with density f (xi − ξ ), ξ = E(Xi ), and let rn (F ) be the risk of
the MRE estimator of ξ with squared error loss. Then, rn (F ) takes on its maximum
value over F when F is normal.
Proof. The MRE estimator in the normal case is X̄ with risk E(X̄ − ξ )2 = 1/n.
Since this is the risk of X̄, regardless of F , the MRE estimator for any other F
must have risk ≤ 1/n, and this completes the proof.
✷
For n ≥ 3, the normal distribution is, in fact, the only one for which rn (F ) = 1/n.
Since the MRE estimator is unique, this will follow if the normal distribution can
be shown to be the only one whose MRE estimator is X̄. From Corollary 1.12, it
is seen that the MRE estimator is X̄ − E0 [X̄|Y] and, hence, is X̄ if and only if
E0 [X̄|Y] = 0. It was proved by Kagan, Linnik, and Rao (1965, 1973) that this last
equation holds if and only if F is normal.
Example 1.18 Exponential. Let X1 , . . . , Xn be iid according to the exponential
distribution E(ξ, b) with b known. If δ0 = X(1) in Theorem 1.10, it again follows
from Basu’s theorem that δ0 is independent of Y and hence that v(y) = v is
determined by minimizing
E0 [ρ(X(1) − v)].
(1.26)
(a) If the loss is squared error, the minimizing value is v = E0 [X(1) ] = b/n, and
hence the MRE estimator is X(1) − (b/n).
(b) If the loss is absolute error, the minimizing value is v = b(log 2)/n (Problem
1.4).
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(c) If the loss function is that of Example 1.15, then v is the center of the interval
I of length 2k which maximizes Pξ =0 [X(1) εI ]. Since for ξ = 0, the density of
X(1) is decreasing on (0, ∞), v = k, and the MRE estimator is X(1) − k.
See Problem 1.5 for another comparison.

Example 1.19 Uniform. Let X1 , . . . , Xn be iid according to the uniform distribution U (ξ − 1/2b, ξ + 1/2b), with b known, and suppose the loss function ρ is
convex and even. For δ0 , take [X(1) + X(n) ]/2 where X(1) < · · · < X(n) denote the
ordered X’s To find v(y) minimizing (1.22), consider the conditional distribution of
δ0 given y. This distribution depends on y only through the differences X(i) − X(1) ,
i = 2, . . . , n. By Basu’s theorem, the pair (X(1) , X(n) ) is independent of the ratios
Zi = [X(i) − X(1) ]/X(n) − X(1) ], i = 2, . . . , n − 1 (Problem 1.6.36(b)). Therefore,
the conditional distribution of δ0 given the differences X(i) − X(1) , which is equivalent to the conditional distribution of δ0 given X(n) −X(1) and the Z’s, depends only
on X(n) − X(1) . However, the conditional distribution of δ0 given V = X(n) − X(1) is
symmetric about 0 (when ξ = 0; Problem 1.2). It follows, therefore, as in Example
1.13 that the MRE estimator of ξ is [X(1) + X(n) ]/2, the midrange.

When loss is squared error, the MRE estimator
δ ∗ (X) = δ0 (X) − E[δ0 (X)|Y]

(1.27)

can be evaluated more explicitly.
Theorem 1.20 Under the assumptions of Theorem 1.15, with L(ξ, d) = (d − ξ )2 ,
the estimator (1.27) is given by
δ ∗ (x) =

(1.28)

∞
−∞ uf (x1 − u, . . . , xn − u) du
∞
−∞ f (x1 − u, . . . , xn − u) du

,

and in this form, it is known as the Pitman estimator of ξ .
Proof. Let δ0 (X) = Xn . To compute E0 (Xn |y) (which exists by Problem 1.21),
make the change of variables
yi = xi − xn (i = 1, . . . , n − 1); yn = xn .
The Jacobian of the transformation is 1. The joint density of the Y ’s is therefore
pY (y1 , . . . , yn ) = f (y1 + yn , . . . , yn−1 + yn , yn ),
and the conditional density of Yn given y = (y1 , . . . , yn−1 ) is
f (y1 + yn , . . . , yn−1 + yn , yn )
.
f (y1 + t, . . . , yn−1 + t, t) dt
It follows that
E0 [Xn |y] = E0 [Yn |y] =

tf (y1 + t, . . . , yn−1 + t, t) dt
.
f (y1 + t, . . . , yn−1 + t, t) dt

This can be reexpressed in terms of the x’s as
E0 [Xn |y] =

tf (x1 − xn + t, . . . , xn−1 − xn + t, t) dt
f (x1 − xn + t, . . . , xn−1 − xn + t, t) dt
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or, finally, by making the change of variables u = xn − t as
uf (x1 − u, . . . , xn − u) du
.
f (x1 − u, . . . , xn − u) du

E0 [Xn |y] = xn −

✷

This completes the proof.

Example 1.21 (Continuation of Example 1.19). As an illustration of (1.28), let
us apply it to the situation of Example 1.19. Then

b
b

 b−n if ξ − ≤ X(1) ≤ X(n) ≤ ξ +
2
2
f (x1 − ξ, . . . , xn − ξ ) =


0 otherwise
where b is known. The Pitman estimator is therefore given by

−1
 x(1) +b/2
x(1) +b/2
1
∗
u du
du
= [x(1) + x(n) ],
δ (x) =
2
x(n) −b/2
x(n) −b/2


which agrees with the result of Example 1.19.

For most densities, the integrals in (1.28) are difficult to evaluate. The following
example illustrates the MRE estimator for one more case.
Example 1.22 Double exponential. Let X1 , . . . , Xn be iid with double exponential distribution DE(ξ, 1), so that their joint density is (1/2n ) × exp(−|xi − ξ |).
It is enough to evaluate the integrals in (1.28) over the set where x1 < · · · < xn . If
xk < ξ < xk+1 ,
|xi − ξ | =

n

(xi − ξ ) −

k+1
n

=
k+1

k

(xi − ξ )

1

xi −

k

xi + (2k − n)ξ.

1

The integration then leads to two sums, both in numerator and denominator of the
Pitman estimator. The resulting expression is the desired estimator.

So far, the estimator δ has been assumed to be nonrandomized. Let us now consider the role of randomized estimators for equivariant estimation. Recall from the
proof of Corollary 1.7.9 that a randomized estimator can be obtained as a nonrandomized estimator δ(X, W ) depending on X and an independent random variable
W with known distribution. For such an estimator, the equivariance condition
(1.18) becomes
δ(X + a, W ) = δ(X, W ) + a for all a.
There is no change in Theorem 1.4, and Lemma 1.6 remains valid with (1.20)
replaced by
u(x + a, w) = u(x, w) for all x, w, and a.
The proof of Lemma 1.7 shows that this condition holds if and only if u is a
function only of y and w, so that, finally, in generalization of (1.21), an estimator
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δ(X, W ) is equivariant if and only if it is of the form
(1.29)

δ(X, W ) = δ0 (X, W ) − v(Y, W ).

Applying the proof of Theorem 1.10 to (1.29), we see that the risk is minimized
by choosing for v(y, w) the function minimizing
E0 {ρ[δ0 (X, w) − v(y, w)]|y, w}.
Since the starting δ0 can be any equivariant estimator, let it be nonrandomized,
that is, not dependent on W . Since X and W are independent, it then follows that
the minimizing v(y, w) will not involve w, so that the MRE estimator (if it exists)
will be nonrandomized.
Suppose now that T is a sufficient statistic for ξ . Then, X can be represented
as (T , W ), where W has a known distribution (see Section 1.6), and any estimator
δ(X) can be viewed as a randomized estimator based on T . The above argument
then suggests that a MRE estimator can always be chosen to depend on T only.
However, the argument does not apply since the family {PξT , −∞ < ξ < ∞}
no longer needs be a location family. Let us therefore add the assumption that
T = (T1 , . . . , Tr ) where Ti = Ti (X) are real-valued and equivariant, that is, satisfy
(1.30)

Ti (x + a) = Ti (x) + a

for all x and a.

Under this assumption, the distributions of T do constitute a location family. To
see this, let V = X − ξ so that V is distributed with density f (v1 , . . . , vn ). Then,
Ti (X) = Ti (V + ξ ) = Ti (V) + ξ , and this defines a location family. The earlier
argument therefore applies, and under assumption (1.30), an MRE estimator can
be found which depends only on T . (For a general discussion of the relationship of
invariance and sufficiency, see Hall, Wijsman, and Ghosh 1965, Basu 1969, Berk
1972a, Landers and Rogge 1973, Arnold 1985, Kariya 1989, and Ramamoorthi
1990.)
In Examples 1.16, 1.18 and 1.19, the sufficient statistics X̄, X(1) , and (X(1) , X(n) ),
respectively, satisfy (1.30), and the previous remark provides an alternative derivation for the MRE estimators in these examples.
It is interesting to compare the results of the present section with those on
unbiased estimation in Chapter 2. It was found there that when a UMVU estimator
exists, it typically minimizes the risk for all convex loss functions, but that for
bounded loss functions not even a locally minimum risk unbiased estimator can
be expected to exist. In contrast:
(a) An MRE estimator typically exists not only for convex loss functions but even
when the loss function is not so restricted.
(b) On the other hand, even for convex loss functions, the MRE estimator often
varies with the loss function.
(c) Randomized estimators need not be considered in equivariant estimation since
there are always uniformly better nonrandomized ones.
(d) Unlike UMVU estimators which are frequently inadmissible, the Pitman estimator is admissible under mild assumptions (Stein 1959, and Section 5.4).
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(e) The principal area of application of UMVU estimation is that of exponential
families, and these have little overlap with location families (see Section 1.5).
(f) For location families, UMVU estimators typically do not exist. (For specific
results in this direction, see Bondesson 1975.)
Let us next consider whether MRE estimators are unbiased.
Lemma 1.23 Let the loss function be squared error.
(a) When δ(X) is any equivariant estimator with constant bias b, then δ(X) − b
is equivariant, unbiased, and has smaller risk than δ(X).
(b) The unique MRE estimator is unbiased.
(c) If a UMVU estimator exists and is equivariant, it is MRE.
Proof. Part (a) follows from Lemma 2.2.7; (b) and (c) are immediate consequences
of (a).
✷
That an MRE estimator need not be unbiased for general loss functions is seen
from Example 1.18 with absolute error as loss. Some light is thrown on the possible
failure of MRE estimators to be unbiased by considering the following decisiontheoretic definition of unbiasedness, which depends on the loss function L.
Definition 1.24 An estimator δ of g(θ) is said to be risk-unbiased if it satisfies
(1.31)

Eθ L[θ, δ(X)] ≤ Eθ L[θ  , δ(X)]

for all θ  = θ,

If one interprets L(θ, d) as measuring how far the estimated value d is from the
estimand g(θ ), then (1.31) states that, on the average, δ is at least as close to the
true value g(θ ) as it is to any false value g(θ  ).
Example 1.25 Mean-unbiasedness. If the loss function is squared error, (1.31)
becomes
(1.32)

Eθ [δ(X) − g(θ  )]2 ≥ Eθ [δ(X) − g(θ )]2

for all θ  = θ.

Suppose that Eθ (δ 2 ) < ∞ and that Eθ (δ) ∈ g for all θ , where g = {g(θ) : θ ∈
}. [The latter condition is, of course, automatically satisfied when = (−∞, ∞)
and g(θ ) = θ, as is the case when θ is a location parameter.] Then, the left side
of (1.32) is minimized by g(θ  ) = Eθ δ(X) (Example 1.7.17) and the condition of
risk-unbiasedness, therefore, reduces to the usual unbiasedness condition
(1.33)

Eθ δ(X) = g(θ ).


Example 1.26 Median-unbiasedness. If the loss function is absolute error, (1.31)
becomes
(1.34)

Eθ |δ(X) − g(θ  )| ≥ Eθ |δ(X) − g(θ)| for all θ  = θ.

By Example 1.7.18, the left side of (1.34) is minimized by any median of δ(X). It
follows that (1.34) reduces to the condition
(1.35)

medθ δ(X) = g(θ ),
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that is, g(θ ) is a median of δ(X), provided Eθ |δ| < ∞ and g contains a median
of δ(X) for all θ. An estimator δ satisfying (1.35) is called median-unbiased. 
Theorem 1.27 If δ is MRE for estimating ξ in model (1.9) with loss function
(1.15), then it is risk-unbiased.
Proof. Condition (1.31) now becomes
Eξ ρ[δ(X) − ξ  ] ≥ Eξ ρ[δ(X) − ξ ]

for all ξ  = ξ,

or, if without loss of generality we put ξ = 0,
E0 ρ[δ(X) − a] ≥ E0 ρ[δ(X)]

for all a.
✷
∗

That this holds is an immediate consequence of the fact that δ(X) = δ0 (X) − v (Y)
where v ∗ (y) minimizes (1.22).
2 The Principle of Equivariance
In the present section, we shall extend the invariance considerations of the binomial situation of Example 1.1 and the location families (1.9) to the general
situation in which the probability model remains invariant under a suitable group
of transformations.
Let X be a random observable taking on values in a sample space X according
to a probability distribution from the family
(2.1)

P = {Pθ , θ ∈

}.

Denote by C a class of 1 : 1 transformations g of the sample space onto itself.
Definition 2.1
(i) If g is a 1 : 1 transformation of the sample space onto itself, if for each θ
the distribution of X  = gX is again a member of P, say Pθ  , and if as θ
traverses , so does θ  , then the probability model (2.1) is invariant under the
transformation g.
(ii) If (i) holds for each member of a class of transformations C, then the model
(2.1) is invariant under C.
A class of transformations that leave a probability model invariant can always
be assumed to be a group. To see this, let G = G(C) be the set of all compositions
±1
with
(defined in Section 1.4) of a finite number of transformations g1±1 · · · gm
g1 , . . . , gm ∈ C, where each of the exponents can be +1 or −1 and where the
elements g1 , . . . , gm need not be distinct. Then, any element g ∈ G leaves (2.1)
invariant, and G is a group (Problem 2.1), the group generated by C.
Example 2.2 Location family.
(a) Consider the location family (1.9) and the group of transformations X = X+a,
which was already discussed in (1.10) and Example 4.1. It is seen from (1.12)
that if X is distributed according to (1.9) with θ = ξ , then X = X + a has the
density (1.9) with θ  = ξ  = ξ + a, so that the model (1.9) is preserved under
these transformations.
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(b) Suppose now that, in addition, f has the symmetry property
f (−x) = f (x)

(2.2)

where −x = (−x1 , . . . , −xn ), and consider the transformation x = −x. The
density of X is
f (−x1 − ξ, . . . , −xn − ξ ) = f (x1 − ξ  , . . . , xn − ξ  )
if ξ  = −ξ . Thus, model (1.9) is invariant under the transformations x = −x,
ξ  = −ξ , and hence under the group consisting of this transformation and the
identity (Problem 2.2). This is not true, however, if f does not satisfy (1.10).
If, for example, X1 , . . . , Xn are iid according to the exponential distribution
E(ξ, 1), then the variables −X1 , . . . , −Xn no longer have an exponential
distribution.

Let {gX, g ∈ G} be a group of transformations of the sample space which leave
the model invariant. If gX has the distribution Pθ  , then θ  = ḡθ is a function which
maps onto , and the transformation ḡθ is 1 : 1, provided the distributions Pθ ,
θ ∈ are distinct (Problem 2.3). It is easy to see that the transformations ḡ then
also form a group which will be denoted by Ḡ (Problem 2.4). From the definition
of ḡθ , it follows that
Pθ (gX ∈ A) = Pḡθ (X ∈ A)
(2.3)
where the subscript on the left side indicates the distribution of X, not that of gX.
More generally, for a function ψ whose expectation is defined,
Eθ [ψ(gX)] = Eḡθ [ψ(X)].

(2.4)

We have now generalized the transformations (1.10) and (1.11), and it remains to
consider (1.13). This last generalization is most easily introduced by an example.
Example 2.3 Two-sample location family. Let X = (X1 , . . . , Xm ) and Y =
(Y1 , . . . , Yn ) and suppose that (X, Y) has the joint density
(2.5)

f (x − ξ, y − η) = f (x1 − ξ, . . . , xm − ξ, y1 − η, . . . , yn − η).

This model remains invariant under the transformations
(2.6)

g(x, y) = (x + a, y + b),

ḡ(ξ, η) = (ξ + a, η + b).

Consider the problem of estimating
W = η − ξ.

(2.7)

If the transformed variables are denoted by
x = x + a,

y = y + b,

ξ  = ξ + a,

η = η + b,

then W is transformed into W = W + (b − a). Hence, an estimated value d, when
expressed in the new coordinates, becomes
(2.8)

d  = d + (b − a).
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For the problem to remain invariant, we require, analogously to (1.14), that the
loss function L(ξ, η; d) satisfies
(2.9)

L[ξ + a, η + b; d + (b − a)] = L(ξ, η; d).

It is easy to see (Problem 2.5) that this is the case if and only if L depends only on
the difference (η − ξ ) − d, that is, if
(2.10)

L(ξ, η; d) = ρ(W − d).

Suppose, next, that instead of estimating η − ξ , the problem is that of estimating
h(ξ, η) = ξ 2 + η2 .
Under the transformations (2.6), h(ξ, η) is transformed into (ξ + a)2 + (η + b)2 . This
does not lead to an analog of (2.8) since the transformed value does not depend on
(ξ, η) only though h(ξ, η). Thus, the form of the function to be estimated plays a
crucial role in invariance considerations.

Now, consider the general problem of estimating h(θ) in model (2.1), which is
assumed to be invariant under the transformations X = gX, θ  = ḡθ , g ∈ G. The
additional assumption required is that for any given ḡ, h(ḡθ ) depends on θ only
through h(θ ), that is,
(2.11)

h(θ1 ) = h(θ2 )

implies

h(ḡθ1 ) = h(ḡθ2 ).

The common value of h(ḡθ) for all θ ’s to which h assigns the same value will then
be denoted by
h(ḡθ ) = g ∗ h(θ ).
(2.12)
If H is the set of values taken on by h(θ) as θ ranges over , the transformations g ∗ are 1 : 1 from H onto itself. [Problem 2.8(a)]. As ḡ ranges over Ḡ, the
transformations g ∗ form a group G∗ (Problem 2.6).
The estimated value d of h(θ ) when expressed in the new coordinates becomes
(2.13)

d  = g ∗ d.

Since the problems of estimating h(θ ) in terms of (X, θ, d) or h(θ  ) in terms of
(X , θ  , d  ) represent the same physical situation expressed in a new coordinate
system, the loss function should satisfy L(θ  , d  ) = L(θ, d).
This leads to the following definition.
Definition 2.4 If the probability model (2.1) is invariant under g, the loss function
L satisfies
L(ḡθ, g ∗ d) = L(θ, d),
(2.14)
and h(θ ) satisfies (2.11), the problem of estimating h(θ ) with loss function L is
invariant under g.
In this discussion, it was tacitly assumed that the set D of possible decisions
coincides with H. This need not, however, be the case. In Chapter 2, for example,
estimators of a variance were permitted (with some misgiving) to take on negative
values. In the more general case that H is a subset of D, one can take the condition
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that (2.14) holds for all θ as the definition of g ∗ d. If L(θ, d) = L(θ, d  ) for all
θ implies d = d  , as is typically the case, g ∗ d is uniquely defined by the above
condition, and g ∗ is 1 : 1 from D onto itself [Problem 2.8(b)].
In an invariant estimation problem, if δ is the estimator that we would like to
use to estimate h(θ ), there are two natural ways of estimating g ∗ h(θ ), the estimand
h(θ) expressed in the transformed system. One of these generalizes the estimators
(1.6) and (1.16), and the other the estimators (1.6) and (1.17) of the preceding
section.
1. Functional Equivariance. Quite generally, if we have decided to use δ(X) to
estimate h(θ), it is natural to use
φ[δ(X)] as the estimator of φ[h̄(θ )],
for any function φ. If, for example, δ(X) is used to estimate the length θ of the edge
of a cube, it is natural to estimate the volume θ 3 of the cube by [δ(X)]3 . Hence, if
d is the estimated value of h(θ), then g ∗ d should be the estimated value of g ∗ h(θ ).
Applying this to φ = g ∗ leads to
(2.15)

g ∗ δ(X) as the estimator of g ∗ h(θ )

when δ(X) is used to estimate h(θ).
2. Formal Invariance. Invariance under transformations g, ḡ, and g ∗ of the estimation of h(θ ) means that the problem of estimating h(θ) in terms of X, θ , and
d and that of estimating g ∗ h(θ) in terms of X  , θ  , and d  are formally the same,
and should therefore be treated the same. In generalization of (1.6) and (1.16), this
means that we should use
(2.16)

δ(X  ) = δ(gX) to estimate g ∗ [h̄(θ)] = h(ḡθ ).

It seems desirable that these two principles should lead to the same estimator
and hence that
δ(gX) = g ∗ δ(X).
(2.17)
Definition 2.5 In an invariant estimation problem, an estimator δ(X) is said to be
equivariant if it satisfies (2.17) for all g ∈ G.
As was discussed in Section 1, the arguments for (2.15) and (2.16) are of a
very different nature. The appropriateness of (2.16) results from the symmetries
exhibited by the situation and represented mathematically by the invariance of the
problem under the transformations g ∈ G. It gives expression to the idea that if
some symmetries are present in an estimation problem, the estimators should possess the corresponding symmetries. It follows that (2.16) is no longer appropriate
if the symmetry is invalidated by asymmetric prior information; if, for example, θ
is known to be restricted to a subset ω of the parameter space , for which ḡω = ω,
as was the case mentioned at the end of Example 1.1.1 and after Definition 1.3.
In contrast, the argument leading to (2.15) is quite independent of any symmetry
assumptions and simply reflects the fact that if δ(X) is a reasonable estimator of,
say, θ then φ[δ(X)] is a reasonable estimator of φ(θ).
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Example 2.6 Continuation of Example 2.3. In Example 2.3, h(ξ, η) = η − ξ ,
and by (2.8), g ∗ d = d + (b − a). It follows that (2.17) becomes
δ(x + a, y + b) = δ(x, y) + b − a.

(2.18)

If δ0 (X) and δ0 (Y) are location equivariant estimators of ξ and η, respectively, then
δ(X, Y) = δ0 (Y) − δ0 (X) is an equivariant estimator of η − ξ .

The following theorem generalizes Theorem 1.4 to the present situation.
Theorem 2.7 If δ is an equivariant estimator in a problem which is invariant
under a transformation g, then the risk function of δ satisfies
R(ḡθ, δ) = R(θ, δ)

(2.19)

f or all

θ.

Proof. By definition
R(ḡθ, δ) = Eḡθ L[ḡθ, δ(X)].
It follows from (2.4) that the right side is equal to
Eθ L[ḡθ, δ(gX)] = Eθ L[ḡθ, g ∗ δ(X)] = R(θ, δ).
✷
Looking back on Section 1, we see that the crucial fact underlying the success of
the invariance approach was the constancy of the risk function of any equivariant
estimator. Theorem 2.7 suggests the following simple condition for this property
to obtain.
A group G of transformations of a space is said to be transitive if for any two
points there is a transformation in G taking the first point into the second.
Corollary 2.8 Under the assumptions of Theorem 2.7, if Ḡ is transitive over the
parameter space , then the risk function of any equivariant estimator is constant,
that is, independent of θ.
When the risk function of every equivariant estimator is constant, the best equivariant estimator (MRE) is obtained by minimizing that constant, so that a uniformly
minimum risk equivariant estimator will then typically exist. In such problems,
alternative characterizations of the best equivariant estimator can be obtained.
(See Problems 2.11 and 2.12.) Berk (1967a) and Kariya (1989) provide a rigorous
treatment, taking account of the associated measurability problems. A Bayesian
approach to the derivation of best equivariant estimators is treated in Section 4.4.
Example 2.9 Conclusion of Example 2.3. In this example, θ = (ξ, η) and ḡθ =
(ξ + a, η + b). This group of transformations is transitive over since, given any
two points (ξ, η) and (ξ  , η ), a and b exist such that ξ + a = ξ  , and η + b = η . The
MRE estimator can now be obtained in exact analogy to Section 3.1 (Problems
1.13 and 1.14).

The estimation problem treated in Section 1 was greatly simplified by the fact
that it was possible to dispense with randomized estimators. The corresponding
result holds quite generally when Ḡ is transitive. If an estimator δ exists which is
MRE among all nonrandomized estimators, it is then also MRE when randomization is permitted. To see this, note that a randomized estimator can be represented
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as δ  (X, W ) where W is independent of X and has a known distribution and that
it is equivariant if δ  (gX, W ) = g ∗ δ  (X, W ). Its risk is again constant, and for any
θ = θ0 , it is equal to E[h(W )] where
h(w) = Eθ0 {L[δ  (X, w), θ0 ]}.
This risk is minimized by minimizing h(w) for each w. However, by assumption,
δ  (X, w) = δ(X) minimizes h(w), and hence the MRE estimator can be chosen to be
nonrandomized. The corresponding result need not hold when Ḡ is not transitive.
A counterexample is given in Example 5.1.8.
Definition 2.10 For a group G of transformations of , two points θ1 , θ2 ∈
are equivalent if there exists a g ∈ G such that gθ1 = θ2 . The totality of points
equivalent to a given point (and hence to each other) is called an orbit of G. The
group G is transitive over if it has only one orbit.
For the most part, we will consider transitive groups; however, there are some
groups of interest that are not transitive.
Example 2.11 Binomial transformation group. Let X ∼ binomial(n, p), 0 <
p < 1, and consider the group of transformations.
gX = n − X,
ḡp = 1 − p.
The orbits are the pairs (p, 1 − p). The group is not transitive.



Example 2.12 Orbits of a scale group. Let X1 , . . . , Xn be iid N (µ, σ 2 ), both
unknown, and consider estimation of σ 2 . The model remains invariant under the
scale group
gXi = aXi ,
ḡ(µ, σ 2 ) = (aµ, a 2 σ 2 ),

a > 0.

We shall now show that (µ1 , σ12 ) and (µ2 , σ22 ) lie on the same orbit if and only if
µ1 /σ1 = µ2 /σ2 .
On the one hand, suppose that µ1 /σ1 = µ2 /σ2 . Then, µ2 /µ1 = σ2 /σ1 = a, say,
and µ2 = aµ1 ; σ22 = a 2 σ12 . On the other hand, if µ2 = aµ1 and σ22 = a 2 σ12 , then
µ2 /µ1 = a and σ22 /σ12 = a. Thus, the values of τ = µ/σ can be used to label the
orbits of G.

The following corollary is a straightforward consequence of Theorem 2.7.
Corollary 2.13 Under the assumptions of Theorem 2.7, the risk function of any
equivariant estimator is constant on the orbits of G.
Proof. See Problem 2.15.

✷

In Section 1.4, group families were introduced as families of distributions generated by subjecting a random variable with a fixed distribution to a group of
transformations. Consider now a family of distributions P = {Pθ , θ ∈ } which
remains invariant under a group G for which Ḡ is transitive over and g1 = g2
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implies ḡ1 = ḡ2 . Let θ0 be any fixed element of . Then P is exactly the group
family of distributions of {gX, g ∈ G} when X has distribution Pθ0 .
Conversely, let P be the group family of the distributions of gX as g varies
over G, when X has a fixed distribution P , so that P = {Pg , g ∈ G}. Then, g can
serve as the parameter θ and G as the parameter space. In this notation, the starting
distribution P becomes Pe , where e is the identity transformation. Thus, a family
of distributions remains invariant under a transitive group of transformations of
the sample space if and only if it is a group family.
When an estimation problem is invariant under a group of transformations and
an MRE estimator exists, this seems the natural estimator to use—of the various
principles we shall consider, equivariance, where it applies, is perhaps the most
convincing. Yet, even this principle can run into difficulties. The following example
illustrates the possibility of a problem remaining invariant under two different
groups, G1 and G2 , which lead to two different MRE estimators δ1 and δ2 .
Example 2.14 Counterexample. Let the pairs (X1 , X2 ) and (Y1 , Y2 ) be independent, each with a bivariate normal distribution with mean zero. Let their covariance
matrices be  = [σij ] and W = [Wσij ], W > 0, and consider the problem of estimating W.
Let G1 be the group of transformations
(2.20)

X1 = a1 X1 + a2 X2
X2 = bX2

Y1 = c(a1 Yi + a2 Y2 )
Y2 = cbY2 .

Then, (X1 , X2 ) and (Y1 , Y2 ) will again be independent and each will have a bivariate
normal distribution with zero mean. If the covariance matrix of (X1 , X2 ) is   , that
of (Y1 , Y2 ) is W   where W = c2 W (Problem 2.16). Thus, G1 leaves the model
invariant.
If h(, W) = W, (2.11) clearly holds, (2.12) and (2.13) become
W = c2 W,

(2.21)

d  = c2 d,

respectively, and a loss function L(W, d) satisfies (2.14) provided L(c2 W, c2 d) =
L(W, d). This condition holds if and only if L is of the form
L(W, d) = ρ(d/W).

(2.22)

[For the necessity of (2.22), see Problem 2.10.]
An estimator δ of W is equivariant under the above transformation if
δ(x , y ) = c2 δ(x, y).

(2.23)

We shall now show that (2.23) holds if and only if
(2.24)

δ(x, y) =

ky22
x22

for some value of k a.e.


x 1 x2
It is enough to prove this for the reduced sample space in which the matrix
y1 y2
is nonsingular and in which both x2 and y2 are = 0, since the rest of the sample
space has probability zero.
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Let G1 be the subgroup of G1 consisting of the transformations (2.20) with
b = c = 1. The condition of equivariance under these transformations reduces to
(2.25)

δ(x , y ) = δ(x, y).

This is satisfied whenever δ depends only on x2 and y2 since x2 = x2 and y2 = y2 .
To see that this condition is also necessary for (2.25), suppose that δ satisfies (2.25)
and let (x1 , x2 ; y1 , y2 ) and (x1 , x2 ; y1 , y2 ) be any two points in the reduced sample
space which have the same second coordinates. Then, there exist a1 and a2 such
that
x1 = a1 x1 + a2 x2 ; y1 = a1 y1 + a2 y2 ,
that is, there exists g ∈ G1 for which g(x, y) = (x y ), and hence δ depends only
on x2 , y2 .
Consider now any δ  (x2 , y2 ). To be equivariant under the full group G1 , δ  must
satisfy
δ  (bx2 , cby2 ) = c2 δ  (x2 , y2 ).
(2.26)
For x2 = y2 = 1, this condition becomes
δ  (b, cb) = c2 δ  (1, 1)
and hence reduces to (2.24) with x2 = b, y2 = bc, and k = δ  (1, 1). This shows that
(2.24) is necessary for δ to be equivariant; that it is sufficient is obvious.
The best equivariant estimator under G1 is thus k ∗ Y22 /X22 where k ∗ is a value
which minimizes


 2
kY22
kY2
=
E
.
EW ρ
ρ
1
WX22
X22
Such a minimizing value will typically exist. Suppose, for example, that the loss
is 1 if |d − W|/W > 1/2 and zero otherwise. Then, k ∗ is obtained by maximizing

 2



 Y2
 1
Y22
1
3


P1 k 2 − 1 <
= P1
< 2 <
.
2
2k
2k
X2
X2
As k → 0 or ∞, this probability tends to zero, and a maximizing value therefore
exists and can be determined from the distribution of Y22 /X22 when W = 1.
Exactly the same argument applies if G1 is replaced by the transformations G2
X1 = bX1
X2 = a1 X1 + a2 X2

Y1 = cbY1
Y2 = c(a1 Y1 + a2 Y2 )

and leads to the MRE estimator k ∗ Y12 /X12 . See Problems 2.19 and 2.20.



In the location case, it turned out (Theorem 1.27) that an MRE estimator is
always risk-unbiased. The extension of this result to the general case requires
some assumptions.
Theorem 2.15 If Ḡ is transitive and G∗ commutative, then an MRE estimator is
risk-unbiased.
Proof. Let δ be MRE and θ, θ  ∈ . Then, by the transitivity of Ḡ, there exists
ḡ ∈ Ḡ such that θ = ḡθ  , and hence
Eθ L[θ  , δ(X)] = Eθ L[ḡ −1 θ, δ(X)] = Eθ L[θ, g ∗ δ(X)].
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Now, if δ(X) is equivariant, so is g ∗ δ(X) (Problem 2.18), and, therefore, since δ is
MRE,
Eθ L[θ, g ∗ δ(X)] ≥ Eθ L[θ, δ(X)],
✷

which completes the proof.

Transitivity of Ḡ will usually [but not always, see Example 2.14(a) below] hold
when an MRE estimator exists. On the other hand, commutativity of G∗ imposes
a severe restriction. That the theorem need not be valid if either condition fails is
shown by the following example.
Example 2.16 Counterexample. Let X be N (ξ, σ 2 ) with both parameters unknown, let the estimand be ξ and the loss function be
(2.27)

L(ξ, σ ; d) = (d − ξ )2 /σ 2 .

(a) The problem remains invariant under the group G1 ; gx = x + c. It follows
from Section 1 that X is MRE under G1 . However, X is not risk-unbiased
(Problem 2.19). Here, Ḡ1 is the group of transformations
ḡ(ξ, σ ) = (ξ + c, σ ),
which is clearly not transitive.
If the loss function is replaced by (d − ξ )2 , the problem will remain invariant
under G1 ; X remains equivariant but is now risk-unbiased by Example 1.25.
Transitivity of Ḡ is thus not necessary for the conclusion of Theorem 2.15.
(b) When the loss function is given by (2.27), the problem also remains invariant
under the larger group G2 : ax +c, 0 < a. Since X is equivariant under G2 and
MRE under G1 , it is also MRE under G2 . However, as stated in (i), X is not
risk-unbiased with respect to (1.35). Here, G∗2 is the group of transformations
g ∗ d = ad + c, and this is not commutative (Problem 2.19).

The location problem considered in Section 1 provides an important example
in which the assumptions of Theorem 2.15 are satisfied, and Theorem 1.27 is the
specialization of Theorem 2.15 to that case. The scale problem, which will be
considered in Section 3, can also provide another illustration.
We shall not attempt to generalize to the present setting the characterization of
equivariant estimators which was obtained for the location case in Theorem 1.8.
Some results in this direction, taking account also of the associated measurability
problems, can be found in Eaton (1989) or Wijsman (1990). Instead, we shall
consider in the next section some other extensions of the problem treated in Section
1.
We close this section by exhibiting a family P of distributions for which there
exists no group leaving P invariant (except the trivial group consisting of the
identity only).
Theorem 2.17 Let X be distributed according to the power series distribution
[see (2.3.9)]
(2.28)

P (X = k) = ck θ k h(θ);

k = 0, 1, . . . , 0 < θ < ∞.
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If ck > 0 for all k, then there does not exist a transformation gx = g(x) leaving
the family (2.28) invariant except the identity transformation g(x) = x for all x.
Proof. Suppose Y = g(X) is a transformation leaving (2.28) invariant, and let
g(k) = ak and ḡθ = µ. Then, Pθ (X = k) = Pµ (Y = ak ) and hence
ck θ k h(θ ) = cak µak h(µ).

(2.29)

Replacing k by k + 1 and dividing the resulting equation by (2.29), we see that
ca
ck+1
θ = k+1 µak+1 −ak .
(2.30)
ck
ca k
Replacing k by k + 1 in (2.30) and dividing the resulting equation by (2.30) shows
that
µak+2 −ak+1 is proportional to µak+1 −ak for all 0 < µ < m
and hence that
ak+2 − ak+1 = ak+1 − ak .
If we denote this common value by W, we get
(2.31)

ak = a0 + kW

for

k = 0, 1, 2, . . . .

Invariance of the model requires the set (2.31) to be a permutation of the set
{0, 1, 2, . . .}. This implies that W > 0 and hence that a0 = 0 and W = 1, i.e., that
ak = k and g is the identity.
✷
Example 2.11 shows that this result no longer holds if ck = 0 for k exceeding
some k0 ; see Problem 2.28.
3 Location-Scale Families
The location model discussed in Section 1 provides a good introduction to the ideas
of equivariance, but it is rarely realistic. Even when it is reasonable to assume the
form of the density f in (1.9) to be known, it is usually desirable to allow the model
to contain an unknown scale parameter. The standard normal model according to
which X1 , . . . , Xn are iid as N (ξ, σ 2 ) is the most common example of such a
location-scale model. In this section, we apply some of the general principles
developed in Section 2 to location-scale models, as well as some other group
models. As preparation for the analysis of these models, we begin with the case,
which is of interest also in its own right, in which the only unknown parameter is
scale parameter.
Let X = (X1 , . . . , Xn ) have a joint probability density
xn 
1  x  1  x1
(3.1)
=
,
.
.
.
,
, τ > 0,
f
f
τn
τ
τn
τ
τ
where f is known and τ is an unknown scale parameter. This model remains
invariant under the transformations
(3.2)

Xi = bXi ,

τ  = bτ

for b > 0.
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The estimand of primary interest is h(τ ) = τ r . Since h is strictly monotone,
(2.11) is vacuously satisfied. Transformations (3.2) induce the transformations
(3.3)

h(τ ) → br τ r = br h(τ )

and d  = br d,

and the loss function L is invariant under these transformations, provided
L(bτ, br d) = L(τ, d).

(3.4)

This is the case if and only if it is of the form (Problem 3.1)
 
d
L(τ, d) = γ
(3.5)
.
τr
Examples are
(3.6)

L(τ, d) =

(d − τ r )2
τ 2r

and

L(τ, d) =

|d − τ r |
τr

but not squared error.
An estimator δ of τ r is equivariant under (3.2), or scale equivariant, provided
(3.7)

δ(bX) = br δ(X).

All the*usual estimators of τ are scale equivariant; for example, the standard devi
2
ation  Xi − X̄ / (n − 1), the mean deviation |Xi − X̄|/n, the range, and
the maximum likelihood estimator [Problem 3.1(b)].
Since the group Ḡ of transformations τ  = bτ , b > 0, is transitive over ,
the risk of any equivariant estimator is constant by Corollary 2.8, so that one can
expect an MRE estimator to exist. To derive it, we first characterize the totality of
equivariant estimators.
Theorem 3.1 Let X have density (3.1) and let δ0 (X) be any scale equivariant
estimator of τ r . Then, if
xi
xn
(i = 1, . . . , n − 1) and zn =
(3.8)
zi =
xn
|xn |
and if z = (z1 , . . . , zn ), a necessary and sufficient condition for δ to satisfy (3.7) is
that there exists a function w(z) such that
δ(x) =

δ0 (x)
.
w(z)

Proof. Analogous to Lemma 1.6, a necessary and sufficient condition for δ to
satisfy (3.7) is that it is of the form δ(x) = δ0 (x)/u(x) where (Problem 3.4)
(3.9)

u(bx) = u(x)

for all x

and all b > 0.

It remains to show that (3.9) holds if and only if u depends on x only through z.
Note here that z is defined when xn = 0 and, hence, with probability 1. That any
function of z satisfies (3.9) is obvious. Conversely, if (3.9) holds, then


x1
xn−1 xn
,...,
,
;
u(x1 , . . . , xn ) = u
xn
xn |xn |
hence, u does depend only on z, as was to be proved.

✷
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Example 3.2 Scale equivariant estimator based on one observation. Suppose
that n = 1. Then, the most general estimator satisfying (3.7) is of the form X r /w(Z)
where Z = X/|X| is ±1 as X is ≥ or ≤ 0, so that
δ(X) =

AX r
BX r

if X > 0
if X < 0,

A, B being two arbitrary constants.



Let us now determine the MRE estimator for a general scale family.
Theorem 3.3 Let X be distributed according to (3.1) and let Z be given by (3.8).
Suppose that the loss function is given by (3.5) and that there exists an equivariant
estimator δ0 of τ r with finite risk. Assume that for each z, there exists a number
w(z) = w∗ (z) which minimizes
E1 {γ [δ0 (X)/w(z)]|z}.

(3.10)

Then, an MRE estimator δ ∗ of τ r exists and is given by
δ ∗ (X) =

(3.11)

δ0 (X)
.
w ∗ (X)

The proof parallels that of Theorem 1.10.
Corollary 3.4 Under the assumptions of Theorem 3.3, suppose that ρ(v) = γ (ev )
is convex and not monotone. Then, an MRE estimator of τ r exists; it is unique if ρ
is strictly convex.
Proof. By replacing γ (w) by ρ(log w) [with ρ(−∞) = γ (0)], the result essentially
reduces to that of Corollary 1.11. This argument requires that δ ≥ 0, which can be
assumed without loss of generality (Problem 3.2).
✷
Example 3.5 Standardized power loss. Consider the loss function

p
 

|d − τ r |p  d
d

L(τ, d) =
(3.12)
=  r − 1 = γ
pr
τ
τ
τr
with γ (v) = |v − 1|p . Then, ρ is strictly convex for v > 0, provided p ≥ 1
(Problem 3.5). Under the assumptions of Theorem 3.3, if we set
 
d
(d − τ r )2
γ
=
(3.13)
,
τr
τ 2r
then (Problem 3.10)

δ0 (X)E1 [δ0 (X)|Z]
;
E1 [δ02 (X)|Z]
if
 
d
|d − τ r |
γ
=
(3.15)
,
r
τ
τr
then δ ∗ (X) is given by (3.11), with w ∗ (Z) any scale median of δ0 (X) under the
conditional distribution of X given Z and with τ = 1, that is, w ∗ (z) satisfies
δ ∗ (X) =

(3.14)

(3.16)

E(X|Z)I (X ≥ w∗ (Z)) = E(X|Z)I (X ≤ w ∗ (Z))

(Problems 3.7 and 3.10).
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Example 3.6 Continuation of Example 3.2. Suppose that n = 1, and X > 0
with probability 1. Then, the arguments of Theorem 3.3 and Example 3.5 show
that if X r has finite risk, the MRE estimator of τ r is X r /w ∗ where w ∗ is any value
minimizing
E1 [γ (X r /w)].
(3.17)
In particular, the MRE estimator is
X r E1 (X r )/E1 (X 2r )

(3.18)

when the loss is (3.13), and it is Xr /w ∗ , where w ∗ is any scale median of X r for
τ = 1, when the loss is (3.15).

Example 3.7 MRE for normal variance, known mean. Let X1 , . . ., Xn be iid
according to N(0, σ 2 ) and consider the estimation of σ 2 . For δ0 = Xi2 , it follows
from Basu’s theorem that δ0 is independent of Z and hence that w ∗ (z) = w ∗ is
a constant determined by minimizing (3.17) with Xi2 in place of X r . For the
loss function (3.13) with r = 2, the MRE estimator turns out to be Xi2 /(n + 2)
[Equation (2.2.26) or Problem 3.7].

Quite generally, when the loss function is (3.13), the MRE estimator of τ r is
given by
∞ n+r−1
f (vx1 , . . . , vxn ) dv
0 v
∗
δ (x) = ∞ n+2r−1
(3.19)
,
v
f (vx1 , . . . , vxn ) dv
0
and in this form, it is known as the Pitman estimator of τ r . The proof parallels that
of Theorem 1.20 (Problem 3.16).
The loss function (3.13) satisfies
lim L(τ, d) = ∞ but lim L(τ, d) = 1,

d→∞

d→0

so that it assigns much heavier penalties to overestimation than to underestimation.
An alternative to the loss function (3.13) and (3.15), first introduced by Stein (James
and Stein, 1961), and known as Stein’s loss, is given by
(3.20)

Ls (τ, d) = (d/τ r ) − log(d/τ r ) − 1.

For this loss, limd→∞ Ls (τ, d) = limd→0 Ls (τ, d) = ∞; it is thus somewhat more
evenhanded. For another justification of (3.20), see Brown 1968, 1990b and also
Dey and Srinivasan 1985.
The change in the estimator (3.14) if (3.13) is replaced by (3.20) is shown in the
following corollary.
Corollary 3.8 Under the assumptions of Theorem 3.3, if the loss function is given
by (3.20), the MRE estimator δ ∗ of τ r is uniquely given by
(3.21)
Proof. Problem 3.19.

δs∗ = δ0 (X)/E1 (δ0 (X)|z).
✷

In light of the above discussion about skewness of the loss function, it is interesting to compare δs∗ of (3.21) with δ ∗ of (3.14). It is clear that δs∗ ≥ δ ∗ if and only
if E1 (δ02 (X)|Z) ≥ [E1 (δ0 (X)|Z)]2 , which will always be the case. Thus, Ls results
in an estimator which is larger.
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Example 3.9 Normal scale estimation under Stein’s loss. For the situation of
Example 3.7, with r = 2, the MLE is δs∗ (x) = Xi2 /n which is always larger than
δ ∗ = Xi2 /(n + 2), the MRE estimator under L2 (τ, d). Brown (1968) explores the
loss function Ls further, and shows that it is the only scale invariant loss function
for which the UMVU estimator is also the MRE estimator.

So far, the estimator δ has been assumed to be nonrandomized. Since Ḡ is
transitive over , it follows from the result proved in the preceding section that
randomized estimators need not be considered. It is further seen, as for the corresponding result in the location case, that if a sufficient statistic T exists which
permits a representation T = (T1 , . . . , Tr ) with
Ti (bX) = bTi (X)

for all b > 0,

then an MRE estimator can be found which depends only on T . Illustrations are
provided by Example 3.7 and Problem 3.12, with T = (Xi2 )1/2 and T = X(n) ,
respectively. When the loss function is (3.13), it follows from the factorization
criterion that the MRE estimator (3.19) depends only on T .
Since the group τ  = bτ , b > 0, is transitive and the group d  = τ r d is commutative, Theorem 3.3 applies and an MRE estimator is always risk-unbiased, although
the MRE estimators of Examples 3.7 and 3.9 are not unbiased in the sense of
Chapter 2. See also Problem 3.12.
Example 3.10 Risk-unbiasedness. If the loss function is (3.13), the condition of
risk-unbiasedness reduces to
(3.22)

Eτ [δ 2 (X)] = τ r Eτ [δ(X)].

Given any scale equivariant estimator δ0 (X) of τ r , there exists a value of c for
which cδ0 (X) satisfies (3.22), and for this value, cδ0 (X) has uniformly smaller risk
than δ0 (X) unless c = 1 (Problem 3.21).
If the loss function is (3.15), the condition of risk-unbiasedness requires that
Eτ |δ(X) − a|/a be minimized by a = τ r . From Example 3.5, for this loss function,
risk-unbiasedness is equivalent to the condition that the estimand τ r is equal to the
scale median of δ(X).

Let us now turn to location-scale families, where the density of X = (X1 , . . . , Xn )
is given by


1
x1 − ξ
xn − ξ
f
(3.23)
,...,
τn
τ
τ
with both parameters unknown. Consider first the estimation of τ r with loss function (3.5). This problem remains invariant under the transformations
(3.24)

Xi = a + bXi ,

ξ  = a + bξ,

τ  = bτ

(b > 0),

and d  = br d, and an estimator δ of τ r is equivariant under this group if
(3.25)

δ(a + bX) = br δ(X).

Consider first only a change in location,
(3.26)

Xi = Xi + a,
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which takes ξ into ξ  = ξ +a but leaves τ unchanged. By (3.25), δ must then satisfy
δ(x + a) = δ(x),

(3.27)

that is, remain invariant. By Lemma 1.7, condition (3.27) holds if and only if δ is
a function only of the differences yi = xi − xn . The joint density of the Y ’s is

 ∞ 
y1 + t
1
yn−1 + t t
f
(3.28)
,
.
.
.
,
,
dt
τ n −∞
τ
τ
τ
 ∞ 

1
y1
yn−1
= n−1
f
+ u, . . . ,
+ u, u du.
τ
τ
τ
−∞
Since this density has the structure (3.1) of a scale family, Theorem 3.3 applies
and provides the estimator that uniformly minimizes the risk among all estimators
satisfying (3.25).
It follows from Theorem 3.3 that such an MRE estimator of τ r is given by
δ(X) =

(3.29)

δ0 (Y)
w ∗ (Z)

where δ0 (Y) is any finite risk scale equivariant estimator of τ r based on Y =
(Y1 , . . . , Yn−1 ), where Z = (Z1 , . . . , Zn−1 ) with
(3.30)

Zi =

Yi
Yn−1

(i = 1, . . . , n − 2)

and Zn−1 =

Yn−1
,
|Yn−1 |

and where w∗ (Z) is any number minimizing
(3.31)

Eτ =1 {γ [δ0 (Y)/w(Z)|Z]}.

Example 3.11 MRE for normal variance, unknown mean. Let X1 , . . . , Xn be
iid according to N(ξ, σ 2 ) and consider the estimation of σ 2 with loss function
(3.13), r = 2. By Basu’s theorem, (X̄, (Xi − X̄)2 ) is independent of Z. If δ0 =
(Xi − X̄)2 , then δ0 is equivariant under (3.24) and independent of Z. Hence,
w∗ (z) = w∗ in (3.29) is a constant determined by minimizing (3.17) with (Xi −
X̄)2 in place of X r . Since (Xi − X̄)2 has the distribution of δ0 of Example 3.7
with n − 1 in place of n, the MRE estimator for the loss function (3.13) with r = 2

is (Xi − X̄)2 /(n + 1).
Example 3.12 Uniform. Let X1 , . . . , Xn be iid according to U (ξ − 21 τ, ξ + 21 τ ),
and consider the problem of estimating τ with loss function (3.13), r = 1. By
Basu’s theorem, (X(1) , X(n) ) is independent of Z. If δ0 is the range R = X(n) − X(1) ,
it is equivariant under (3.24) and independent of Z. It follows from (3.18) with

r = 1 that (Problem 3.22) δ ∗ (X) = [(n + 2)/n]R.
Since the group ξ  = a + bξ, τ  = bτ is transitive and the group d  = br d is
commutative, it follows (as in the pure scale case) that an MRE estimator is always
risk-unbiased.
The principle of equivariance seems to suggest that we should want to invoke
as much invariance as possible and hence use the largest group G of transformations leaving the problem invariant. Such a group may have the disadvantage of
restricting the class of eligible estimators too much. (See, for example, Problem
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2.7.) To increase the number of available estimators, we may then want to restrict
attention to a subgroup G0 of G. Since estimators that are equivariant under G are
automatically also equivariant under G0 , invariance under G0 alone will leave us
with a larger choice, which may enable us to obtain improved risk performance.
For estimating the scale parameter in a location-scale family, a natural subgroup
of (3.24) is obtained by setting a = 0, which reduces (3.24) to the scale group
(3.32)

Xi = bXi ,

ξi = bξi ,

τ  = bτ

(b > 0),

and d  = br d. An estimator δ of τ r is equivariant under this group if δ(bX) =
br δ(X), as in (3.7). Application of Theorem 3.1 shows that the equivariant estimators are of the form
δ0 (x)
δ(x) =
(3.33)
ω(x)
where δ0 is any scale equivariant estimator and w(z) is a function of zi = Xi /Xn ,
i = 1, . . . , n − 1, and zn = xn /|xn |. However, we cannot now apply Theorem 3.3
to obtain the MRE estimator, because the group is no longer transitive (Example
2.14), and the risk of equivariant estimators is no longer constant.
We can, however, go further in special cases, such as in the following example.
Example 3.13 More normal variance estimation. If X1 , . . . , Xn are iid as
N(ξ, τ 2 ), with both parameters unknown, then it was shown in Example 3.11
that δ0 (x) = (xi − x̄)2 /(n + 1) = S 2 /(n + 1) is MRE under the location-scale
group (3.24) for the loss function (3.13) with r = 2.
Now consider the scale group (3.32). Of course, δ0 is equivariant under this
group, but so are the estimators
δ(x) = ϕ(x̄/s)s 2
for some function ϕ(·) (Problem 3.24). Stein (1964) showed that ϕ(x̄/s) = min{(n+
1)−1 , (n + 2)−1 (1 + nx̄ 2 /s 2 )} produces a uniformly better estimator than δ0 , and
Brewster and Zidek (1974) found the best scale equivariant estimator. See Example
5.2.15 and Problem 5.2.14 for more details.

In the location-scale family (3.23), we have so far considered only the estimation
of τ r ; let us now take up the problem of estimating the location parameter ξ . The
transformations (3.24) relating to the sample space and parameter space remain
the same, but the transformations of the decision space now become d  = a + bd.
A loss function L(ξ, τ ; d) is invariant under these transformations if and only if it
is of the form


d −ξ
L(ξ, τ ; d) = ρ
(3.34)
.
τ
That any such loss function is invariant is obvious. Conversely, suppose that L
is invariant and that (ξ, τ ; d) and (ξ  , τ  ; d  ) are two points with (d  − ξ  )/τ  =
(d − ξ )/τ . Putting b = τ  /τ and ξ  − a = bξ , one has d  = a + bd, ξ  = a + bξ ,
and τ  = bτ , hence L(ξ  , τ  ; d  ) = L(ξ, τ ; d), as was to be proved.
Equivariance in the present case becomes
(3.35)

δ(a + bx) = a + bδ(x),

b > 0.
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Since Ḡ is transitive over the parameter space, the risk of any equivariant estimator
is constant so that an MRE estimator can be expected to exist. In some special cases,
the MRE estimator reduces to that derived in Section 1 with τ known, as follows.
For fixed τ , write
1  x1
xn 
gτ (x1 , . . . , xn ) = n f
(3.36)
,...,
τ
τ
τ
so that (3.23) becomes
gτ (x1 − ξ, . . . , xn − ξ ).
(3.37)
Lemma 3.14 Suppose that for the location family (3.37) and loss function (3.34),
there exists an MRE estimator δ ∗ of ξ with respect to the transformations (1.10)
and (1.11) and that
(a) δ ∗ is independent of τ , and
(b) δ ∗ satisfies (3.35).
Then δ ∗ minimizes the risk among all estimators satisfying (3.35).
Proof. Suppose δ is any other estimator which satisfies (3.35) and hence, a fortiori,
is equivariant with respect to the transformations (1.10) and (1.11), and that the
value τ of the scale parameter is known. It follows from the assumptions about δ ∗
that for this τ , the risk of δ ∗ does not exceed the risk of δ. Since this is true for all
values of τ , the result follows.
✷
Example 3.15 MRE for normal mean. Let X1 , . . . , Xn be iid as N (ξ, τ 2 ), both
parameters being unknown. Then, it follows from Example 1.15 that δ ∗ = X̄ for
any loss function ρ[(d − ξ )/τ ] for which ρ satisfies the assumptions of Example
1.15. Since (i) and (ii) of Lemma 3.14 hold for this δ ∗ , it is the MRE estimator of
ξ under the transformations (3.24).

Example 3.16 Uniform location parameter. Let X1 , . . . , Xn be iid as U (ξ −
1
τ, ξ + 21 τ ). Then, analogous to Example 3.15, it follows from Example 1.19 that
2
[X(1) + X(n) ]/2 is MRE for the loss functions of Example 3.15.

Unfortunately, the MRE estimators of Section 1 typically do not satisfy the
assumptions of Lemma 3.14. This is the case, for instance, with the estimators of
Examples 1.18 and 1.22. To derive the MRE estimator without these assumptions,
let us first characterize the totality of equivariant estimators.
Theorem 3.17 Let δ0 be any estimator ξ satisfying (3.35) and δ1 any estimator of
τ taking on positive values only and satisfying
(3.38)

δ1 (a + bx) = bδ1 (x)

f or all b > 0 and all a.

Then, δ satisfies (3.35) if and only if it is of the form
(3.39)
where z is given by (3.30).

δ(x) = δ0 (x) − w(z)δ1 (x)
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Proof. Analogous to Lemma 1.6, it is seen that δ satisfies (3.35) if and only if it
is of the form
(3.40)
δ(x) = δ0 (x) − u(x)δ1 (x),
where
(3.41)

u(a + bx) = u(x)

for all b > 0 and all a

(Problem 3.26). That (3.40) holds if and only if u depends on x only through z
follows from Lemma 1.7 and Theorem 3.1.
An argument paralleling that of Theorem 1.10 now shows that the MRE estimator of ξ is
δ(X) = δ0 (X) − w ∗ (Z)δ1 (X)
where for each z, w∗ (z) is any number minimizing
(3.42)

E0,1 {ρ[δ0 (X) − w ∗ (z)δ1 (X)]|z}.

Here, E0,1 indicates that the expectation is evaluated at ξ = 0, τ = 1.
If, in particular,


ρ

(3.43)
it is easily seen that w∗ (z) is
(3.44)

d −ξ
τ


=

✷

(d − ξ )2
,
τ2

w ∗ (z) = E0,1 [δ0 (X)δ1 (X)|z]/E0,1 [δ12 (X)|z].

Example 3.18 Exponential. Let X1 , . . . , Xn be iid according to the exponential
distribution E(ξ, τ ). If δ0 (X) = X(1) and δ1 (X) = [Xi − X(1) ], it follows from
Example 1.6.24 that (δ0 , δ1 ) are jointly independent of Z and are also independent
of each other. Then (Problem 3.25),
w ∗ (z) − w ∗ = E

1
[δ0 (X)δ1 (X)]
= 2,
2
n
E[δ1 (X)]

and the MRE estimator of ξ is therefore
1
[Xi − X(1) ].
n2
When the best location equivariant estimate is not also scale equivariant, its risk
is, of course, smaller than that of the MRE under (3.35). Some numerical values
of the increase that results from the additional requirement are given for a number
of situations by Hoaglin (1975).

δ ∗ (X) = X(1) −

For the loss function (3.43), no risk-unbiased estimator δ exists, since this would
require that for all ξ , ξ  , τ , and τ 
1
1
Eξ,τ [δ(X) − ξ ]2 ≤ 2 Eξ,τ [δ(X) − ξ  ]2 ,
2
τ
τ
which is clearly impossible. Perhaps (3.45) is too strong and should be required
only when τ  = τ . It then reduces to (1.32) with θ = (ξ, τ ) and g(θ) = ξ ,
and this weakened form of (3.45) reduces to the classical unbiasedness condition Eξ,τ [δ(X)] = ξ . A UMVU estimator of ξ exists in Example 3.18 (Problem
(3.45)
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2.2.18), but it is
1
[Xi − X(1) ]
n(n − 1)
rather than δ ∗ (X), and the latter is not unbiased (Problem 3.27).
δ(X) = X(1) −

4 Normal Linear Models
Having developed the theory of unbiased estimation in Chapter 2 and of equivariant
estimation in the first three sections of the present chapter, we shall now apply these
results to some important classes of statistical models. One of the most widely used
bodies of statistical techniques, comprising particularly the analysis of variance,
regression, and the analysis of covariance, is formalized in terms of linear models,
which will be defined and illustrated in the following. The examples, however,
are not enough to give an idea of the full richness of the applications. For a more
complete treatment, see, for example, the classic book by Scheffé (1959), or Seber
(1977), Arnold (1981), Searle (1987), or Christensen (1987).
Consider the problem of investigating the effect of a number of different factors
on a response. Typically, each factor can occur in a number of different forms or at
a number of different levels. Factor levels can be qualitative or quantitative. Three
possibilities arise, corresponding to three broad categories of linear models:
(a) All factor levels qualitative.
(b) All factor levels quantitative.
(c) Some factors of each kind.
Example 4.1 One-way layout. A simple illustration of category (a) is provided
by the one-way layout in which a single factor occurs at a number of qualitatively
different levels. For example, we may wish to study the effect on performance of
a number of different textbooks or the effect on weight loss of a number of diets.
If Xij denotes the response of the j th subject receiving treatment i, it is often
reasonable to assume that the Xij are independently distributed as
(4.1)

Xij : N (ξi , σ 2 ),

j = 1, . . . , ni ;

i = 1, . . . , s.

Estimands that may be of interest are ξi and ξi − (1/s)js =1 ξj .



Example 4.2 A simple regression model. As an example of type (b), consider
the time required to memorize a list of words. If the number of words presented to
the ith subject and the time it takes the subject to learn the words are denoted by
ti and Xi , respectively, one might assume that for the range of t’s of interest, the
X’s are independently distributed as
(4.2)

Xi : N (α + βti + γ ti2 , σ 2 )

where α, β, and γ are the unknown regression coefficients, which are to be estimated.
This would turn into an example of the third type if there were several groups
of subjects. One might, for example, wish to distinguish between women and men

3.4 ]

NORMAL LINEAR MODELS

177

or to see how learning ability is influenced by the form of the word list (whether
it is handwritten, typed, or printed). The model might then become
(4.3)

Xij : N (αi + βi tij + γi tij2 , σ 2 )

where Xij is the response of the j th subject in the ith group. Here, the group is a
qualitative factor and the length of the list a quantitative one.

The general linear model, which covers all three cases, assumes that
Xi is distributed as N (ξi , σ 2 ), i = 1, . . . , n,
#
where the Xi are independent and (ξi , . . . , ξn ) ∈
, an s-dimensional linear
subspace of En (s < n).
It is convenient to reduce this model to a canonical form by means of an orthogonal transformation
(4.5)
Y = XC
where we shall use Y to denote both the vector with components (Y1 , . . . , Yn ) and
the row matrix (Y1 , . . . , Yn ). If ηi = E(Yi ), the η’s and ξ ’s are related by
(4.4)

(4.6)

η = ξC

where η = (η1 , . . . , ηn ) and ξ = (ξ1 , . . . ξn ).
To find the distribution of the Y ’s, note that the joint density of X1 , . . . , Xn is


1
1
2
exp − 2 (xi − ξi ) ,
√
2σ
( 2πσ )n
that
(xi − ξi )2 = (yi − ηi )2 ,
since C is orthogonal, and that the Jacobian of the transformation is 1. Hence, the
joint density of Y1 , . . . , Yn is


1
1
exp − 2 (yi − ηi )2 .
√
2σ
( 2πσ )n
The Y ’s are therefore independent normal with Yi ∼ N (ηi , σ 2 ), i = 1, . . . , n. If
ci denotes the ith column of C, the desired
# form is obtained by choosing the ci so
that the first s columns c1 , . . . , cs span
. Then,

ξ∈
⇐⇒ ξ is orthogonal to the last n − s columns of C.
Since η = ξ C, it follows that

ξ∈
(4.7)
⇐⇒ ηs+1 = · · · = ηn = 0.
In terms of the Y ’s, the model (4.4) thus becomes
(4.8) Yi : N(ηi , σ 2 ), i = 1, . . . , s, and Yj : N (0, σ 2 ), j = s + 1, . . . , n.
#
As (ξ1 , . . . , ξn ) varies over
, (η1 , . . . , ns ) varies unrestrictedly over Es while
ηs+1 = · · · = ηn = 0.
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In this canonical model, Y1 , . . . , Ys and S 2 = jn=s+1 Yj2 are complete sufficient
statistics for (η1 , . . . , ηs , σ 2 ).
Theorem 4.3
s
(a) The UMVU estimators of i=1
λi ηi (where the λ’s are known constants) and
s
2
2
σ are i=1 λi Yi and S /(n − s), respectively. (Here, UMVU is used in the
strong sense of Section 2.1.)
(b) Under the transformations

Yi = Yi + ai (i = 1, . . . , s);

Yj = Yj (j = s + 1, . . . , n)

ηi = ηi + ai (i = 1, . . . , s);

and d  = d +

s

a i λi

i=1

and with loss function L(η, d) = ρ(d − λi ηi ) where ρ is convex and even,
s
s
λi Yi is also the MRE estimator of i=1
the UMVU estimator i=1
λi ηi .
2 2
4
2
(c) Under the loss function (d−σ ) /σ , the MRE estimator of σ is S 2 /(n−s+2).
Proof.
s
λi Yi and S 2 /(n − s) are unbiased and are functions of the complete
(a) Since i=1
sufficient statistics, they are UMVU.
(b) The condition of equivariance is that

δ(Y1 + c1 , . . . , Ys + cs , Ys+1 , . . . , Yn )
= δ(Y1 , . . . , Ys , Ys+1 , . . . , Yn ) +

s

λ i ci

i=1

and the result follows from Problem 2.27.
(c) This follows essentially from Example 3.7 (see Problem 4.3) .
✷
It would be more convenient to have the estimator expressed in terms of the
original variables X1 , . . . , Xn , rather than the transformed variables Y1 , . . . , Yn .
For this purpose, we introduce the following
# definition.
Let ξ = (ξ1 , . . . , ξn ) be any vector in
. Then, the least squares estimators
n
(Xi −
(LSE) (ξ̂1 , . . . , ξ̂n ) of (ξ1 , . . . , ξn )#are those estimators which minimize i=1
2
ξi ) subject to the condition ξ ∈
.
n
n
γi ξi is i=1
γi ξ̂1 .
Theorem 4.4 Under the model (4.4), the UMVU estimator of i=1

Proof. By Theorem 4.3 (and the completeness of Y1 , . . . , Ys and S 2 ), it suffices
n
γi ξ̂i is a linear function of Y1 , . . . , Ys , and that it is unbiased for
to show that i=1
n
γi ξi . Now,
i=1
n

(4.9)
i=1

(Xi − ξi )2 =

n
i=1

[Yi − E(Yi )]2 =

s

(Yi − ηi )2 +

i=1

n
j =s+1

Yj2 .

The right side is minimized by η̂i = Yi (i = 1, . . . , s), and the left side is minimized
by ξ̂1 , . . . , ξ̂n . Hence,
(Y1 · · · Ys 0 · · · 0) = (ξ̂1 · · · ξ̂n )C = ξ̂ C
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ξ̂ = (Y1 · · · Ys 0 · · · 0)C −1 .

n
It follows that each ξ̂i and, therefore, i=1
γi ξ̂i is a linear function of Y1 , . . . , Ys .
Furthermore,

E(ξ̂ ) = E[(Y1 · · · Ys 0 · · · 0)C −1 ] = (η1 · · · ηs 0 · · · 0)C −1 = ξ .
n
n
Thus, each ξ̂i is unbiased for ξi ; consequently, i=1
γi ξ̂i is unbiased for i=1
γ i ξi .
✷

It is interesting to note that each of the two quite different equations
X = (Y1 · · · Yn )C −1

ξ̂ = (Y1 · · · Ys 0 · · · 0)C −1

and

leads to ξ = (η1 , . . . , ηs 0 · · · 0)C −1 by taking expectations.
Let us next reinterpret the equivariance considerations of Theorem 4.3 in terms
of the original variables. It is necessary first to specify the group of transformations
leaving the problem invariant. The transformations of Y -space defined in Theorem
4.3(b), in terms of the X’s become Xi = Xi + bi , i = 1, . . . , n, #
but the bi are not

arbitrary since the problem remains
invariant
only
if
ξ
=
ξ
+b
∈
; that is, the bi
#
must satisfy b = (b1 , . . . , bn ) ∈
. Theorem 4.3(ii) thus becomes the following
corollary.
Corollary 4.5 Under the transformations
X = X + b

(4.10)

with b ∈


,

n
n
i=1
γi ξ̂i is MRE for estimating i=1
γi ξi with the loss function ρ(d − γi ξi ) provided ρ is convex and even.

To obtain the UMVU and MRE estimators of σ 2 in terms of the X’s, it is only
necessary to reexpress S 2 . From the minimization of the two sides of (4.9), it is
seen that
n

(4.11)

n

(Xi − ξ̂i )2 =

i=1

j =s+1

Yj2 = S 2 .

The UMVU and MRE estimators of σ given in Theorem 4.3, in terms of the X’s
are therefore (Xi − ξ̂i )2 /(n − s) and (Xi − ξ̂i )2 /(n − s + 2), respectively.
Let us now illustrate these results.
2

Example 4.6 Continuation of Example 4.1. Let Xij be independent N (ξi , σ 2 ),
j = 1, . . . , ni , i = 1, . . . , s. To find the UMVU or MRE estimator of a linear
function of the ξi , it is only necessary to find the least squares estimators ξ̂i .
Minimizing


s

ni

i=1 j =1

(Xij − ξi )2 =

s

ni

i=1

j =1

(Xij − Xi· )2 + ni (Xi· − ξi )2 ,

we see that
ξ̂i = Xi· =

1
ni

ni
j =1

Xij .
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From (4.11), the UMVU estimator of σ 2 in the present case is seen to be
s

σ̂ 2 =

ni

(Xij − Xi· )2 /(ni − s).



i=1 j =1
2
Example 4.7 Simple linear regression. Let Xi be independent
# N (ξi , σ ), i =
1, . . . , n, with ξi = α + βti , ti known and not all equal. Here, # is spanned by
is s = 2. The
the vectors (1, . . . , 1) and (t1 , . . . , tn ) so that the dimensionof
least squares estimators of ξi are obtained by minimizing ni=1 (Xi − α − βti )2
with respect to α and β. It is easily seen that for any i and j with ti = tj ,

(4.12)

β=

ξj − ξi
,
tj − t i

α=

t j ξi − t i ξj
tj − ti

and that β̂ and α̂ are given by the same functions of ξ̂i and ξ̂j (Problem 4.4). Hence,
α̂ and β̂ are the best unbiased and equivariant estimators of α and β, respectively.
Note that the representation of α and β in terms of the ξi ’s is not unique. Any
two ξi and ξj values with ti = tj determine α and β and thus all the ξ ’s. The reason,
of course, is that the vectors (ξ1 , . . . , ξn ) lie in a two-dimensional linear subspace
of n-space.

Example 4.7 is a special case of the model specified by the equation
ξ = θA

(4.13)

where θ = (θ1 · · · θs ) are s unknown parameters and A is a known s × n matrix of
rank s, the so-called full-rank model. In Example 4.7,


1···1
θ = (α, β) and A =
.
t1 · · · tn
The least squares estimators of the ξi in (4.13) are obtained by minimizing
n

[Xi − ξi (θ )]2

i=1

with respect to θ . The minimizing values θ̂i are the LSEs of θi , and the LSEs of
the ξi are given by
(4.14)
ξ̂ = θ̂ A.
Theorems 4.3 and 4.4 establish that the various optimality results apply to the
estimators of the ξi and their linear combinations. The following theorem shows
that they also apply to the estimators of the θ ’s and their linear functions.
Theorem 4.8 Let Xi ∼ N (ξi , σ 2 ), i = 1, . . . , n, be independent, and let ξ satisfy
(4.13) with A of rank s. Then, the least squares estimator θ̂ of θ is a linear function
of the ξ̂i and hence has the optimality properties established in Theorems 4.3 and
4.4 and Corollary 4.5.
Proof. It need only be shown that θ is a linear function of ξ ; then, by (4.13) and
(4.14), θ̂ is the corresponding linear function of ξ̂ .
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Assume without loss of generality that the first s columns of A are linearly
independent, and form the corresponding nonsingular s × s submatrix A∗ . Then,
(ξ1 · · · ξs ) = (θ1 · · · θs )A∗ ,
so that
(θ1 · · · θs ) = (ξ1 · · · ξs )A∗−1 ,
✷

and this completes the proof.

Typical examples in which ξ is given in terms of (4.13) are polynomial regressions such as
ξi = α + βti + γ ti2
or regression in more than one variable such as
ξi = α + βti + γ ui
where the t’s and u’s are given, and α, β, and γ are the unknown parameters. Or
there might be several regression lines with a common slope, say
ξij = αi + βtij

(j = 1, . . . , ni ; i = 1, . . . , a),

and so on.
The full-rank model does not always provide the most convenient parametrization; for reasons of symmetry, it is often preferable to use the model (4.13) with
more parameters than are needed. Before discussing such models more fully, let
us illustrate the resulting difficulties on a trivial example. Suppose that ξi = ξ for
all i and that we put ξi = λ + µ. Such a model does not define λ and µ uniquely but
only their sum. One can then either let this ambiguity remain but restrict attention
to clearly defined functions such as λ + µ, or one can remove the ambiguity by
placing an additional restriction on λ and µ, such as µ − λ = 0, µ = 0, or λ = 0.
More generally, let us suppose that the model is given by
(4.15)

ξ = θA

where A is a t × n matrix of rank s < t. To define the θ ’s uniquely, (4.15) is
supplemented by side conditions
(4.16)

θB = 0

chosen so #
that the set of equations (4.15) and (4.16) has a unique solution θ for
every ξ ∈
.
Example 4.9 Unbalanced one-way layout. Consider the one-way layout of Example 4.1, with Xij (j = 1, . . . , ni ; i = 1, . . . , s) independent normal variables
with means ξi and variance σ 2 . When the principal concern is a comparison of the
s treatments or populations, one is interested in the differences of the ξ ’s and may
represent these by means of the differences between the ξi and some mean value
µ, say αi = ξi − µ. The model then becomes
(4.17)

ξ i = µ + αi ,

i = 1, . . . , s,
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which expresses the s ξ ’s in terms of s + 1 parameters. To specify the parameters,
an additional restriction is required, for example,
αi = 0.

(4.18)

Adding the s equations (4.17) and using (4.18), one finds
ξi
= ξ̄
s

(4.19)

µ=

and hence
(4.20)

αi = ξi − ξ̄ .

The quantity αi measures the effect of the ith treatment. Since Xi· is the least
squares estimator of ξi , the UMVU estimators of µ and the α’s are
(4.21)

µ̂ = 

Xij
Xi·
= 
s
sni

and α̂i = Xi· − µ̂.

When the sample sizes ni are not all equal, a possible disadvantage of this
representation is that the vectors of the coefficients of the Xij in the α̂i are not
orthogonal to the corresponding vector of coefficients of µ̂ [Problem 4.7(a)]. As a
result, µ̂ is not independent of the α̂i . Also, when the αi are known to be zero, the
estimator of µ is no longer given by (4.21) (Problem 4.8).
For these reasons, the side condition (4.18) is sometimes replaced by
ni αi = 0,

(4.22)
which leads to
(4.23)

µ=

ni ξi
= ξ̃ (N = ni )
N

and hence
(4.24)

αi = ξi − ξ̃ .

Although the αi of (4.22) seems to be a less natural measure of the effect of the ith
ˆ have the orthogonality property
treatment, the resulting UMVU estimators α̂ˆ i and µ̂
not possessed by the estimators (4.21) [Problem 4.7(b)]. The side conditions (4.18)
and (4.22), of course, agree when the ni are all equal.

The following theorem shows that the conclusion of Theorem 4.8 continues to
hold when the θ ’s are defined by (4.15) and (4.16) instead of (4.13).
#
Theorem 4.10 Let Xi be independent N (ξi , σ 2 ), i = 1, . . . , n, with ξ ∈
,
an s-dimensional linear subspace of En . Suppose that (θ1 , . . . , θt ) are uniquely
determined by (4.15) and (4.16), where A is of rank s < t and B of rank k. Then,
k = t − s, and the optimality results of Theorem 4.4 and Corollary 4.5 apply to the
parameters θ1 , . . . , θt and their least squares estimators θ̂1 , . . . , θ̂t .
Proof. Let θ̂1 , . . . , θ̂t be the LSEs of θ1 , . . . , θt , that is, the values that minimize
n
i=1

[Xi − ξi (θ)]2
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subject to (4.15) and (4.16). It must be shown, as in the proof of Theorem 4.8, that
the θ̂i ’s are linear functions of ξ̂1 , . . . , ξ̂n , and that the θi ’s are the same functions
of ξ1 , . . . , ξn .
Without loss of generality, suppose that the θ’s are numbered so that the last k
columns of B are linearly independent. Then, one can solve for θt−k+1 , . . . , θt in
terms of θ1 , . . . , θt−k , obtaining the unique solution
θj = Lj (θ1 , . . . , θt−k )

(4.25)

for j = t − k + 1, . . . , t.

Substituting into ξ = θA gives
ξ = (θ1 · · · θt−k )A∗

#
for some matrix A∗ , with (θ1 , . . . , θt−k ) varying freely in Et−k . Since each ξ ∈
uniquely determines θ , in particular the value ξ = 0 has the unique solution θ = 0,
so that (θ1 · · · θt−k )A∗ = 0 has a unique solution. This implies that A∗ has rank
t − k. On the other hand, since ξ ranges over a linear space of dimension s, it
follows that t − k = s and, hence, that k = t − s.
The situation is now reduced to that of Theorem 4.8 with ξ a linear function of
t − k = s freely varying θ’s, so the earlier result applies to θ1 , . . . , θt−k . Finally,
the remaining parameters θt−k+1 , . . . , θt and their LSEs are determined by (4.25),
and this completes the proof.
✷
Example 4.11 Two-way layout. A typical illustration of the above approach is
provided by a two-way layout. This arises in the investigation of the effect of two
factors on a response. In a medical situation, for example, one of the factors might
be the kind of treatment (e.g., surgical, nonsurgical, or no treatment at all), the
other the severity of the disease. Let Xij k denote the response of the kth subject to
which factor 1 is applied at level i and factor 2 at level j . We assume that the Xij k
are independently, normally distributed with means ξij and common variance σ 2 .
To avoid the complications of Example 4.9, we shall suppose that each treatment
combination (i, j ) is applied to the same number of subjects. If the number of
levels of the two factors is a and b, respectively, the model is thus
(4.26)

Xij k : N(ξij , σ 2 ),

i = 1, . . . , I ;

j = 1, . . . , J ;

k = 1, . . . , m.

This model is frequently parametrized by
ξij = µ + αi + βj + γij

(4.27)
with the side conditions
αi =

(4.28)
i

βj =
j

γij =
i

γij = 0.
j

It is easily seen that (4.27) and (4.28) uniquely determine µ and the α’s, β’s,
and γ ’s. Using a dot to denote averaging over the indicated subscript, we find by
averaging (4.27) over both i and j and separately over i and over j that
ξ·· = µ,
and hence that
(4.29)

µ = ξ·· ,

ξi· = µ + αi ,
αi = ξi· − ξ·· ,

ξ·j = µ + βj
βj = ξ·j − ξ·· ,
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γij = ξij − ξi· − ξ·j + ξ·· .


Thus, αi is the average effect (averaged over the levels of the second factor) of
the first factor at level i, and βj is the corresponding effect of the second factor at
level j . The quantity γij can be written as
(4.31)

γij = (ξij − ξ·· ) − [(ξi· − ξ·· ) + (ξj · − ξ·· )].

It is therefore the difference between the joint effect of the two treatments at levels
i and j , respectively, and the sum of the separate effects αi + βj . The quantity
γij is called the interaction of the two factors when they are at levels i and j ,
respectively.
The UMVU estimators of these various effects follow immediately from Theorem 4.3 and Example 4.6. This example shows that the UMVU estimator of ξij is
Xij and the associated estimators of the various parameters are thus
(4.32)
and
(4.33)

µ̂ = X··· ,

α̂i = Xi·· − X··· ,

β̂j = X·j · − X··· ,

γ̂ij = Xij · − Xi·· − X·j · + X··· .

The UMVU estimator of σ 2 is
1
(Xij k − Xij · )2 .
(4.34)
I J (m − 1)
These results for the two-way layout easily generalize to other factorial experiments, that is, experiments concerning the joint effect of several factors, provided
the numbers of observations at the various combinations of factor levels are equal.
Theorems 4.8 and 4.10, of course, apply without this restriction, but then the situation is less simple.
Model (4.4) assumes that the random variables Xi are independently normally
distributed with common unknown variance σ 2 and means ξi , which are subject
to certain linear restrictions. We shall now consider some models that retain the
linear structure but drop the assumption of normality.
(i) A very simple treatment is possible if one is willing to restrict attention to
unbiased estimators that are linear functions of the Xi and to squared error loss.
Suppose we retain from (4.4) only the assumptions about the first and second
moments of the Xi , namely

E(Xi ) = ξi , ξ ∈
(4.35)
,
var(Xi ) = σ 2 ,

cov(Xi , Xj ) = 0

for i = j.

Thus, both the normality and independence assumptions are dropped.
Theorem 4.12 (Gauss’ Theorem on Least Squares) Under assumptions (4.35),
n
n
i=1
γi ξ̂i of Theorem 4.4 is UMVU among all linear estimators of i=1
γ i ξi .
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Proof. The estimator is still unbiased, since the expectations of the Xi are the same
n
under (4.35) as under (4.4). Let i=1
ci Xi be any other linear unbiased estimator
n
n
of i=1 γi ξi . Since i=1 γi ξ̂i is UMVU in the normal case, and variances of linear
functions of the Xi depend only on first and second moments, it follows that
n
n
n
var i=1
γi ξ̂i ≤ var i=1
ci Xi . Hence, i=1
γi ξ̂i is UMVU among linear unbiased
estimators.
✷
n
γi ξ̂i
Corollary 4.13 Under the assumptions (4.35) and with squared error loss, i=1
is MRE with respect to the transformations (4.10) among all linear equivariant
n
estimators of i=1
γ i ξi .
n
γi ξ̂i is UMVU
Proof. This follows from the argument of Lemma 1.23, since i=1
and equivariant.
✷

Theorem 4.12, which is also called the Gauss-Markov theorem, has been extensively generalized (see, for example, Rao 1976, Harville 1976, 1981, Kariya,
1985). We shall consider some extensions of this theorem in the next section. On
the other hand, the following result, due to Shaffer (1991), shows a direction in
which the theorem does not extend. If, in (4.35), we adopt the parametrization
ξ = θ A for some s × n matrix A, there are some circumstances in which it is reasonable to assume that A also has a distribution (for example, if the data (X, A) are
obtained from a sample of units, rather than A being a preset design matrix as is the
case in many experiments). The properties of the resulting least squares estimator,
however, will vary according to what is assumed about both the distribution of A
and the distribution of X. Note that in the following theorem, all expectations are
over the joint distribution of X and A.
Theorem 4.14 Under assumptions (4.35), with ξ = θA, the following hold.
(a) If (X, A) are jointly multivariate normal with all parameters unknown, then
the least squares estimator γi ξ̂i is the UMVU estimator of γi ξi .
(b) If the distribution of A is unknown, then the least squares estimator γi ξ̂i is
UMVU among all linear estimators of γi ξi .
(c) If E(AA ) is known, no best linear unbiased estimator of γi ξi exists.
Proof. Part (a) follows from the fact that the least squares estimator is a function
of the complete sufficient statistic. Part (b) can be proved by showing that if γi ξ̂i
is unconditionally unbiased then it is conditionally unbiased, and hence Theorem
4.12 applies. For this purpose, one can use a variation of Problem 1.6.33, where it
was shown that the order statistics are complete sufficient. Finally, part (c) follows
from the fact that the extra information about the variance of A can often be used
to improve any unbiased estimator. See Problems 4.16–4.18 for details.
✷
The formulation of the regression problem in Theorem 4.14, in which the p
rows of A are sometimes referred to as “random regressors,” has other interesting
implications. If A is ancillary, the distribution of A and hence E(A A) are known
and so we have a situation where the distribution of an ancillary statistic will
affect the properties of an estimator. This paradox was investigated by Brown
(1990a), who established some interesting relationships between ancillarity and
admissibility (see Problems 5.7.31 and 5.7.32).
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For estimating σ 2 , it is natural to restrict attention to unbiased quadratic (rather
than linear) estimators Q of σ 2 . Among these, does the estimator S 2 /(n − s)
which is UMVU in the normal case continue to minimize the variance? Under
mild additional restrictions—for example, invariance under the transformations
(4.10) or restrictions to Q’s taking on only positive values—it turns out that this
is true in some cases (for instance, in Example 4.15 below when the ni are equal)
but not in others. For details, see Searle et al. (1992, Section 11.3).
Example 4.15 Quadratic unbiased estimators. Let Xij (j = 1, . . ., ni ; i = 1,
. . ., s) be independently distributed with means E(Xij ) = ξi and common variance
and fourth moment
σ 2 = E(Xij − ξi )2

β = E(Xij − ξi )4 /σ 4 ,

and

respectively. Consider estimators of σ 2 of the form Q = λi Si2 where Si2 =
(Xij − Xi· )2 and λi (ni − 1) = 1 so that Q is an unbiased estimator of σ 2 . Then,
the variance of Q is minimized (Problem 4.19) when the λ’s are proportional to
1/(αi + 2) where αi = [(ni − 1)/ni ](β − 3). The standard choice of the λi (which
is to make them equal) is, therefore, best if either the ni are equal or β = 3, which
is the case when the Xij are normal.
(ii) Let us now return to the model obtained from (4.4) by dropping the assumption of normality but without restricting attention to linear estimators. More
specifically, we shall assume that X1 , . . . , Xn are random variables such that

(4.36)

the variables Xi − ξi are iid with a common distribution F
which has expectation zero and an otherwise unknown
probability density f ,

and such that (4.13) holds with A an n × n matrix of rank s.



In Section 2.4, we found that for the case ξi = θ, the LSE X̄ of θ is UMVU in this
nonparametric model. To show that the corresponding result does not generally
hold when ξ is given by (4.13), consider the two-way layout of Example 4.11 and
the estimation of
(4.37)

αi = ξi· − ξ·· =

1
IJ

I

J

(ξik − ξj k ).

j =1 k=1

To avoid calculations, suppose that F is t2 , the t-distribution with 2 degrees of
freedom. Then, the least squares estimators have infinite variance. On the other
hand, let X̃ij be the median of the observations Xij v , v = 1, . . . , m. Then X̃ik − X̃j k
is an unbiased estimator of ξik − ξj k so that δ = (1/ab)(X̃ik − X̃j k ) is an
unbiased estimator of αi . Furthermore, if m ≥ 3, the X̃ij have finite variance and
so, therefore, does δ. (A sum of random variables with finite variance has finite
variance.) This shows that the least squares estimators of the αi are not UMVU
when F is unknown. The same argument applies to the β’s and γ ’s.
The situation is quite different for the estimation of µ. Let U be the class of
unbiased estimators of µ in model (4.27) with F unknown, and let U  be the cor-
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responding class of unbiased estimators when the α’s , β’s, and γ ’s are all zero.
Then, clearly, U ⊂ U  ; furthermore, it follows from Section 2.4 that X··· uniformly
minimizes the variance within U  . Since X··· is a member of U, it uniformly minimizes the variance within U and, hence, is UMVU for µ in model (4.27) when F
is unknown.
For a more detailed discussion of this problem, see Anderson (1962).
(iii) Instead of assuming the density f in (4.36) to be unknown, we may be
interested in the case in which f is known but not normal. The model then remains
invariant under the transformations
(4.38)

Xv = Xv +

s

a j v γj ,

−∞ < γ1 , . . . , γs < ∞.

j =1

Since E(Xv ) = aj v (θj + γj ), the induced transformations in the parameter space
are given by
θj = θj + γj (j = 1, . . . , s).
(4.39)
The problem of estimating θj remains invariant under the transformations (4.38),
(4.39), and
d  = d + γj
(4.40)
for any loss function of the form ρ(d − θj ), and an estimator δ of θj is equivariant
with respect to these transformations if it satisfies
(4.41)

δ(X ) = δ(X) + γj .

Since (4.39) is transitive over , the risk of any equivariant estimator is constant,
and an MRE estimator of θj can be found by generalizing Theorems 1.8 and 1.10
to the present situation (see Verhagen 1961).
(iv) Important extensions to random and mixed effects models, and to general
exponential families, will be taken up in the next two sections.
5 Random and Mixed Effects Models
In many applications of linear models, the effects of the various factors A, B, C, . . .
which were considered to be unknown constants in Section 3.4 are, instead, random. One then speaks of a random effects model (or Model II); in contrast, the
corresponding model of Section 3.4 is a fixed effects model (or Model I). If both
fixed and random effects occur, the model is said to be mixed.
Example 5.1 Random effects one-way layout. Suppose that, as a measure of
quality control, an auto manufacturer tests a sample of new cars, observing for
each car, the mileage achieved on a number of occasions on a gallon of gas.
Suppose Xij is the mileage of the ith car on the j th occasion, at time tij , with all
the tij being selected at random and independently of each other. This would have
been modeled in Example 4.1 as
Xij = µ + αi + Uij
where the Uij are independent N (0, σ 2 ). Such a model would be appropriate if
these particular cars were the object of study and a replication of the experiment
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thus consisted of a number of test runs by the same cars. However, the manufacturer
is interested in the performance of the thousands of cars to be produced that year
and, for this reason, has drawn a random sample of cars for the test. A replication
of the experiment would start by drawing a new sample. The effect of the ith car
is therefore a random variable, and the model becomes
Xij = µ + Ai + Uij

(5.1)

(j = 1, . . . , ni ; i = 1, . . . , s).

Here and following, the populations being sampled are assumed to be large enough
so that independence and normality of the unobservable random variables Ai and
Uij can be assumed as a reasonable approximation. Without loss of generality, one
can put E(Ai ) = E(Uij ) = 0 since the means can be absorbed into µ. The variances
will be denoted by var(Ai ) = σA2 and var(Uij ) = σ 2 .
The Xij are dependent, and their joint distribution, and hence the estimation
of σA2 and σ 2 , is greatly simplified if the model is assumed to be balanced, that
is, to satisfy ni = n for all i. In that case, in analogy with the transformation
(4.5), let each set (Xi1 , . . . , Xin√
) be subjected to an orthogonal transformation to
(Yi1 , . . . , Yin ) such that Yi1 = n Xi· . An additional orthogonal√transformation
is made from (Y11 , . . . , Ys1 ) to (Z11 , . . . , Zs1 ) such that Z11 = s Y·1 , whereas
for i > 1, we put Zij = Yij . Unlike the Xij , the Yij and Zij are all independent
(Problem 5.1). They are normal with means
√
E(Z11 ) = sn µ, E(Zij ) = 0 if i > 1 or j > 1
and variances
var(Zi1 ) = σ 2 + nσA2 ,

var(Zij ) = σ 2

for j > 1,

so that the joint density of the Z’s is proportional to
!
√
1
1 2
(Z11 − sn µ)2 + SA2 −
S
exp −
2
2
2
2σ
2(σ + nσA )

(5.2)

"

with
SA2 =

s
i=2

2
Zi1
= n(Xi· − X·· )2 ,

S2 =

s

n

i=1 j =2

Zij2 =

s

n

(Xij − Xi· )2 .

i=1 j =1

This is a three-parameter exponential family with
η1 =

(5.3)

µ
,
σ 2 + nσA2

η2 =

1
,
σ 2 + nσA2

η3 =

1
.
σ2

The variance of Xij is var(Xij ) = σ 2 + σA2 , and we are interested in estimating the
variance components σA2 and σ 2 . Since
 2 


SA
S2
E
= σ 2 + nσA2 and E
= σ 2,
s−1
s(n − 1)
it follows that
(5.4)

S2
σ̂ =
s(n − 1)
2

and

σ̂A2

 2

1
SA
S2
=
−
n s − 1 s(n − 1)
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are UMVU estimators of σ 2 and σA2 , respectively. The UMVU estimator of the
ratio is σA2 /σ 2 is


1 Kf,−2 σ̂ 2 + nσ̂A2
−
1
,
n s(n − 1)
σ̂ 2
where Kf,−2 is given by (2.2.5) with f = s(n−1) (Problem 5.3). Typically, the only
linear subspace of the η’s of interest here is the trivial one defined by σA2 = 0, which
corresponds to η2 = η3 and to the case in which the sn Xij are iid as N (µ, σ 2 ). 
Example 5.2 Random effects two-way layout. In analogy to Example 4.11, consider the random effects two-way layout.
Xij k = µ + Ai + Bj + Cij + Uij k

(5.5)

where the unobservable random variables Ai , Bj , Cij , and Uij k are independently
normally distributed with zero mean and with variances σA2 , σB2 , σC2 , and σ 2 , respectively. We shall restrict attention to the balanced case i = 1, . . . , I , j = 1, . . . , J ,
and k = 1, . . . n. As in the preceding example, a linear transformation
leads to
√
independent normal variables Zij k with means E(Z111 ) = I J n µ and 0 for all
other Z ’s and with variances
var(Z111 ) = nJ σA2 + nI σB2 + nσC2 + σ 2 ,
var(Zi11 ) = nJ σA2 + nσC2 + σ 2 , i > 1,
var(Z1j 1 ) = nI σB2 + nσC2 + σ 2 , j > 1,
var(Zij 1 ) = nσC2 + σ 2 , i, j > 1,

(5.6)

var(Zij k ) = σ 2 ,

k > 1.

As an example in which such a model might arise, consider a reliability study of
blood counts, in which blood samples from each of J patients are divided into nI
subsamples of which n are sent to each of I laboratories. The study is not concerned
with these particular patients and laboratories, which, instead, are assumed to be
random samples from suitable patient and laboratory populations. From (5.5) it
follows that var(Xij k ) = σA2 + σB2 + σC2 + σ 2 . The terms on the right are the variance
components due to laboratories, patients, the interaction between the two, and the
subsamples from a patient.
The joint distribution of the Zij k constitutes a five-parameter exponential family
with the complete set of sufficient statistics (Problem 5.9)
SA2 =
SB2 =
(5.7)

SC2 =
S2 =

I
i=2
J

2
Zi11
= nJ

2
Z1j
1 = nI

j =2
I

(Xi·· − X··· )2 ,

i=1
J

(X·j · − X··· )2 ,

j =1
J

i=2 j =2
I

I

J

Zij2 1 = n
n

i=1 j =1 k=2

J

I

(Xij · − Xi·· − X·j · + X··· )2 ,

i=1 j =1

Zij2 k =

I

J

n

i=1 j =1 k=1

(Xij k − Xij · )2 ,
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I J nX··· .

From the expectations of these statistics, one finds the UMVU estimators of the
variance components σ 2 , σC2 , σA2 , and σB2 to be


SC2
S2
1
, σ̂C2 =
− σ̂ 2 ,
I J (n − 1)
n (I − 1)(J − 1)
 2
 2


1
SA
SB
1
σ̂A2 =
− nσ̂C2 − σ̂ 2 , σ̂B2 =
− nσ̂C2 − σ̂ 2 .
nJ I − 1
nI J − 1

σ̂ 2 =

A submodel of (5.5), which is sometimes appropriate, is the additive model
corresponding to the absence of the interaction terms Cij and hence to the assumption σC2 = 0. If η1 = µ/var(Z111 ), 1/η2 = nJ σA2 + nσC2 + σ 2 , 1/η3 =
nI σB2 + nσC2 + σ 2 , 1/η4 = nσC2 + σ 2 , and 1/η5 = σ 2 , this assumption is equivalent to η4 = η5 and thus restricts the η’s to a linear subspace. The submodel
constitutes a four-parameter exponential family, with the complete set of sufficient
statistics Z111 , SA2 , SB2 , and S 2 = SC2 = (Xij k −Xi·· −X·j · +X··· )2 . The UMVU
estimators of the variance components σA2 , σB2 , and σ 2 are now easily obtained as
before (Problem 5.10).
Another submodel of (5.5) which is of interest is obtained by setting σB2 = 0,
thus eliminating the Bj terms from (5.5) . However, this model, which corresponds
to the linear subspace η3 = η4 , does not arise naturally in the situations leading to
(5.5), as illustrated by the laboratory example. These situations are characterized
by a crossed design in which each of the I A units (laboratories) is observed in
combination with each of the J B units (patients). On the other hand, the model
without the B terms arises naturally in the very commonly occurring nested design
illustrated in the following example.

Example 5.3 Two nested random factors. For the two factors A and B, suppose
that each of the units corresponding to different values of i (i.e., different levels
of A) is itself a collection of smaller units from which the values of B are drawn.
Thus, the A units might be hospitals, schools, or farms that constitute a random
sample from a population of such units from each of which a random sample of
patients, students, or trees is drawn. On each of the latter, a number of observations
is taken (for example, a number of blood counts, grades, or weights of a sample
of apples). The resulting model [with a slight change of notation from (5.5)] may
be written as
Xij k = µ + Ai + Bij + Uij k .
(5.8)
Here, the A’s, B’s, and U ’s are again assumed to be independent normal with
zero means and variances σA2 , σB2 , and σ 2 , respectively. In the balanced case
(i = 1, . . . , I , j = 1, . . . , J , k = 1, . . . , n),√a linear transformation produces
independent variables with means E(Z111 ) = I J n µ and = 0 for all other Z’s
and variances
var(Zi11 ) = σ 2 + nσB2 + J nσA2
var(Zij 1 ) = σ 2 + nσB2
var(Zij k ) = σ 2

(i = 1, . . . , 1),

(j > 1),
(k > 1).
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The joint distribution of the Z’s constitutes a four-parameter exponential family
with the complete set of sufficient statistics
SA2 =
(5.9)

SB2 =
S2 =

I
i=2
J

2
Zi11
= J n(Xi·· − X··· )2 ,

2
2
Z1j
1 = n(Xij · − Xi·· ) ,

j =2
I

J

n

i=1 j =1 k=2

Z111 =

√

Zij2 k =

I

J

n

(Xij k − Xij · )2 ,

i=1 j =1 k=1

I J nX··· ,

and the UMVU estimators of the variance components can be obtained as before
(Problem 5.12).

The models illustrated in Examples 5.2 and 5.3 extend in a natural way to more
than two factors, and in the balanced cases, the UMVU estimators of the variance
components are easily derived.
The estimation of variance components described above suffers from two serious
difficulties.
(i) The UMVU estimators of all the variance components except σ 2 can take
on negative values with probabilities as high as .5 and even in excess of that value
(Problem 5.5–5.7) (and, correspondingly, their expected squared errors are quite
unsatisfactory; see Klotz, Milton, and Zacks 1969).
The interpretation of such negative values either as indications that the associated
components are negligible (which is sometimes formalized by estimating them to
be zero) or that the model is incorrect is not always convincing because negative
values do occur even when the model is correct and the components are positive.
An alternative possibility, here and throughout this section, is to fall back on maximum likelihood estimation or restricted MLE’s (REML estimates) obtained by
maximizing the likelihood after first reducing the data through location invariance
(Thompson, 1962; Corbeil and Searle, 1976). Although these methods have no
small-sample justification, they are equivalent to a noninformative prior Bayesian
solution (Searle et al. 1992; see also Example 2.7). Alternatively, there is an approach due to Hartung (1981), who minimizes bias subject to non-negativity, or
Pukelsheim (1981) and Mathew (1984), who find non-negative unbiased estimates
of variance.
(ii) Models as simple as those obtained in Examples 5.1–5.3 are not available
when the layout is not balanced.
The joint density of the X’s can then be obtained by noting that they are linear
functions of normal variables and thus have a joint multivariate normal distribution. To obtain it, one only need write down the covariance matrix of the X’s and
invert it. The result is an exponential family which typically is not complete unless the model is balanced. (This is illustrated for the one-way layout in Problem
5.4.) UMVU estimators cannot be expected in this case (see Pukelsheim 1981). A
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characterization of U -estimable functions permitting UMVU estimators is given
by Unni (1978). Two general methods for the estimation of variance components
have been developed in some detail; these are maximum and restricted maximum
likelihood, and the minimum norm quadratic unbiased estimation (Minque) introduced by Rao (1970). Surveys of the area are given by Searle (1971b), Harville
(1977), and Kleffe (1977). More detailed introductions can be found, for example, in the books by Rao and Kleffe (1988), Searle et al. (1992), and Burdick and
Graybill (1992).
So far, the models we have considered have had factors that were either all fixed
or all random. We now look at an example of a mixed model, which contains both
types of factors.
Example 5.4 Mixed effects model. In Example 5.3, it was assumed that the hospital, schools, or farms were obtained as a random sample from a population of
such units. Let us now suppose that it is only these particular hospitals that are
of interest (perhaps it is the set of all hospitals in the city), whereas the patients
continue to be drawn at random from these hospitals. Instead of (5.8), we shall
assume that the observations are given by
(5.10)

Xij k = µ + αi + Bij + Uij k

(αi = 0).

A transformation very similar to the earlier one (Problem 5.14) now leads to
independent normal variables Wij k with joint density proportional to
"
1
1 2
2
2
exp −
[(w
−
µ
−
α
)
(5.11)
+
S
]
−
S
i11
i
B
2σ 2
2(σ 2 + nσB2 )
√
with SB2 and S 2 given by (5.9), and with Wi11 = J n Xi·· . This is an exponential
family with the complete set of sufficient statistics Xi·· , SB2 , and S 2 . The UMVU
estimators of σB2 and σ 2 are the same as in Example 5.3, whereas the UMVU
estimator of αi is Xi·· − X··· , as it would be if the B’s were fixed.

Thus far in this section, our focus has been the estimation of the variance components in random and mixed effects models. There is, however, another important
estimation target in these models, the random effects themselves. This presents
a somewhat different problem than is considered in the rest of this book, as the
estimand is now a random variable rather than a fixed parameter. However, the
theory of UMVU estimation has a fairly straightforward extension to the present
case. We illustrate this in the following example.
Example 5.5 Best prediction of random effects. Consider, once more, the random effects model (5.1), where the value αi of Ai , the effect on gas mileage, could
itself be of interest.
Since αi is the realized value of a random variable rather than a fixed parameter,
it is common to speak of prediction of αi rather than estimation of αi . To avoid
identifiability problems, we will, in fact, predict µ + αi rather than αi . If δ(X) is a
predictor, then under squared error loss we have
(5.12)

E[δ(X) − (µ + αi )]2 = E[δ(X) ± E(µ + αi |X) − (µ + αi )]2
= E[δ(X) − E(µ + αi |X)]2
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+E[E(µ + αi |X) − (µ + αi )]2 .
As we have no control over the second term on the right side of (5.12), we only
need be concerned with minimization of the first term. (In this sense, prediction
of a random variable is the same as estimation of its conditional expected value.)
Under the normality assumptions of Example 5.1,
(5.13)

E(µ + αi |X) =

nσA2
σ2
X̄
+
µ.
i
nσA2 + σ 2
nσA2 + σ 2

Assuming the variances known, we set
δ(X) =

σ2
nσA2
X̄
+
δ  (X)
i
nσA2 + σ 2
nσA2 + σ 2

and choose δ  (X) to minimize E[δ  (X) − µ]2 . The UMVU estimator of µ is X̄,
and the UMVU predictor of µ + αi is
(5.14)

σ2
nσA2
X̄i +
X̄.
2
2
2
nσA + σ
nσA + σ 2

As we will see in Chapter 4, this predictor is also a Bayes estimator in a hierarchical
model (which is another way of thinking of the model (5.1); see Searle et al. 1992,
Chapter 9, and Problem 4.7.15).
Although we have assumed normality, optimality of (5.14) continues if the
distributional assumptions are relaxed, similar to (4.35). Under such relaxed assumptions, (5.14) continues to be best among linear unbiased predictors (Problem
5.17). Harville (1976) has formulated and proved a Gauss-Markov-type theorem
for a general mixed model.

6 Exponential Linear Models
The great success of the linear models described in the previous sections suggests
the desirability of extending these models beyond the normal case. A natural generalization combines a general exponential family with the structure of a linear
model and will often result in exponential linear models in terms of new parameters [see, for example, (5.2) and (5.3)]. However, the models in this section are
discrete and do not arise from normal theory.
Equivariance tends to play little role in the resulting models; they are therefore
somewhat out of place in this chapter. But certain analogies with normal linear
models make it convenient to present them here.
(i) Contingency Tables
Suppose that the underlying exponential family is the set of multinomial distributions (1.5.4), which may be written as

s

(6.1)

exp
i=0

xi log pi h(x),
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and that a linear structure is imposed on the parameters ηi = log pi . Expositions
of the resulting theory of log linear models can be found in the books by Agresti
(1990), Christensen (1990), Santner and Duffy (1990), and Everitt (1992). Diaconis
(1988, Chapter 9) shows how a combination of exponential family theory and group
representations lead naturally to log linear models.
The models have close formal similarities with the corresponding normal models, and a natural linear subspace of the log pi often corresponds to a natural
restriction on the p’s. In particular, since sums of the log p’s correspond to products of the p’s, a subspace defined by setting suitable interaction terms equal to zero
often is equivalent to certain independence properties in the multinomial model.
The exponential family (6.1) is not of full rank since the p’s must add up to 1.
A full-rank form is


s

(6.2)

exp

xi log(pi /p0 ) h(x).

i=1

If we let
(6.3)

pi
= ηi − η0 ,
p0
we see that arbitrary linear functions of the ηi correspond to arbitrary contrasts
(i.e., functions of the differences) of the ηi . From Example 2.3.8, it follows that
(X1 , . . . , Xs ) or (X0 , X1 , . . . , Xs ) is sufficient and complete for (6.2) and hence
also for (6.1). In applications, we shall find (6.1) the more convenient form to use.
If the η’s are required to satisfy r independent linear restrictions aij ηj = bi (i =
1, . . . , r), the resulting distributions will form an exponential family of rank s − r,
and the associated minimal sufficient statistics T will continue to be complete.
Since E(Xi /n) = pi , the probabilities pi are always U -estimable; their UMVU
estimators can be obtained as the conditional expectations of Xi /n given T . If
p̂i is the UMVU estimator of pi , a natural estimator of ηi is η̂i = log p̂i , but,
of course, this is no longer unbiased. In fact, no unbiased estimator of ηi exists
because only polynomials of the pi can be U -estimable (Problem 2.3.25). When
p̂i is also the MLE of pi , η̂i is the MLE of ηi . However, the MLE p̂ˆ i does not
always coincide with the UMVU estimator p̂i . An example of this possibility with
log pi = α + βti (t’s known; α and β unknown) is given by Haberman (1974,
Example 1.16, p. 29; Example 3.3, p. 60). It is a disadvantage of the p̂i in this case
that, unlike p̂ˆ i , they do not always satisfy the restrictions of the model, that is, for
some values of the X’s, no α and β exist for which log p̂i = α + βti . Typically, if
p̂i = p̂ˆ i , the difference between the two is moderate.
For estimating the ηi , Goodman (1970) has recommended in some cases applying the estimators not to the cell frequencies Xi /n but to Xi /n + 1/2, in order to
decrease the bias of the MLE. This procedure also avoids difficulties that may arise
when some of the cell counts are zero. (See also Bishop, Fienberg, and Holland
1975, Chapter 12.)
ηi = log

Example 6.1 Two-way contingency table. Consider the situation of Example
2.3.9 in which n subjects are classified according to two characteristics A and
B with possible outcomes A1 , . . . , AI and B1 , . . . , BJ . If nij is the number of
subjects with properties Ai and Bj , the joint distribution of the nij can be written
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as

n!
exp nij ξij , ξij = log pij .
Oi,j (nij )!
Write ξij = µ + αi + βj + γij as in Example 4.11, with the side conditions (4.28).
This implies no restrictions since any I J numbers ξij can be represented in this
form. The pij must, of course, satisfy pij = 1 and the ξij must therefore satisfy
 exp ξij = 1. This equation determines µ as a function of the α’s, β’s, and γ ’s
which are free, subject only to (4.28). The UMVU estimators of the pij were seen

in Example 2.3.9 to be nij /n.
In Example 4.11 (normal two-way layout), it is sometimes reasonable to suppose
that all the γij s (the interactions) are zero. In the present situation, this corresponds
exactly to the assumption that the characteristics A and B are independent, that is,
that pij = pi+ p+j (Problem 6.1). The UMVU estimator of pij is now ni+ n+j /n2 .
Example 6.2 Conditional independence in a three-way table. In Example 2.3.10,
it was assumed that the subjects are classified according to three characteristics A,
B, and C and that conditionally, given outcome C, the two characteristics A and
B are independent. If ξij k = log pij k and ξij k is written as
AC
ABC
ξij k = µ + αiA + αjB + αkC + αijAB + αik
+ αjBC
k + αij k

with the α’s subject to the usual restrictions and with µ determined by the fact
that the pij k add up to 1, it turns out that the conditional independence of A and
B given C is equivalent to the vanishing of both the three-way interactions αijABC
k
and the A, B interactions αijAB (Problem 6.2). The UMVU estimators of the pij k
in this model were obtained in Example 2.3.10.

(ii) Independent Binomial Experiments
The submodels considered in Example 5.2–5.4 and 6.1–6.2 corresponded to
natural assumptions about the variances or probabilities in question. However, in
general, the assumption of linearity in the η’s made at the beginning of this section
is rather arbitrary and is dictated by mathematical convenience rather than by
meaningful structural assumptions. We shall now consider a particularly simple
class of problems, in which this linearity assumption is inconsistent with more
customary assumptions. Agreement with these assumptions can be obtained by
not insisting on a linear structure for the parameters ηi themselves but permitting
a linear structure for a suitable function of the η’s.
The problems are concerned with a number of independent random variables Xi
having the binomial distributions b(pi , ni ). Suppose the X’s have been obtained
from some unobservable variables Zi distributed independently as N (ζi , σ 2 ) by
setting
0 if Zi ≤ u
Xi =
(6.4)
1 if Zi > u.
Then


ζi − u
pi = P (Zi > u) = X
(6.5)
σ
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ζi = u + σ X−1 (pi ).

Now consider a two-way layout for the Z’s in which the effects are additive, as
in Example 4.11. The subspace of the ζij (i = 1, . . . , a, j = 1, . . . , b) defining this
model is characterized by the fact that the interactions satisfy
γij = ζij − ζi· − ζ·j + ζ·· = 0

(6.7)

which, by (6.6), implies that
(6.8)

X−1 (pij ) −

1
J

X−1 (pij ) −
j

1
I

X−1 (pij )
i

1
+
IJ

X−1 (pij ) = 0.
i

j

The “natural” linear subspace of the parameter space for the Z’s thus translates
into a linear subspace in terms of the parameters X−1 (pij ) for the X’s, and the
corresponding fact by (6.6) is true quite, generally, for subspaces defined in terms
of differences of the ζ ’s. On the other hand, the joint distribution of the X’s is
proportional to


pi
exp xi log
(6.9)
h(x),
qi
and the natural parameters of this exponential family are ηi = log(pi /qi ). The
restrictions (6.8) are not linear in the η’s, and the minimal sufficient statistics for
the exponential family (6.9) with the restrictions (6.8) are not complete.
It is interesting to ask whether there exists a distribution F for the underlying
variables Zi such that a linear structure for the ζi will result in a linear structure
for ηi = log(pi /qi ) when the pi and the ζi are linked by the equation
(6.10)

qi = P (Zi ≤ u) = F (u − ζi )

instead of by (6.5). Then, ζi = u − F −1 (qi ) so that linear functions of the ζi
correspond to linear functions of the F −1 (qi ) and hence of log(pi /qi ), provided
pi
F −1 (qi ) = a − b log .
(6.11)
qi
Suppressing the subscript i and putting x = a − b log(p/q), we see that (6.11) is
equivalent to
1
(6.12)
,
q = F (x) =
1 + e−(x−a)/b
which is the cdf of the logistic distribution L(a, b) whose density is shown in Table
2.3.1.
Inferences based on the assumption of linearity in X−1 (pi ) and log(pi /qi ) =
−1
F (qi ) with F given by (6.12) where, without loss of generality, we can take
a = 0, b = 1, are known as probit and logit analysis, respectively, and are widely
used analysis techniques. For more details and many examples, see Cox 1970,
Bishop, Fienberg, and Holland 1975, or Agresti 1990. As is shown by Cox (p. 28),
the two analyses may often be expected to give very similar results, provided the
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p’s are not too close to 0 or 1. The probit model can also be viewed as a special
case of a threshold model, a model in which it is only observed whether a random
variable exceeds a threshold (Finney 1971). For the calculation of the MLEs in
this model see Problem 6.4.16.
The outcomes of s independent binomial experiments can be represented by a
2 × s contingency table, as in Table 3.3.1, with I = 2 and J = s, and the outcomes
A1 and A2 corresponding to success and failure, respectively. The column totals
n+1 , . . . , n+s are simply the s sample sizes and are, therefore, fixed in the present
model. In fact, this is the principal difference between the present model and that
assumed for a 2 × J table in Example 2.3.9. The case of s independent binomials
arises in the situation of that example, if the n subjects, instead of being drawn at
random from the population at large, are obtained by drawing n+j subjects from
the subpopulation having property Bj for j = 1, . . . , s.
A 2 × J contingency table, with fixed column totals and with the distribution
of the cell counts given by independent binomials, occurs not only in its own
right through the sampling of n+1 , . . . , n+J subjects from categories B1 , . . . , BJ ,
respectively, but also in the multinomial situation of Example 6.1 with I = 2, as the
conditional distribution of the cell counts given the column totals. This relationship
leads to an apparent paradox. In the conditional model, the UMVU estimator of
the probability pj = p1j /(p1j + p2j ) of success, given that the subject is in Bj , is
δj = n1j /n+j . Since δj satisfies
(6.13)

E(δj |Bj ) = pj ,

it appears also to satisfy E(δj ) = pj and hence to be an unbiased estimator of
p1j /(p1j + p2j ) in the original multinomial model. On the other hand, an easy
extension of the argument of Example 3.3.1 (see Problem 2.3.25) shows that,
in this model, only polynomials in the pij can be U -estimable, and the ratio in
question clearly is not a polynomial.
The explanation lies in the tacit assumption made in (6.13) that n+j > 0 and
in the fact that δj is not defined when n+j = 0. To ensure at least one observation
in Bj , one needs a sampling scheme under which an arbitrarily large number of
observations is possible. For such a scheme, the U -estimability of p1j /(p1j + p2j )
would no longer be surprising.
It is clear from the discussion leading to (6.8) that the generalization of normal
linear models to models linear in the natural parameters ηi of an exponential family
is too special and that, instead, linear spaces in suitable functions of the ηi should
be permitted. Because in exponential families the parameters of primary interest
often are the expectations θi = E(Ti ) [for example in (6.9), the pi = E(Xi )],
generalized linear models are typically defined by restricting the parameters to
lie in a space defined by linear conditions on v(θi ) [or in some cases vi (θi )] for a
suitable link function v (linking the θ ’s with the linear space). A theory of such
models was developed Dempster (1971) and Nelder and Wedderburn (1972), who,
in particular, discuss maximum likelihood estimation of the parameters. Further
aspects are treated in Wedderburn (1976) and in Pregibon (1980). For a comprehensive treatment of these generalized linear models, see the book by McCullagh
and Nelder (1989), an essential reference on this topic; an introductory treatment
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is provided by Dobson (1990). A generalized linear interactive modeling (GLIM)
package has been developed by Baker and Nelder (1983ab). The GLIM package
has proved invaluable in implementing these methods and has been in the center
of much of the research and modeling (see, for example, Aitken et al. 1989).
7 Finite Population Models
In the location-scale models of Sections 3.1 and 3.3, and the more general linear
models of Section 4.4 and 4.5, observations are measurements that are subject to
random errors. The parameters to be estimated are the true values of the quantities
being measured, or differences and other linear functions of these values, and the
variance of the measurement errors. We shall now consider a class of problems in
which the measurements are assumed to be without error, but in which the observations are nevertheless random because the subjects (or objects) being observed
are drawn at random from a finite population.
Problems of this kind occur whenever one wishes to estimate the average income, days of work lost to illness, reading level, or the proportion of a population
supporting some measure or candidate. The elements being sampled need not be
human but may be trees, food items, financial records, schools, and so on. We
shall consider here only the simplest sampling schemes. For a fuller account of
the principal methods of sampling, see, for example, Cochran (1977); a systematic
treatment of the more theoretical aspects is given by Cassel, Särndal, and Wretman
(1977) and Särndal, Swensson, and Wretman (1992).
The prototype of the problems to be considered is the estimation of a population
average on the basis of a simple random sample from that population. In order
to draw a random sample, one needs to be able to identify the members of the
population. Telephone subscribers, for example, can conveniently be identified by
the page and position on the page, trees by their coordinates, and students in a
class by their names or by the row and number of their seat. In general, a list or
other identifying description of the members of the population is called a frame.
To represent the sampling frame, suppose that N population elements are labeled
1, . . . , N; in addition, a value ai (the quantity of interest) is associated with the
element i. (This notation is somewhat misleading because, in any realization of
the model, the a’s will simply be N real numbers without identifying subscripts.)
N
For the purpose of estimating ā = i=1
ai /N , a sample of size n is drawn in order,
one element after another, without replacement. It is a simple random sample if
all N (N − 1) . . . (N − n + 1) possible n-tuples are equally likely.
The data resulting from such a sampling process consist of the n labels of the
sampled elements and the associated a values, in the order in which they were
drawn, say
X = {(I1 , Y1 ), . . . , (In , Yn )}
(7.1)
where the I ’s denote the labels and the Y ’s the associated a values, Yk = aIk . The
unknown aspect of the situation, which as usual we shall denote by θ, is the set of
population a values of the N elements,
(7.2)

θ = {(1, a1 ), . . . , (N, aN )}.
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In the classic approach to sampling, the labels are discarded. Let us for a moment
follow this approach, so that what remains of the data is the set of n observed
a values: Y1 , . . . , Yn . Under simple random sampling, the order statistics Y(1) ≤
· · · ≤ Y(n) are then sufficient. To obtain UMVU estimators of ā and other functions
of the a’s, one needs to know whether this sufficient statistic is complete. The
answer depends on the parameter space , which we have not yet specified.
It frequently seems reasonable to assume that the set V of possible values is the
same for each of the a’s and does not depend on the values taken on by the other
a’s. (This would not be the case, for example, if the a’s were the grades obtained
by the students in a class which is being graded “on the curve.”) The parameter
space is then the set of all θ’s given by (7.2) with (a1 , . . . , aN ) in the Cartesian
product
(7.3)
V × V × · · · × V.
Here, V may, for example, be the set of all real numbers, all positive real numbers,
or all positive integers. Or it may just be the set V = {0, 1} representing a situation
in which there are only two kinds of elements—those who vote yes or no, which
are satisfactory or defective, and so on.
Theorem 7.1 If the parameter space is given by (7.3), the order statistics Y(1) , . . .,
Y(n) are complete.
Proof. Denote by s an unordered sample of n elements and by Y(1) (s, θ),
. . . , Y(n) (s, θ) its a values in increasing size. Then, the expected value of any
estimator δ depending only on the order statistics is
Eθ {δ[Y(1) , . . . , Y(n) ]} = P (s)δ[Y(1) (s, θ), . . . , Y(n) (s, θ)],
 
N
where the summation extends over all
possible samples, and where for
n
 
N
simple random sampling, P (s) = 1/
for all s. We need to show that
n
(7.4)

(7.5)

Eθ {δ[Y(1) , . . . , Y(n) ]} = 0

for all θ ∈

implies that δ[y(1) , . . . , y(n) ] = 0 for all y(1) ≤ · · · ≤ y(n) .
Let us begin by considering (7.5) for all parameter points θ for which (a1 , . . . , aN )
is of the form (a, . . . , a), a ∈ V . Then, (7.5) reduces to
P (s)δ(a, . . . , a) = 0

for all a,

s

which implies δ(a, . . . , a) = 0. Next, suppose that N − 1 elements in θ are equal
to a, and one is equal to b > a. Now, (7.5) will contain two kinds of terms:
those corresponding to samples consisting of n a’s and those in which the sample
contains b, and (7.5) becomes
p δ(a, . . . , a) + qδ(a, . . . , a, b) = 0
where p and q are known numbers = 0. Since the first term has already been shown
to be zero, it follows that δ(a, . . . , a, b) = 0. Continuing inductively, we see that
δ(a, . . . , a, b, . . . , b) = 0 for any k a’s and n − k b’s, k = 0, . . . , n.
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As the next stage in the induction argument, consider θ ’s of the form
(a, . . . , a, b, c) with a < b < c, then θ’s of the form (a, . . . , a, b, b, c), and so
on, showing successively that δ(a, . . . , a, b, c), δ(a, . . . , a, b, b, c), . . . are equal
to zero. Continuing in this way, we see that δ[y(1) , . . . , y(n) ] = 0 for all possible
(y(1) , . . . , y(n) ), and this proves completeness.
✷
It is interesting to note the following:
(a) No use has been made of the assumption of simple random sampling, so that
the result is valid also for other sampling methods for which the probabilities
P (s) are known and positive for all s.
(b) The result need not be true for other parameter spaces (Problem 7.1).
Corollary 7.2 On the basis of the sample values Y1 , . . . , Yn , a UMVU estimator exists for any U -estimable function of the a’s, and it is the unique unbiased
estimator δ(Y1 , . . . , Yn ) that is symmetric in its n arguments.
Proof. The result follows from Theorem 2.1.11 and the fact that a function of
y1 , . . . , yn depends only on y(1) , . . . , y(n) if and only if it is symmetric in its n
arguments (see Section 2.4).
✷
Example 7.3 UMVU estimation in simple random sampling. If the sampling
method is simple random sampling and the estimand is ā, the sample mean Ȳ is
clearly unbiased since E(Yi ) = ā for all i (Problem 7.2). Since Ȳ is symmetric in
Y1 , . . . , Yn , it is UMVU and among unbiased estimators, it minimizes the risk for
any convex loss function. The variance of Ȳ is (Problem 7.3)
(7.6)

var(Ȳ ) =

where
(7.7)

τ2 =

N −n 1 2
· τ
N −1 n

1
(ai − a)2
N
is the population variance. To obtain an unbiased estimator of τ 2 , note that (Problem 7.3)


1
N
2
E
(Yi − Ȳ ) =
τ 2.
(7.8)
n−1
N −1
n
(Yi − Ȳ )2 is unbiased for τ 2 , and because it is
Thus, [(N − 1)/N(n − 1)]i=1
symmetric in its n arguments, it is UMVU.

If the sampling method is sequential, the stopping rule may add an additional
complication.
Example 7.4 Sum-quota sampling. Suppose that each Yi has associated with it a
sampling is continued until ν observations
cost Ci , a positive
random variable,and
ν
are taken, where ν−1
C
<
Q
<
C
i
1
1 i , with Q being a specified quota. (Note the
similarity to inverse binomial sampling, as discussed in Example
2.3.2.) Under this
1 ν−1
sampling scheme, Pathak (1976) showed that Ȳν−1 = ν−1
Yi is an unbiased
1
estimator of the population average ā (Problem 7.4).
Note that Pathak’s estimator drops the terminal observation Yν , which tends to
be upwardly biased. As a consequence, Pathak’s estimator can be improved upon.
This was done by Kremers (1986), who showed the following:
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(a) T = {(C1 , Y1 ), . . . , (Cν , Yν )} is complete sufficient.
(b) Conditional on T , {(Ci , Y1 ), . . . , (Cν−1 , Yν−1 )} are exchangeable (Problem
7.5).
Under these conditions, the estimator
â = Ȳ − (Ȳ[ν] − Ȳ )/(ν − 1)

(7.9)

is UMVU if ν > 1, where Ȳ[ν] is the mean of all of the observations that could
have been the terminal observation; that is, Ȳ[ν] is the mean of all the Yi ’s in the
set
{(cj , yj ) :
(7.10)
ci < Q, j = 1, . . . , ν}.
i=j



See Problem 7.6.

So far, we have ignored the labels. That Theorem 7.1 and Corollary 7.2 no longer
hold when the labels are included in the data is seen by the following result.
Theorem 7.5 Given any sampling scheme of fixed size n which assigns to the
sample s a known probability P (s) (which may depend on the labels but not on the
a values of the sample), given any U -estimable function g(θ ), and given any preassigned parameter point θ0 = {(1, a10 ), . . . , (N, aN 0 )}, there exists an unbiased
estimator δ ∗ of g(θ ) with variance var θ0 (δ ∗ ) = 0.
Proof. Let δ be any unbiased estimator of g(θ), which may depend on both labels
and y values, say
δ(s) = δ[(i1 , y1 ), . . . , (in , yn )],
and let
δ0 (s) = δ[(i1 , ai1 0 ), . . . , (in , ain 0 )].
Note that δ0 depends on the labels whether or not δ does and thus would not be
available if the labels had been discarded. Let
δ ∗ (s) = δ(s) − δ0 (s) + g(θ0 ).
Since
Eθ (δ) = g(θ)

and Eθ (δ0 ) = g(θ0 ),

∗

it is seen that δ is unbiased for estimating g(θ). When θ = θ0 , δ ∗ = g(θ0 ) and is
thus a constant. Its variance is therefore zero, as was to be proved.
✷
To see under what circumstances the labels are likely to be helpful and when it
is reasonable to discard them, let us consider an example.
Example 7.6 Informative labels. Suppose the population is a class of several
hundred students. A random sample is drawn and each of the sampled students is
asked to provide a numerical evaluation of the instructor. (Such a procedure may be
more accurate than distributing reaction sheets to the whole class, if for the much
smaller sample it is possible to obtain a considerably higher rate of response.)
Suppose that the frame is an alphabetically arranged class list and that the label is
the number of the student on this list. Typically, one would not expect this label
to carry any useful information since the place of a name in the alphabet does not
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usually shed much light on the student’s attitude toward the instructor. (Of course,
there may be exceptional circumstances that vitiate this argument.) On the other
hand, suppose the students are seated alphabetically. In a large class, the students
sitting in front may have the advantage of hearing and seeing better, receiving more
attention from the instructor, and being less likely to read the campus newspaper
or fall asleep. Their attitude could thus be affected by the place of their name in
the alphabet, and thus the labels could carry some information.

We shall discuss two ways of formalizing the idea that the labels can reasonably
be discarded if they appear to be unrelated to the associated a values.
(i) Invariance. Consider the transformations of the parameter and sample space
obtained by an arbitrary permutation of the labels:
(7.11)

ḡθ = {(j (1), a1 ), . . . , (j (N ), aN )},
gX = {(j (I1 ), Y1 ), . . . , (j (In ), Yn )}.

The estimand ā [or, more generally, any function h(a1 , . . . , aN ) that is symmetric
in the a’s] is unchanged by these transformations, so that g ∗ d = d and a loss
function L(θ, d) is invariant if it depends on θ only through the a’s (in fact, as a
symmetric function of the a’s) and not the labels. [For estimating ā, such a loss
function would be typically of the form ρ(d − ā).] Since g ∗ d = d, an estimator δ
is equivariant if it satisfies the condition
(7.12)

δ(gX) = δ(X)

for all g and X.

In this case, equivariance thus reduces to invariance. Condition (7.12) holds if and
only if the estimator δ depends only on the observed Y values and not on the labels.
Combining this result with Corollary 7.2, we see that for any U -estimable function
h(a1 , . . . , aN ), the estimator of Corollary 7.2 uniformly minimizes the risk for any
convex loss function that does not depend on the labels among all estimators of h
which are both unbiased and invariant.
The appropriateness of the principle of equivariance, which permits restricting
consideration to equivariant (in the present case, invariant) estimators, depends on
the assumption that the transformations (7.11) leave the problem invariant. This
is clearly not the case when there is a relationship between the labels and the
associated a values, for example, when low a values tend to be associated with
low labels and high a values with high labels, since permutation of the labels will
destroy this relationship. Equivariance considerations therefore justify discarding
the labels if, in our judgment, the problem is symmetric in the labels, that is,
unchanged under any permutation of the labels.
(ii) Random labels. Sometimes, it is possible to adopt a slightly different formulation of the model which makes an appeal to equivariance unnecessary. Suppose
that the labels have been assigned at random, that is, so that all N ! possible assignments are equally likely. Then, the observed a values Y1 , . . . , Yn are sufficient.
To see this, note that given these values, any n labels (I1 , . . . , In ) associated with
them are equally likely, so that the conditional distribution of X given (Y1 , . . . , Yn )
is independent of θ . In this model, the estimators of Corollary 7.2 are, therefore,
UMVU without any further restriction.
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Of course, the assumption of random labeling is legitimate only if the labels
really were assigned at random rather than in some systematic way such as alphabetically or first come, first labeled. In the latter cases, rather than incorporating a
very shaky assumption into the model, it seems preferable to invoke equivariance
when it comes to the analysis of the data with the implied admission that we believe the labels to be unrelated to the a values but without denying that a hidden
relationship may exist.
Simple random sampling tends to be inefficient unless the population being
sampled is fairly homogeneous with respect to the a’s. To see this, suppose that
a1 = · · · = aN1 = a and aN1 +1 = · · · = aN1 +N2 = b(N1 + N2 = N ). Then (Problem
7.3)
N − n γ (1 − γ )
var(Ȳ ) =
(7.13)
·
(b − a)2
N −1
n
where γ = N1 /N. On the other hand, suppose that the subpopulations Oi consisting
of the a’s and b’s, respectively, can be identified and that one observation Xi is taken
from each of the Oi (i = 1, 2). Then X1 = a and X2 = b and (N1 X1 +N2 X2 )/N = ā
is an unbiased estimator of ā with variance zero.
This suggests that rather than taking a simple random sample from a heterogeneous population O, one should try to divide O into more homogeneous subpopulations Oi , called strata, and sample each of the strata separately. Human
populations are frequently stratified by such factors as age, gender, socioeconomic
background, severity of disease, or by administrative units such as schools, hospitals, counties, voting districts, and so on.
Suppose that the population O has been partitioned into s strata O1 , . . ., Os of
sizes N1 , . . . , Ns and that independent simple random samples of size ni are taken
from each Oi (i = 1, . . . , s). If aij (j = 1, . . . , Ni ) denote the a values in the ith
stratum, the parameter is now θ = (θ1 , . . . , θs ), where
θi = {(1, ai1 ), . . . , (Ni , aiNi ); i},
and the observations are X = (X1 , . . . , Xs ), where
Xi = {(Ki1 , Yi1 ), . . . , (Kini , Yini ); i}.
Here, Kij is the label of the j th element drawn from Oi and Yij is its a value.
It is now easy to generalize the optimality results for simple random sampling
to stratified sampling.
Theorem 7.7 Let the Yij (j = 1, . . . , ni ), ordered separately for each i, be denoted
by Yi(1) < · · · < Yi(ni ) . On the basis of the Yij (i.e., without the labels), these ordered
sample values are sufficient. They are also complete if the parameter space i for
θi is of the form Vi × · · · × Vi (Ni factors) and the overall parameter space is
= 1 × · · · × s . (Note that the value sets Vi may be different for different
strata.)
The proof is left to the reader (Problem 7.9).
It follows from Theorem 7.7 that on the basis of the Y ’s, a UMVU estimator exists
for any U -estimator function of the a’s and that it is the unique unbiased estimator
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δ(Yi1 , . . . , Y1ni ; Y21 , . . . , Y2n2 ; . . .) which is symmetric in its first n1 arguments,
symmetric in its second set of n2 arguments, and so forth.
Example 7.8 UMVU estimation in stratified random sampling. Suppose that
we let a·· = aij /N be the average of the a’s for the population O. If ai· is the
average of the a’s in Oi , Yi· is unbiased for estimating ai· and hence
Ni Yi·
N
is an unbiased estimator of a·· . Since δ is symmetric for each of the s subsamples,
it is UMVU for a·· on the basis of the Y ’s. From (7.6) and the independence of the
Yi ’s, it is seen that
N 2 Ni − ni 1 2
var(δ) =  i2 ·
· τ ,
(7.15)
N
N i − 1 ni i
where τi2 is the population variance of Oi , and from (7.8), one can read off the
UMVU estimator of (7.15).

(7.14)

δ=

Discarding the labels within each stratum (but not the strata labels) can again
be justified by invariance considerations if these labels appear to be unrelated to
the associated a values. Permutation of the labels within each stratum then leaves
the problem invariant, and the condition of equivariance reduces to the invariance
condition (7.12). In the present situation, an estimator again satisfies (7.12) if and
only if it does not depend on the within-strata labels. The estimator (7.14), and
other estimators which are UMVU when these labels are discarded, are therefore
also UMVU invariant without this restriction.
A central problem in stratified sampling is the choice of the sample sizes ni .
This is a design question and hence outside the scope of this book (but see Hedayat
and Sinha 1991). We only mention that a natural choice is proportional allocation,
in which the sample sizes ni are proportional to the population sizes Ni . If the τi
are known, the best possible choice in the sense of minimizing the approximate
variance
(Ni2 τi2 /ni N 2 )
(7.16)
is the Tschuprow-Neyman allocation with ni proportional to Ni τi (Problem 7.11).
Stratified sampling, in addition to providing greater precision for the same total
sample size than simple random sampling, often has the advantage of being administratively more convenient, which may mean that a larger sample size is possible
on the same budget. Administrative convenience is the principal advantage of a
third sampling method, cluster sampling, which we shall consider next. The population is divided into K clusters of sizes M1 , . . . , MK . A single random sample
of k clusters is taken and the a values of all the elements in the sampled clusters
are obtained. The clusters might, for example, be families or city blocks. A field
worker obtaining information about one member of a family can often obtain the
same information for all the members at relatively little additional cost.
An important special case of cluster sampling is systematic sampling. Suppose
the items on a conveyor belt or the cards in a card catalog are being sampled. The
easiest way of drawing a sample in these cases and in many situations in which the
sampling is being done in the field is to take every rth element, where r is some
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positive number. To inject some randomness into the process, the starting point is
chosen at random. Here, there are r clusters consisting of the items labeled
{1, r + 1, 2r + 1, . . .}, {2, r + 2, 2r + 2, . . .}, . . . , {r, 2r, 3r, . . .},
of which one is chosen at random, so that K = r and k = 1. In general, let the
elements of the ith cluster be {ai1 , . . . , aiMi } and let ui = jM=1i aij be the total for
the ith cluster. We shall be interested in estimating some function of the u’s such as
the population average a·· = ui /Mi . Of the aij , we shall assume that the vector
of values (ai1 , . . . , aiMi ) belongs to some set Wi (which may, but need not be, of the
form V × · · · × V ) and that (a11 , . . . , a1M1 ; a21 , . . . , a2M2 ; . . .) ∈ W1 × · · · × WK .
The observations consist of the labels of the clusters included in the sample together
with the full set of labels and values of the elements of each such cluster:
!
!
4
3
X = i1 ; (1, ai1 ,1 ), (2, ai1 ,2 ), . . . ; i2 ; (1, ai2 ,1 ), (2, ai2 ,2 ), . . . ; . . . .
Let us begin the reduction of the statistical problem with invariance considerations. Clearly, the problem remains invariant under permutations of the labels
within each cluster, and this reduces the observation to
3
!
!
4
X = i1 , (ai1 ,1 , . . . , ai1 ,Mi1 ) ; i2 , (ai2 ,1 , . . . , ai2 ,Mi2 ) ; . . .
in the sense that an estimator is invariant under these permutations if and only if it
depends on X only through X .
The next group is different from any we have encountered so far. Consider any


transformation taking (ai1 , . . . , aiMi ) into (ai1
, . . . , aiM
), i = 1, . . . , K, where the
i

aij are arbitrary, except that they must satisfy
(a)



, . . . , aiM
) ∈ Wi
(ai1
i

and
Mi

(b)
j =1

aij = ui .

Note that for some vectors (ai1 , . . . , aiMi ), there may be no such transformations
except the identity; for others, there may be just the identity and one other, and so
on, depending on the nature of Wi .
It is clear that these transformations leave the problem invariant, provided both
the estimand and the loss function depend on the a’s only through the u’s. Since the
estimand remains unchanged, the same should then be true for δ, which, therefore,
should satisfy
δ(gX  ) = δ(X )
(7.17)
for all these transformations. It is easy to see (Problem 7.17) that δ satisfies (7.17)
if and only if δ depends on X  only through the observed cluster labels, cluster
sizes, and the associated cluster totals, that is, only on
(7.18)

X = {(ii , ui1 , Mi1 ), . . . , (ik , uik , Mik )}

and the order in which the clusters were drawn.
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This differs from the set of observations we would obtain in a simple random
sample from the collection
(7.19)

{(1, u1 ), . . . , (K, uK )}

through the additional observations provided by the cluster sizes. For the estimation
of the population average or total, this information may be highly relevant and the
choice of estimator must depend on the relationship between Mi and ui . The
situation does, however, reduce to that of simple random sampling from (7.19)
under the additional assumption that the cluster sizes Mi are equal, say Mi = M,
where M can be assumed to be known. This is the case, either exactly or as a very
close approximation, for systematic sampling, and also in certain applications to
industrial, commercial, or agricultural sampling—for example, when the clusters
are cartons of eggs of other packages or boxes containing a fixed number of items.
From the discussion of simple random sampling, we know that the average Ȳ of
the observed u values is then the UMVU invariant estimator ū = ui /K and hence
that Ȳ /M is UMVU invariant for estimating a·· . The variance of the estimator is
easily obtained from (7.6) with τ 2 = (ui − ū)2 /K.
In stratified sampling, it is desirable to have the strata as homogeneous as possible: The more homogeneous a stratum, the smaller the sample size it requires. The
situation is just the reverse in cluster sampling, where the whole cluster will be
observed in any case. The more homogeneous a cluster, the less benefit is derived
from these observations: “If you have seen one, you have seen them all.” Thus, it
is desirable to have the clusters as heterogeneous as possible. For example, families, for some purposes, constitute good clusters by being both administratively
convenient and heterogeneous with respect to age and variables related to age.
The advantages of stratified sampling apply not only to the sampling of single elements but equally to the sampling of clusters. Stratified cluster sampling consists
of drawing a simple random sample of clusters from each stratum and combining
the estimates of the strata averages or totals in the obvious way. The resulting
estimator is again UMVU invariant, provided the cluster sizes are constant within
each stratum, although they may differ from one stratum to the next. (For a more
detailed discussion of stratified cluster sampling, see, for example, Kish 1965.)
To conclude this section, we shall briefly indicate two ways in which the equivariance considerations in the present section differ from those in the rest of the
chapter.
(i) In all of the present applications, the transformations leave the estimand unchanged rather than transforming it into a different value, and the condition of
equivariance then reduces to the invariance condition: δ(gX) = δ(X). Correspondingly, the group Ḡ is not transitive over the parameter space and a UMRE estimator
cannot be expected to exist. To obtain an optimal estimator, one has to invoke unbiasedness in addition to invariance. (For an alternative optimality property, see
Section 5.4.)
(ii) Instead of starting with transformations of the sample space which would
then induce transformations of the parameter space, we inverted the order and
began by transforming θ, thereby inducing transformations of X. This does not
involve a new approach but was simply more convenient than the usual order. To
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see how to present the transformations in the usual order, let us consider the sample
space as the totality of possible samples s together with the labels and values of
their elements. Suppose, for example, that the transformations are permutations
of the labels. Since the same elements appear in many different samples, one
must ensure that the transformations g of the samples are consistent, that is, that
the transform of an element is independent of the particular sample in which it
appears. If a transformation has this property, it will define a permutation of all
the labels in the population and hence a transformation ḡ of θ. Starting with g or
ḡ thus leads to the same result; the latter is more convenient because it provides
the required consistency property automatically.
8 Problems
Section 1
1.1 Prove the parts of Theorem 1.4 relating to (a) risk and (b) variance.
1.2 In model (1.9), suppose that n = 2 and that f satisfies f (−x1 , −x2 ) = f (x2 , x1 ).
Show that the distribution of (X1 + X2 )/2 given X2 − X1 = y is symmetric about 0.
Note that if X1 and X2 are iid according to a distribution which is symmetric about 0,
the above equation holds.
1.3 If X1 and X2 are distributed according to (1.9) with n = 2 and f satisfying the
assumptions of Problem 1.2, and if ρ is convex and even, then the MRE estimator of ξ
is (X1 + X2 )/2.
1.4 Under the assumptions of Example 1.18, show that (a) E[X(1) ] = b/n and (b)
med[X(1) ] = b log 2/n.
1.5 For each of the three loss functions of Example 1.18, compare the risk of the MRE
estimator to that of the UMVU estimator.
1.6 If T is a sufficient statistic for the family (1.9), show that the estimator (1.28) is a
function of T only. [Hint: Use the factorization theorem.]
1.7 Let Xi (i = 1, 2, 3) be independently distributed with density f (xi − ξ ) and let δ = X1
if X3 > 0 and = X2 if X3 ≤ 0. Show that the estimator δ of ξ has constant risk for any
invariant loss function, but δ is not location equivariant.
1.8 Prove Corollary 1.14. [Hint: Show that (a) φ(v) = E0 ρ(X − v) → M as v → ±∞
and (b) that φ is continuous; (b) follows from the fact (see TSH2, Appendix Section 2)
that if fn , n = 1, 2, . . . and f are probability densities such that fn (x) → f (x) a.e., then
ψfn → ψf for any bounded ψ.]
1.9 Let X1 , . . . , Xn be distributed as in Example 1.19 and let the loss function be that of
Example 1.15. Determine the totality of MRE estimators and show that the midrange is
one of them.
1.10 Consider the loss function
ρ(t) =

−At
Bt

if t < 0
if t ≥ 0

(A, B ≥ 0).

If X is a random variable with density f and distribution function F , show that Eρ(X−v)
is minimized for any v satisfying F (v) = B/(A + B).
1.11 In Example 1.16, find the MRE estimator of ξ when the loss function is given by
Problem 1.10.
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1.12 Show that an estimator δ(X) of g(θ ) is risk-unbiased with respect to the loss function
of Problem 1.10 if Fθ [g(θ )] = B/(A + B), where Fθ is the cdf of δ(X) under θ.
1.13 Suppose X1 , . . . , Xm and Y1 , . . . , Yn have joint density f (x1 − ξ, . . . , xm − ξ ; y1 −
η, . . . , yn − η) and consider the problem of estimating W = η − ξ . Explain why it is
desirable for the loss function L(ξ, η; d) to be of the form ρ(d − W) and for an estimator
δ of W to satisfy δ(x + a, y + b) = δ(x, y) + (b − a).
1.14 Under the assumptions of the preceding problem, prove the equivalents of Theorems
1.4–1.17 and Corollaries 1.11–1.14 for estimators satisfying the restriction.
1.15 In Problem 1.13, determine the totality of estimators satisfying the restriction when
m = n = 1.
1.16 In Problem 1.13, suppose the X’s and Y ’s are independently normally distributed
with known variances σ 2 and τ 2 . Find conditions on ρ under which the MRE estimator
is Ȳ − X̄.
1.17 In Problem 1.13, suppose the X’s and Y ’s are independently distributed as E(ξ, 1)
and E(η, t), respectively, and that m = n. Find conditions on ρ under which the MRE
estimator of W is Y(1) − X(1) .
1.18 In Problem 1.13, suppose that X and Y are independent and that the loss function
is squared error. If ξ̂ and η̂ are the MRE estimators of ξ and η, respectively, the MRE
estimator of W is η̂ − ξ̂ .
1.19 Suppose the X’s and Y ’s are distributed as in Problem 1.17 but with m = n. Determine the MRE estimator of W when the loss is squared error.
1.20 For any density f of X = (X1 , . . . , Xn ), the probability of the set A = {x : 0 <
∞
f (x − u) du < ∞} is 1. [Hint: With probability 1, the integral in question is equal
−∞
to the marginal density of Y = (Y1 , . . . , Yn−1 ) where Yi = Xi − Xn , and P [0 < g(Y) <
∞] = 1 holds for any probability density g.]
1.21 Under the assumptions of Theorem 1.10, if there exists an equivariant estimator δ0
of ξ with finite expected squared error, show that
(a) E0 (|Xn | | Y) < ∞ with probability 1;
(b) the set B = {x : |u|f (x − u) du < ∞} has probability 1.
[Hint: (a) E|δ0 | < ∞ implies E(|δ0 | | Y) < ∞ with probability 1 and hence E[δ0 −
v(Y)| | Y] < ∞ with probability 1 for any v(Y). (b) P (B) = 1 if and only if E(|Xn | |
Y) < ∞ with probability 1.]
1.22 Let δ0 be location equivariant and let U be the class of all functions u satisfying
(1.20) and such that u(X) is an unbiased estimator of zero. Then, δ0 is MRE if and only
if cov[δ0 , u(X)] = 0 for all u ∈ U .2 (Note the analogy with Theorem 2.1.7. )
Section 2
2.1 Show that the class G(C) is a group.
2.2 In Example 2.2(ii), show that the transformations x = −x together with the identity
transformation form a group.
2.3 Let {gX, g ∈ G} be a group of transformations that leave the model (2.1) invariant.
If the distributions Pθ , θ ∈ are distinct, show that the induced transformations ḡ are
1 : 1 transformations of . [Hint: To show that ḡθ1 = ḡθ2 implies θ1 = θ2 , use the fact
that Pθ1 (A) = Pθ2 (A) for all A implies θ1 = θ2 .]
2

Communicated by P. Bickel.
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2.4 Under the assumptions of Problem 2.3, show that
(a) the transformations ḡ satisfy g2 g1 = ḡ2 · ḡ1 and (ḡ)−1 = (g −1 );
(b) the transformations ḡ corresponding to g ∈ G form a group.
(c) establish (2.3) and (2.4).
2.5 Show that a loss function satisfies (2.9) if and only if it is of the form (2.10).
2.6 (a) The transformations g ∗ defined by (2.12) satisfy (g2 g1 )∗ = g2∗ · g1∗ and (g ∗ )−1 =
(g −1 )∗ .
(b) If G is a group leaving (2.1) invariant and G∗ = {g ∗ , g ∈ G}, then G∗ is a group.
2.7 Let X be distributed as N(ξ, σ 2 ), −∞ < ξ < ∞, 0 < σ , and let h(ξ, σ ) = σ 2 . The
problem is invariant under the transformations x  = ax + c; 0 < a, −∞ < c < ∞. Show
that the only equivariant estimator is δ(X) ≡ 0.
2.8 Show that:
(a) If (2.11) holds, the transformations g ∗ defined by (2.12) are 1 : 1 from H onto itself.
(b) If L(θ, d) = L(θ, d  ) for all θ implies d = d  , then g ∗ defined by (2.14) is unique,
and is a 1 : 1 transformation from D onto itself.
2.9 If θ is the true temperature in degrees Celsius, then θ  = ḡθ = θ + 273 is the true
temperature in degrees Kelvin. Given an observation X, in degrees Celsius:
(a) Show that an estimator δ(X) is functionally equivariant if it satisfies δ(x) + a =
δ(x + a) for all a.
(b) Suppose our estimator is δ(x) = (ax + bθ0 )/(a + b), where x is the observed temperature in degrees Celsius, θ0 is a prior guess at the temperature, and a and b are
constants. Show that for a constant K, δ(x + K) = δ(x) + K, so δ does not satisfy
the principle of functional equivariance.
(c) Show that the estimators of part (b) will not satisfy the principle of formal invariance.
2.10 To illustrate the difference between functional equivariance and formal invariance,
consider the following.
To estimate the amount of electric power obtainable from a stream, one could use the
estimate
δ(x) = c min{100, x − 20}
where x = stream flow in m3 /sec, 100 m3 /sec is the capacity of the pipe leading to the
turbine, and 20 m3 /sec is the flow reduction necessary to avoid harming the trout. The
constant c, in kilowatts /m3 /sec converts the flow to a kilowatt estimate.
(a) If measurements were, instead, made in liters and watts, so g(x) = 1000x and
ḡ(θ) = 1000 θ , show that functional equivariance leads to the estimate
ḡ(δ(x)) = c min{105 , g(x) − 20, 000}.
(b) The principle of formal invariance leads to the estimate δ(g(x)). Show that this
estimator is not a reasonable estimate of wattage.
(Communicated by L. LeCam.)
2.11 In an invariant probability model, write X = (T , W ), where T is sufficient for θ,
and W is ancillary .
(a) If the group operation is transitive, show that any invariant statistic must be ancillary.
(b) What can you say about the invariance of an ancillary statistic?
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2.12 In an invariant estimation problem, write X = (T , W ) where T is sufficient for θ,
and W is ancillary. If the group of transformations is transitive, show:
(a) The best equivariant estimator δ ∗ is the solution to mind Eθ [L(θ, d(x))|W = w].
(b) If e is the identity element of the group (g −1 g = e), then δ ∗ = δ ∗ (t, w) can be found
by solving, for each w, mind Ee {L[e, d(T , w)]|W = w}.
2.13 For the situation of Example 2.11:
(a) Show that the class of transformations is a group.
(b) Show that equivariant estimators must satisfy δ(n − x) = 1 − δ(x).
(c) Show that, using an invariant loss, the risk of an equivariant estimator is symmetric
about p = 1/2.
2.14 For the situation of Example 2.12:
(a) Show that the class of transformations is a group.
(b) Show that estimators of the form ϕ(x̄/s 2 )s 2 , where x̄ = 1/nxi and s 2 = (xi − x̄)2
are equivariant, where ϕ is an arbitrary function.
(c) Show that, using an invariant loss function, the risk of an equivariant estimator is a
function only of τ = µ/σ .
2.15 Prove Corollary 2.13.
2.16 (a) If g is the transformation (2.20), determine ḡ.
(b) In Example 2.12, show that (2.22) is not only sufficient for (2.14) but also necessary.
2.17 (a) In Example 2.12, determine the smallest group G containing both G1 and G2 .
(b) Show that the only estimator that is invariant under G is δ(X, Y) ≡ 0.
2.18 If δ(X) is an equivariant estimator of h(θ ) under a group G, then so is g ∗ δ(X) with
g ∗ defined by (2.12) and (2.13), provided G∗ is commutative.
2.19 Show that:
(a) In Example 2.14(i), X is not risk-unbiased.
(b) The group of transformations ax + c of the real line (0 < a, −∞ < c < ∞) is not
commutative.
2.20 In Example 2.14, determine the totality of equivariant estimators of W under the
smallest group G containing G1 and G2 .
2.21 Let θ be real-valued and h strictly increasing, so that (2.11) is vacuously satisfied.
If L(θ, d) is the loss resulting from estimating θ by d, suppose that the loss resulting
from estimating θ  = h(θ ) by d  = h(d) is M(θ  , d  ) = L[θ, h−1 (d  )]. Show that:
(a) If the problem of estimating θ with loss function L is invariant under G, then so is
the problem of estimating h(θ ) with loss function M.
(b) If δ is equivariant under G for estimating θ with loss function L, show that h[δ(X)]
is equivariant for estimating h(θ ) with loss function M.
(c) If δ is MRE for θ with L, then h[δ(X)] is MRE for h(θ) with M.
2.22 If δ(X) is MRE for estimating ξ in Example 2.2(i) with loss function ρ(d − ξ ), state
an optimum property of eδ(X) as an estimator of eξ .
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2.23 Let Xij , j = 1, . . . , ni , i = 1, . . . , s, and W be distributed according to a density of
the form


s

fi (xi − ξi ) h(w)
i=1

where xi −ξi = (xi1 −ξi , . . . , xini −ξi ), and consider the problem of estimating θ = ci ξi
with loss function L(ξi , . . . , ξs ; d) = ρ(d − θ ). Show that:
(a) This problem remains invariant under the transformations
Xij = Xij + ai ,

ξi = ξi + ai ,

θ  = θ + ai ci ,

d  = d + ai ci .
(b) An estimator δ of θ is equivariant under these transformations if
δ(x1 + a1 , . . . , xs + as , w) = δ(x1 , . . . , xs , w) + ai ci .
2.24 Generalize Theorem 1.4 to the situation of Problem 2.23.
2.25 If δ0 is any equivariant estimator of θ in Problem 2.23, and if yi = (xi1 − xini , xi2 −
xini , . . . , xini −1 − xini ), show that the most general equivariant estimator of θ is of the
form
δ(x1 , . . . , xs , w) = δ0 (x1 , . . . , xs , w) − v(y1 , . . . , ys , w).
2.26 (a) Generalize Theorem 1.10 and Corollary 1.12 to the situation of Problems 2.23
and 2.25. (b) Show that the MRE estimators of (a) can be chosen to be independent of
W.
2.27 Suppose that the variables Xij in Problem 2.23 are independently distributed as
N(ξi , σ 2 ), σ is known. Show that:
(a) The MRE estimator of θ is then ci X̄i − v ∗ , where X̄i = (Xi1 + · · · + Xini )/ni , and
where v ∗ minimizes (1.24) with X = ci X̄i .
(b) If ρ is convex and even, the MRE estimator of θ is ci X̄i .
(c) The results of (a) and (b) remain valid when σ is unknown and the distribution of
W depends on σ (but not the ξ ’s).
2.28 Show that the transformation of Example 2.11 and the identity transformation are
the only transformations leaving the family of binomial distributions invariant.

Section 3
3.1 (a) A loss function L satisfies (3.4) if and only if it satisfies (3.5) for some γ .
(b) The sample standard deviation, the mean deviation, the range, and the MLE of τ
all satisfy (3.7) with r = 1.
3.2 Show that if δ(X) is scale invariant, so is δ ∗ (X) defined to be δ(X) if δ(X) ≥ 0 and
= 0 otherwise, and the risk of δ ∗ is no larger than that of δ for any loss function (3.5) for
which γ (v) is nonincreasing for v ≤ 0.
3.3 Show that the bias of any equivariant estimator of τ r in (3.1) is proportional to τ r .
3.4 A necessary and sufficient condition for δ to satisfy (3.7) is that it is of the form
δ = δ0 /u with δ0 and u satisfying (3.7) and (3.9), respectively.
3.5 The function ρ of Corollary 3.4 with γ defined in Example 3.5 is strictly convex for
p ≥ 1.
3.6 Let X be a positive random variable. Show that:
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(a) If EX 2 < ∞, then the value of c that minimizes E(X/c − 1)2 is c = EX 2 /EX.
(b) If Y has the gamma distribution with H(α, 1), then the value of w minimizing
E[(Y/w) − 1]2 is w = α + 1.
3.7 Let X be a positive random variable.
(a) If EX < ∞, then the value of c that minimizes E|X/c − 1| is a solution to
EXI (X ≤ c) = EXI (X ≥ c), which is known as a scale median.
(b) Let Y have a χ 2 -distribution with f degrees for freedom. Then, the minimizing
value is w = f + 2. [Hint: (b) Example 1.5.9.]
3.8 Under the assumptions of Problem 3.7(a), the set of scale medians of X is an interval.
If f (x) > 0 for all x > 0, the scale median of X is unique.
3.9 Determine the scale median of X when the distribution of X is (a) U (0, θ) and (b)
E(0, b).
3.10 Under the assumptions of Theorem 3.3:
(a) Show that the MRE estimator under the loss (3.13) is given by (3.14).
(b) Show that the MRE estimator under the loss (3.15) is given by (3.11), where w∗ (z)
is any scale median of δ0 (x) under the distribution of X|Z.
[Hint: Problem 3.7.]
3.11 Let X1 , . . . , Xn be iid according to the uniform distribution u(0, θ).
(a) Show that the complete sufficient statistic X(n) is independent of Z [given by Equation (3.8)].
(b) For the loss function (3.13) with r = 1, the MRE estimator of θ is X(n) /w, with
w = (n + 1)/(n + 2).
(c) For the loss function (3.15) with r = 1, the MRE estimator of θ is [21/(n+1) ] X(n) .
3.12 Show that the MRE estimators of Problem 3.11, parts (b) and (c), are risk-unbiased,
but not mean-unbiased.
3.13 In Example 3.7, find the MRE estimator of var(X1 ) when the loss function is (a)
(3.13) and (b) (3.15) with r = 2.
3.14 Let X1 , . . . , Xn be iid according to the exponential distribution E(0, τ ). Determine
the MRE estimator of τ for the loss functions (a) (3.13) and (b) (3.15) with r = 1.
3.15 In the preceding problem, find the MRE estimator of var(X1 ) when the loss function
is (3.13) with r = 2.
3.16 Prove formula (3.19).
3.17 Let X1 , . . . , Xn be iid each with density (2/τ )[1 − (x/τ )], 0 < x < τ . Determine
the MRE estimator (3.19) of τ r when (a) n = 2, (b) n = 3, and (c) n = 4.
3.18 In the preceding problem, find var(X1 ) and its MRE estimator for n = 2, 3, 4 when
the loss function is (3.13) with r = 2.
3.19 (a) Show that the loss function Ls of (3.20) is convex and invariant under scale
transformations.
(b) Prove Corollary 3.8.
(c) Show that for the situation of Example 3.7, if the loss function is Ls , then the
UMVU estimator is also the MRE.
3.20 Let X1 , . . . , Xn be iid from the distribution N (θ, θ 2 ).
(a) Show that this probability model is closed under scale transformations.
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(b) Show that the MLE is equivariant.
[The MRE estimator is obtainable from Theorem 3.3, but does not have a simple form.
See Eaton 1989, Robert 1991, 1994a for more details. Gleser and Healy (1976) consider
a similar problem using squared error loss.]
3.21 (a) If δ0 satisfies (3.7) and cδ0 satisfies (3.22), show that cδ0 cannot be unbiased
in the sense of satisfying E(cδ0 ) ≡ τ r .
(b) Prove the statement made in Example 3.10.
3.22 Verify the estimator δ ∗ of Example 3.12.
3.23 If G is a group, a subset G0 of G is a subgroup of G if G0 is a group under the group
operation of G.
(a) Show that the scale group (3.32) is a subgroup of the location-scale group (3.24)
(b) Show that any equivariant estimator of τ r that is equivariant under (3.24) is also
equivariant under (3.32); hence, in a problem that is equivariant under (3.32), the
best scale equivariant estimator is at least as good as the best location-scale equivariant estimator.
(c) Explain why, in general, if G0 is a subgroup of G, one can expect equivariance under
G0 to produce better estimators than equivariance under G.
3.24 For the situation of Example 3.13:
(a) Show that an estimator is equivariant if and only if it can be written in the form
ϕ(x̄/s)s 2 .
(b) Show that the risk of an equivariant estimator is a function only of ξ/τ .
3.25 If X1 , . . . , Xn are iid according to E(ξ, τ ), determine the MRE estimator of τ for
the loss functions (a) (3.13) and (b) (3.15) with r = 1 and the MRE estimator of ξ for
the loss function (3.43).
3.26 Show that δ satisfies (3.35) if and only if it satisfies (3.40) and (3.41).
3.27 Determine the bias of the estimator δ ∗ (X) of Example 3.18.
3.28 Lele (1993) uses invariance in the study of mophometrics, the quantitative analysis of
biological forms. In the analysis of a biological object, one measures data X on k specific
points called landmarks, where each landmark is typically two- or three-dimensional .
Here we will assume that the landmark is two-dimensional (as is a picture), so X is a
k × 2 matrix. A model for X is
X = (M + Y)H + t
where Mk×2 is the mean form of the object, t is a fixed translation vector, and H is a 2 × 2
matrix that rotates the vector X. The random variable Yk×2 is a matrix normal random
variable, that is, each column of Y is distributed as N (0, k ), a k-variate normal random
variable, and each row is distributed as N(0, d ), a bivariate normal random variable.
(a) Show that X is a matrix normal random variable with columns distributed as
Nk (MHj , k ) and rows distributed as N2 (Mi H, H  d H), where Hj is the j th column
of H and Mi is the ith row of M.
(b) For estimation of the shape of a biological form, the parameters of interest are M,
k and d , with t and H being nuisance parameters. Show that, even if there were
no nuisance parameters, k or d is not identifiable.
(c) It is usually assumed that the (1, 1) element of either k or d is equal to 1. Show
that this makes the model identifiable.
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(d) The form of a biological object is considered an inherent property of the form
(a baby has the same form as an adult) and should not be affected by rotations,
reflections, or translations. This is summarized by the transformation
X = XP + b
where P is a 2 × 2 orthogonal matrix (P  P = I ) and b is a k × 1 vector. (See Note
9.3 for a similar group.) Suppose we observe n landmarks X1 , · · · ,
Xn . Define the
Euclidean distance between two matrices A and B to be D(A, B) = ij (aij −bij )2 ,
and let the n × n matrix F have (i, j )th element fij = D(Xi , Xj ). Show that F is
invariant under this group, that is F (X ) = F (X). (Lele (1993) notes that F is, in
fact, maximal invariant.)
3.29 In (9.1), show that the group X = AX+b induces the group µ = Aµ+b,   = AA .
3.30 For the situation of Note 9.3, consider the equivariant estimation of µ.
(a) Show that an invariant loss is of the form L(µ, , δ) = L((µ − δ)  −1 (µ − δ)).
(b) The equivariant estimators are of the form X̄ + c, with c = 0 yielding the MRE
estimator.
3.31 For X1 , . . . , Xn iid as Np (µ, ), the cross-products matrix S is defined by
S = {Sij } =
n

n
k=1

(xik − x̄i )(xjk − x̄j )

k=1 xik . Show that, for  = I ,
p n
(a) EI [trS] = EI i=1 k=1 (Xik − X̄i )(Xik − X̄i ) = p(n − 1),
  
(b) EI [trS 2 ] = EI pi=1 pj=1 { nk=1 (Xik − X̄i )(Xjk − X̄j )}2 = (n − 1)(np − p − 1).

where x̄i = (1/n)

[These are straightforward, although somewhat tedious, calculations involving the chisquared distribution. Alternatively, one can use the fact that S has a Wishart distribution
(see, for example, Anderson 1984), and use the properties of that distribution.]
3.32 For the situation of Note 9.3:
(a) Show that equivariant estimators of  are of the form cS, where S is the crossproducts matrix and c is a constant.
(b) Show that EI {tr[(cS − I ) (cS − I )]} is minimized by c = EI trS/EI trS 2 .
[Hint: For part (a), use a generalization of Theorem 3.3; see the argument leading to
(3.29), and Example 3.11.]
3.33 For the estimation of  in Note 9.3:
(a) Show that the loss function in (9.2) is invariant.
(b) Show that Stein’s loss L(δ, ) = tr(δ −1 ) − log |δ −1 | − p, where |A| is the
determinant of A, is an invariant loss with MRE estimator S/n.
(c) Show that a loss L(δ, ) is an invariant loss if and only if it can be written as a
function of the eigenvalues of δ −1 .
[The univariate version of Stein’s loss was seen in (3.20) and Example 3.9. Stein (1956b)
and James and Stein (1961) used the multivariate version of the loss. See also Dey and
Srinivasan 1985, and Dey et al. 1987.]
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3.34 Let X1 , . . . , Xm and Y1 , . . . , Yn have joint density
x
xm y1
yn 
1
1
,...,
; ,...,
,
f
m
n
σ τ
σ
σ τ
τ
and consider the problem of estimating θ = (τ/σ )r with loss function L(σ, τ ; d) =
γ (d/θ ). This problem remains invariant under the transformations Xi = aXi , Yj = bYj ,
σ  = aσ , τ  = bτ , and d  = (b/a)r d (a, b > 0), and an estimator δ is equivariant under
these transformations if δ(ax, by) = (b/a)r δ(x, y). Generalize Theorems 3.1 and 3.3,
Corollary 3.4, and (3.19) to the present situation.
3.35 Under the assumptions of the preceding problem and with loss function (d −θ)2 /θ 2 ,
determine the MRE estimator of θ in the following situations:
(a) m = n = 1 and X and Y are independently distributed as H(α, σ 2 ) and H(β, τ 2 ),
respectively (α, β known).
(b) X1 , . . . , Xm and Y1 , . . . , Yn are independently distributed as N(0, σ 2 ) and N (0, τ 2 ),
respectively.
(c) X1 , . . . , Xm and Y1 , . . . , Yn are independently distributed as U (0, σ ) and U (0, τ ),
respectively.
3.36 Generalize the results of Problem 3.34 to the case that the joint density of X and Y
is


1
xm − ξ y1 − η
yn − η
x1 − ξ
,
.
.
.
,
;
,
.
.
.
,
.
f
σ mτ n
σ
σ
τ
τ
3.37 Obtain the MRE estimator of θ = (τ/σ )r with the loss function of Problem 3.35
when the density of Problem 3.36 specializes to




1
xi − ξ
yj − η
O
O
f
f
i
j
σ mτ n
σ
τ
and f is (a) normal, (b) exponential, or (c) uniform.
3.38 In the model of Problem 3.37 with τ = σ , discuss the equivariant estimation of
W = η − ξ with loss function (d − W)2 /σ 2 and obtain explicit results for the three
distributions of that problem.
3.39 Suppose in Problem 3.37 that an MRE estimator δ ∗ of W = η − ξ under the transformations Xi = a + bXi and Yj = a + bYj , b > 0, exists when the ratio τ/σ = c is
known and that δ ∗ is independent of c. Show that δ ∗ is MRE also when σ and τ are
completely unknown despite the fact that the induced group of transformations of the
parameter space is not transitive.
3.40 Let f (t) =

1 1
π 1+t 2

be the Cauchy density, and consider the location-scale family


"
x−µ
1
f
, −∞ < µ < ∞, 0 < σ < ∞ .
F=
σ
σ

(a) Show that this probability model is invariant under the transformation x  = 1/x.
(b) If µ = µ/(µ2 +σ 2 ) and σ  = σ/(µ2 +σ 2 ), show that Pµ,r (X ∈ A) = Pµ ,σ  (X  ∈ A);
that is, if X has the Cauchy density with location parameter µ and scale parameter
σ , then X  has the Cauchy density with location parameter µ/(µ2 + σ 2 ) and scale
parameter σ/(µ2 + σ 2 ).
(c) Explain why this group of transformations of the sample and parameter spaces does
not lead to an invariant estimation problem.
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[See McCullaugh (1992) for a full development of this model, where it is suggested that
the complex plane provides a more appropriate parameter space.]
3.41 Let (Xi , Yi ), i = 1, . . . , n, be distributed as independent bivariate normal random
variables with mean (µ, 0) and covariance matrix


σ11 σ12
.
σ21 σ22
(a) Show that the probability model is invariant under the transformations
(x  , y  ) = (a + bx, by),



, σ12
, σ22
) = (a + bµ, b2 σ11 , b2 σ12 , b2 σ22 ).
(µ , σ11

(b) Using the loss function L(µ, d) = (µ−d)2 /σ11 , show that this is an invariant estimation problem, and equivariant estimators must be of the form δ = x̄ +ψ(u1 , u2 , u3 )ȳ,
where u1 = (xi − x̄)2 /ȳ 2 , u2 = (yi − ȳ)2 /ȳ 2 , and u3 = (xi − x̄)(yi − ȳ)/ȳ 2 .
(c) Show that if δ has a finite second moment, then it is unbiased for estimating µ. Its
risk function is a function of σ11 /σ22 and σ12 /σ22 .
(d) If the ratio σ12 /σ22 is known, show that X̄ − (σ12 /σ22 )Ȳ is the MRE estimator of µ.
[This problem illustrates the technique of covariance adjustment. See Berry, 1987.]
3.42 Suppose we let X1 , . . . , Xn be a sample from an exponential distribution f (x|µ, σ ) =
(1/σ )e−(x−µ)/σ I (x ≥ µ). The exponential distribution is useful in reliability theory, and
a parameter of interest is often a quantile, that is, a parameter of the form µ + bσ ,
where b is known. Show that, under quadratic loss, the MRE estimator of µ + bσ is
δ0 = x(1) + (b − 1/n)(x̄ − x(1) ), where x(1) = mini xi .
[Rukhin and Strawderman (1982) show that δ0 is inadmissible, and exhibit a class of
improved estimators.]

Section 4
first column of the matrix C
4.1 (a) Suppose Xi : N (ξi , σ 2 ) with ξi = α +√βti . If the √
leading to the canonical form (4.7) is (1/ n, . . . , 1/ n) , find the second column
of C.
(b) If Xi : N(ξi , σ 2 ) with ξi , = α + βti + γ ti2 , and the first two columns of C are those
of (a), find the third column under the simplifying assumptions ti = 0, ti2 = 1.
[Note: The orthogonal polynomials that are progressively built up in this way are
frequently used to simplify regression analysis.]
4.2 Write out explicit expressions for the transformations (4.10) when O is given by
(a) ξi = α + βti and (b) ξi = α + βti + γ ti2 .
4.3 Use Problem 3.10 to prove (iii) of Theorem 4.3.
4.4 (a) In Example 4.7, determine α̂, β̂, and hence ξ̂i by minimizing (Xi − α − βti )2 .
(b) Verify the expressions (4.12) for α and β, and the corresponding expressions for α̂
and β̂.
4.5 In Example 4.2, find the UMVU estimators of α, β, γ , and σ 2 when ti = 0 and
ti2 = 1.
4.6 Let Xij be independent N (ξij , σ 2 ) with ξij = αi + βtij . Find the UMVU estimators
of the αi and β.
4.7 (a) In Example 4.9, show that the vectors of the coefficients in the α̂i are not orthogonal to the vector of the coefficients of µ̂.
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ˆ
(b) Show that the conclusion of (a) is reversed if α̂i and µ̂ are replaced by α̂ˆ i and µ̂.
4.8 In Example 4.9, find the UMVU estimator of µ when the αi are known to be zero
and compare it with µ̂.
4.9 The coefficient vectors of the Xij k given by (4.32) for µ̂, α̂i , and β̂j are orthogonal
to the coefficient vectors for the γ̂ij given by (4.33).
4.10 In the model defined by (4.26) and (4.27), determine the UMVU estimators of αi ,
βj , and σ 2 under the assumption that the γij are known to zero.
4.11 (a) In Example 4.11, show that
(Xij k − µ − αi − βj − γij )2 = S 2 + Sµ2 + Sα2 + Sβ2 + Sγ2

(b)
(c)
4.12
(b)
4.13

where S 2 = (Xij k −Xij · )2 , Sµ2 = I J m(X··· −µ)2 , Sα2 = J m(X1·· −X··· −αi )2 ,
and Sβ2 , S 2 γ are defined analogously.
Use the decomposition of (a) to show that the least squares estimators of µ, αi , . . .
are given by (4.32) and (4.33).
Show that the error sum of squares S 2 is equal to (Xij k − ξ̂ij )2 and hence in
the canonical form to jn=s+1 Yj2 .
(a) Show how the decomposition in Problem 4.11(a) must be modified when it is
known that the γij are zero.
Use the decomposition of (a) to solve Problem 4.10.
Let Xij k (i = 1, . . . , I , j = 1, . . . , J , k = 1, . . . , K) be N(ξij k , σ 2 ) with
ξij k = µ + αi + βj + γk

where αi = βj = γk = 0. Express µ, αi , βj , and γk in terms of the ξ ’s and find
their UMVU estimators. Viewed as a special case of (4.4), what is the value of s?
4.14 Extend the results of the preceding problem to the model
ξij k = µ + αi + βj + γk + δij + εik + λj k
where
δij =
i

δij =
j

εik =
i

εik =
k

λj k =
j

λj k = 0.
k

4.15 In the preceding problem, if it is known that the λ’s are zero, determine whether the
UMVU estimators of the remaining parameters remain unchanged.
4.16 (a) Show that under assumptions (4.35), if ξ = θ A, then the least squares estimate
of θ is xA(AA )−1 .
(b) If (X, A) is multivariate normal with all parameters unknown, show that the least
squares estimator of part (a) is a function of the complete sufficient statistic and,
hence, prove part (a) of Theorem 4.14.
4.17 A generalization of the order statistics, to vectors, is given by the following definition.
Definition 8.1 The cj -order statistics of a sample of vectors are the vectors arranged
in increasing order according to their j th components.
Let Xi , i = 1, . . . , n, be an iid sample of p × 1 vectors, and let X = (X1 , . . . , Xn ) be a
p × n matrix.
(a) If the distribution of Xi is completely unknown, show that, for any j , j = 1, . . . , p,
the cj -order statistics of (X1 , . . . , Xn ) are complete sufficient. (That is, the vectors
X1 , . . . , Xn are ordered according to their j th coordinate.)
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(b) Let Y1×n be a random variable withunknown
distribution (possibly different from

x
, and for any j = 1, . . . , p, calculate the
Xi ). Form the (p − 1) × n matrix
y
 
x
. Show that these cj -order statistics
cj -order statistics based on the columns of
y
are sufficient.
[Hint: See Problem 1.6.33, and also TSH2, Chapter 4, Problem 12.]
(c) Use parts (a) and (b) to prove Theorem 4.14(b).
[Hint: Part (b) implies that only a symmetric function of (X, A) need be considered, and
part (a) implies that an unconditionally unbiased estimator must also be conditionally
unbiased. Theorem 4.12 then applies.]
4.18 The proof of Theorem 4.14(c) is based on two results. Establish that:
(a) For large values of θ , the unconditional variance of a linear unbiased estimator will
be greater than that of the least squares estimator.
(b) For θ = 0, the variance of XA(AA )−1 is greater than that of XA[E(AA )]−1 . [You
may use the fact that E(AA )−1 − [E(AA )]−1 is a positive definite matrix (Marshall and Olkin 1979; Shaffer 1991). This is a multivariate extension of Jensen’s
inequality.]
(c) Parts (a) and (b) imply that no best linear unbiased estimator of γi ξi exists if
EAA is known.
4.19 (a) Under the assumptions of Example 4.15, find the variance of λi Si2 .
(b) Show that the variance of (a) is minimized by the values stated in the example.
4.20 In the linear model (4.4), a function ci ξi with ci = 0 is called a contrast. Show
that a linear function di ξi is a contrast if and only if it is translation invariant, that is,
satisfies di (ξi + a) = di ξi for all a, and hence if and only if it is a function of the
differences ξi − ξj .
4.21 Determine which of the following are contrasts:
(a) The regression coefficients α, β, or γ of (4.2).
(b) The parameters µ, αi , βj , or γij of (4.27).
(c) The parameters µ or αi of (4.23) and (4.24).

Section 5
5.1 In Example 5.1:
(a) Show that the joint density of the Zij is given by (5.2).
(b) Obtain the joint multivariate normal density of the Xij directly by evaluating their
covariance matrix and then inverting it.
[Hint: The covariance matrix of X11 , . . . , X1n ; . . . ; Xs1 , . . . , Xsn has the form


1 0 . . . 0
 0 2 . . . 0 


= .
. . .. 
 ..
. . 
0 0 . . . s
where each i is an n × n matrix with a value ai for all diagonal elements and a
value bi for all off-diagonal elements. For the inversion of i , see the next problem.]
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5.2 Let A = (aij ) be a nonsingular n × n matrix with aii = a and aij = b for all i = j .
Determine the elements of A−1 . [Hint: Assume that A−1 = (cij ) with cii = c and cij = d
for all i = j , calculate c and d as the solutions of the two linear equations a1j cj 1 = 1
and a1j cj 2 = 0, and check the product AC.]
5.3 Verify the UMVU estimator of σA2 /σ 2 given in Example 5.1.
5.4 Obtain the joint density of the Xij in Example 5.1 in the unbalanced case in which
j = 1, . . . , ni , with the ni not all equal, and determine a minimal set of sufficient statistics
(which depends on the number of distinct values of ni ).
5.5 In the balanced one-way layout of Example 5.1, determine lim P (σ̂A2 < 0) as n → ∞
for σA2 /σ 2 = 0, 0.2, 0.5 , 1, and s = 3, 4, 5, 6. [Hint: The limit of the probability can be
2
expressed as a probability for a χs−1
variable.]
5.6 In the preceding problem, calculate values of P (σ̂A2 < 0) for finite n. When would you
expect negative estimates to be a problem? [The probability P (σ̂A2 < 0), which involves
an F random variable, can also be expressed using the incomplete beta function, whose
values are readily available through either extensive tables or computer packages. Searle
et al. (1992, Section 3.5d) look at this problem in some detail.]
5.7 The following problem shows that in Examples 5.1–5.3 every unbiased estimator of
the variance components (except σ 2 ) takes on negative values. (For some related results,
see Pukelsheim 1981.)
Let X have distribution P ∈ P and suppose that T is a complete sufficient statistic for P.
If g(P ) is any U -estimable function defined over P and its UMVU estimator η(T ) takes
on negative values with probability > 0, then show that this is true of every unbiased
estimator of g(P ). [Hint: For any unbiased estimator δ, recall that E(δ|T ) = η(T ).]
5.8 Modify the car illustration of Example 5.1 so that it illustrates (5.5).
5.9 In Example 5.2, define a linear transformation of the Xij k leading to the joint distribution of the Zij k stated in connection with (5.6), and verify the complete sufficient
statistics (5.7).
5.10 In Example 5.2, obtain the UMVU estimators of the variance components σA2 , σB2 ,
and σ 2 when σC2 = 0, and compare them to those obtained without this assumption.
5.11 For the Xij k given in (5.8), determine a transformation taking them to variables Zij k
with the distribution stated in Example 5.3.
5.12 In Example 5.3, obtain the UMVU estimators of the variance components σA2 , σB2 ,
and σ 2 .
5.13 In Example 5.3, obtain the UMVU estimators of σA2 and σ 2 when σB2 = 0 so that the
B terms in (5.8) drop out, and compare them with those of Problem 5.12.
5.14 In Example 5.4:
(a) Give a transformation taking the variables Xij k into the Wij k with density (5.11).
(b) Obtain the UMVU estimators of µ, αi , σB2 , and σ 2 .
5.15 A general class of models containing linear models of Types I and II, and mixed
models as special cases assumes that the 1 × n observation vector X is normally dism
tributed with mean θ A as in (4.13) and with covariance matrix i=1
γi Vi where the γ ’s
are the components of variance and the Vi ’s are known symmetric positive semidefinite
n × n matrices. Show that the following models are of this type and in each case specify
the γ ’s and V ’s: (a) (5.1 ); (b) (5.5); (c) (5.5) without the terms Cij ; (d) (5.8); (e) (5.10).
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5.16 Consider a nested three-way layout with
Xij kl = µ + αi + bij + cij k + Uij kl
(i = 1, . . . , I ; j = 1, . . . , J ; k = 1, . . . , K; l = 1, . . . , n) in the versions
(a)
(b)
(c)
(d)

ai
ai
ai
ai

= αi , bij = βij , cij k = γij k ;
= αi , bij = βij , cij k = Cij k ;
= αi , bij = Bij , cij k = Cij k ;
= Ai , bij = Bij , cij k = Cij k ;

where the α’s, β’s, and γ ’s are unknown constants defined uniquely by the usual conventions, and the A’s, B’s, C’s, and U ’s are unobservable random variables, independently
normally distributed with means zero and with variances σA2 , σB2 , σC2 and σ 2 .
In each case, transform the Xij kl to independent variables Zij kl and obtain the UMVU
estimators of the unknown parameters.
5.17 For the situation of Example 5.5, relax the assumption of normality to only assume
that Ai and Uij have zeromeans and finite second moments. Show that among all linear
estimators (of the form cij xij , cij known), the UMVU estimator of µ + αi (the best
linear predictor) is given by (5.14).
[This is a Gauss-Markov theorem for prediction in mixed models. See Harville (1976)
for generalizations.]
Section 6
6.1 In Example 6.1, show that γij = 0 for all i, j is equivalent to pij = pi+ p+j . [Hint:
γij = ξij − ξi· − ξ·j + ξ·· = 0 implies pij = ai bj and hence pi+ = cai and p+j = bj /c for
suitable ai , bj , and c > 0.]
6.2 In Example 6.2, show that the conditional independence of A, B given C is equivalent
= αijAB = 0 for all i, j , and k.
to αijABC
k
6.3 In Example 6.1, show that the conditional distribution of the vectors (ni1 , . . ., niJ )
given the values of ni+ (i = 1, . . . , I ) is that of I independent vectors with multinomial
distribution M(p1|i , . . . , pJ |i ; ni+ ) where pj |i = pij /pi+ .
6.4 Show that the distribution of the preceding problem also arises in Example 6.1 when
the n subjects, rather than being drawn from the population at large, are randomly drawn:
n1+ from Category A1 , . . . , nI + from Category AI .
6.5 An application of log linear models in genetics is through the Hardy-Weinberg model
of mating. If a parent population contains alleles A, a with frequencies p and 1 − p,
then standard random mating assumptions will result in offspring with genotypes AA,
Aa, and aa with frequencies θ1 = p 2 , θ2 = 2p(1 − p), and θ3 = (1 − p)2 .
(a) Give the full multinomial model for this situation, and show how the HardyWeinberg model is a non-full-rank submodel.
(b) For a sample X1 , . . . , Xn of n offspring, find the minimal sufficient statistic.
[See Brown (1986a) for a more detailed development of this model.]
6.6 A city has been divided into I major districts and the ith district into Ji subdistricts,
all of which have populations of roughly equal size. From the police records for a given
year, a random sample of n robberies is obtained. Write the joint multinomial distribution
of the numbers nij of robberies in subdistrict (i, j ) for this nested two-way layout as
enij ξij with ξij = µ + αi + βij where i αi = j βij = 0, and show that the assumption
βij = 0 for all i, j is equivalent to the assumption that pij = pi+ /Ji for all i, j .
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6.7 Instead of a sample of fixed size n in the preceding problem, suppose the observations
consist of all robberies taking place within a given time period, so that n is the value
taken on by a random variable N . Suppose that N has a Poisson distribution with
unknown expectation λ and that the conditional distribution of the nij given N = n is the
distribution assumed for the nij in the preceding problem. Find the UMVU estimator of
λpij and show that no unbiased estimator pij exists. [Hint: See the following problem.]
6.8 Let N be an integer-valued random variable with distribution Pθ (N = n) = Pθ (n),
n = 0, . . . , for which N is complete. Given N = n, let X have the binomial distribution
b(p, n) for n > 0, with p unknown, and let X = 0 when n = 0. For the observations
(N, X):
(a) Show that (N, X) is complete.
(b) Determine the UMVU estimator of pEθ (N).
(c) Show that no unbiased estimator of any function g(p) exists if Pθ (0) > 0 for some
θ.
(d) Determine the UMVU estimator of p if Pθ (0) for all θ.

Section 7
7.1 (a) Consider a population {a1 , . . . , aN } with the parameter space defined by the
restriction a1 + · · · + aN = A (known). A simple random sample of size n is drawn
in order to estimate τ 2 . Assuming the labels to have been discarded, show that
Y(1) , . . . , Y(n) are not complete.
(b) Show that Theorem 7.1 need not remain valid when the parameter space is of the
form V1 × V2 × · · · × VN . [Hint: Let N = 2, n = 1, V1 = {1, 2}, V2 = {3, 4}.]
7.2 If Y1 , . . . , Yn are the sample values obtained in a simple random sample of size n from
the finite population (7.2), then (a) E(Yi ) = ā, (b) var(Yi ) = τ 2 , and (c) cov(Yi , Yj ) =
−τ 2 /(N − 1).
7.3 Verify equations (a) (7.6), (b) (7.8), and (c) (7.13).
7.4 For the situation of Example 7.4:
ν−1
1
Yi ] = ā.
(a) Show that E Ȳν−1 = E[ ν−1
1
ν−1
1
1
1
(b) Show that [ ν−1 − N ] ν−2 1 (Yi − Ȳν−1 )2 is an unbiased estimator of var(Ȳν−1 ).
[Pathak (1976) proved (a) by first showing that EY1 = ā, and then that EY1 |T0 = Ȳν−1 .
To avoid trivialities, Pathak also assumes that Ci + Cj < Q for all i, j , so that at least
three observations are taken.]
7.5 Random variables X1 , . . . , Xn are exchangeable if any permutation of X1 , . . ., Xn
has the same distribution.

(a) If X1 , . . . , Xn are iid, distributed as Bernoulli (p), show that given n1 Xi =
t, X1 , . . . , Xn are exchangeable (but not independent).
(b) For the situation of Example 7.4, show that given T = {(C1 , X1 ), . . ., (Cν , Xν )},
the ν − 1 preterminal observations are exchangeable.
The idea of exchangeability is due to deFinetti (1974), who proved a theorem that characterizes the distribution of exchangeable random variables as mixtures of iid random
variables. Exchangeable random variables play a large role in Bayesian statistics; see
Bernardo and Smith 1994 (Sections 4.2 and 4.3).
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7.6 For the situation of Example 7.4, assuming that (a) and (b) hold:
(a) Show that â of (7.9) is UMVUE for ā.

(b) Defining S 2 = νi=1 (Yi − Ȳ )/(ν − 1), show that
σ̂ 2 = S 2 −

ν
− S2
MS[v] ν−1

ν−2

is UMVUE for τ 2 of (7.7), where MS[v] is the variance of the observations in the
set (7.10).
[Kremers (1986) uses conditional expectation arguments (Rao-Blackwellization),
and completeness, to establish these results. He also assumes that at least n0 observations are taken. To avoid trivialities, we can assume n0 ≥ 3.]
7.7 In simple random sampling, with labels discarded, show that a necessary condition
for h(a1 , . . . , aN ) to be U -estimable is that h is symmetric in its N arguments.
7.8 Prove Theorem 7.7.
7.9 Show that the approximate variance (7.16) for stratified sampling with ni = nNi /N
(proportional allocation) is never greater than the corresponding approximate variance
τ 2 /n for simple random sampling with the same total sample size.
7.10 Let Vp be the exact variance (7.15) and Vr the corresponding variance for simple
random sampling given by (7.6) with n = ni , N = Ni , ni /n = Ni /N and τ 2 =
(aij − a·· )2 /N.
1
2
−n
i
(a) Show that Vr − Vp = n(NN−1)N
Ni (ai· − a·· )2 − N1  NN−N
Ni τi2 .
i −1
(b) Give an example in which Vr < Vp .
7.11 The approximate variance (7.16) for stratified sampling with a total sample size
n = n1 + · · · + ns is minimized when ni is proportional to Ni τi .

7.12 For sampling designs where the inclusion probabilities πi = s:i∈s P (s) of including
the ith sample value Yi is known, a frequently used
 estimator of the population total is
the Horvitz-Thompson (1952) estimator δH T = i Yi /πi .
(a) Show that δH T is an unbiased estimator of the population total.
(b) The variance of δH T is given by


πij
−1 ,
πi πj
i
i=j

where πij are the second-order inclusion probabilities πij = s:i,j ∈s P (s).
var(δH T ) =

Yi2




1
−1 +
πi



Y i Yj

Note that it is necessary to know the labels in order to calculate δH T , thus Theorem 7.5
precludes any overall optimality properties. See Hedayat and Sinha 1991 (Chapters 2
and 3) for a thorough treatment of δH T .
7.13 Suppose that an auxiliary variable is available for each element of the population
(7.2) so that θ = {(1, a1 , b1 ), . . . , (N, aN , bN )}. If Y1 , . . . , Yn and Z1 , . . . , Zn denote the
values of a and b observed in a simple random sample of size n, and Ȳ and Z̄ denote
their averages, then
cov(Ȳ , Z̄) = E(Ȳ − ā)(Z̄ − b̄) =

N −n
(ai − ā)(bi − b̄).
nN (N − 1)
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7.14 Under the assumptions of Problem 7.13, if B = b1 + · · · + bN is known, an alternative
unbiased estimator ā is




1 n Yi
n(N − 1)
1 n Yi
Ȳ −
b̄ +
Z̄ .
n i=1 Zi
(n − 1)N
n i=1 Zi
[Hint: Use the facts that E(Y1 /Z1 ) = (1/N )(ai /bi ) and that by the preceding problem
 


Yi
ai
1
1
 (Zi − Z̄) =
 (bi − b̄) .]
E
n − 1 Zi
N − 1 bi
7.15 In connection with cluster sampling, consider a set W of vectors (a1 , . . . , aM )

and the totality G of transformations taking (a1 , . . . , aM ) into (a1 , . . . , aM
) such that



(a1 , . . . , aM ) ∈ W and ai = ai . Give examples of W such that for any real number
a1 there exist a2 , . . . , aM with (a1 , . . . , aM ) ∈ W and such that
(a) G consists of the identity transformation only;
(b) G consists of the identity and one other element;
(c) G is transitive over W .
7.16 For cluster sampling with unequal cluster sizes Mi , Problem 7.14 provides an alternative estimator of ā, with Mi in place of bi . Show that this estimator reduces to Ȳ if
b1 = · · · = bN and hence when the Mi are equal.
7.17 Show that (7.17) holds if and only if δ depends only on X  , defined by (7.18).

9 Notes
9.1 History
The theory of equivariant estimation of location and scale parameters is due to Pitman
(1939), and the first general discussions of equivariant estimation were provided by
Peisakoff (1950) and Kiefer (1957). The concept of risk-unbiasedness (but not the term)
and its relationship to equivariance were given in Lehmann (1951).
The linear models of Section 3.4 and Theorem 4.12 are due to Gauss. The history of
both is discussed in Seal (1967); see also Stigler 1981. The generalization to exponential
linear models was introduced by Dempster (1971) and Nelder and Wedderburn (1972).
The notions of Functional Equivariance and Formal Invariance, discussed in Section
3.2, have been discussed by other authors sometimes using different names. Functional
Equivariance is called the Principle of Rational Invariance by Berger (1985, Section
6.1), Measurement Invariance by Casella and Berger (1990, Section 7.2.4) and Parameter Invariance by Dawid (1983). Schervish (1995, Section 6.2.2) argues that this
principle is really only a reparametrization of the problem, and has nothing to do with
invariance. This is almost in agreement with the principle of functional equivariance,
however, it is still the case that when reparameterizing one must be careful to properly
reparameterize the estimator, density, and loss function, which is part of the prescription
of an invariant problem. This type of invariance is commonly illustrated by the example
that if δ measures temperature in degrees Celsius, then (9/5)δ + 32 should be used to
measure temperature in degrees Fahrenheit (see Problems 2.9 and 2.10).
What we have called Formal Invariance was also called by that name in Casella and
Berger (1990), but was called the Invariance Principle by Berger (1985) and Context
Invariance by Dawid (1983).
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9.2 Subgroups
The idea of improving an MRE estimator by imposing equivariance only under a subgroup was used by Stein (1964), Brown (1968), and Brewster and Zidek (1974) to find
improved estimators of a normal variance. Stein’s 1964 proof is also discussed in detail
by Maatta and Casella (1990), who give a history of decision-theoretic variance estimation. The proof of Stein (1964) contains key ideas that were further developed by Brown
(1968), and led to Brewster and Zidek (1974) finding the best equivariant estimator of
the form (2.33). [See Problem 2.14.]
9.3 General Linear Group
The general linear group (also called the full linear group) is an example of a group that
can be thought of as a multivariate extension of the location-scale group. Let X1 , . . . , Xn
be iid according to a p-variate normal distribution Np (µ, ), and define X as the p × n
matrix (X1 , . . . , Xn ) and X̄ as the n × 1 vector (X̄1 , . . . , X̄n ). Consider the group of
transformations
X = AX + b
(9.1)

µ = Aµ + b,

  = AA ,

where A is a p × p nonsingular matrix and b is a p × 1 vector. [The group of real
p × p nonsingular matrices, with matrix multiplication as the group operation is called
the general linear group, denoted Glp (see Eaton 1989 for a further development). The
group (9.1) adds a location component.]
Consider now the estimation of . (The estimation of µ is left to Problem 3.30.) An
invariant loss function, analogous to squared error loss, is of the form
(9.2)

L(, δ) = tr[ −1 (δ − ) −1 (δ − )] = tr[ −1/2 δ −1/2 − I ]2 ,

where tr[·] is the trace of a matrix (see Eaton 1989, Example 6.2, or Olkin and Selliah
1977). It can be shown that equivariant estimators are of the form cS, where S = (X −
1X̄ )(X − 1X̄ ) with 1 a p × 1 vector of 1’s and c a constant, is the cross-products matrix
(Problem 3.31). Since the group is transitive, the MRE estimator is given by the value
of c that minimizes
EI L(I, cS) = EI tr(cS − I ) (cS − I ),
(9.3)
that is, the risk with  = I . Since
EI tr(cS − I ) (cS − I ) = c2 EI trS 2 − 2cEI trS + p,
the minimizing c is given by c = EI trS/EI trS 2 . Note that, for p = 1, this reduces to the
best equivariant estimator of quadratic loss in the scalar case. Other equivariant losses,
such as Stein’s loss (3.20), can be handled in a similar manner. See Problems 3.29-3.33
for details.
9.4 Finite Populations
Estimation in finite populations has, until recently, been developed largely outside the
mainstream of statistics. The books by Cassel, Särndal, and Wretman (1977) and Särndal,
Swenson, and Wretman (1992) constitute important efforts at a systematic presentation
of this topic within the framework of theoretical statistics. The first steps in this direction
were taken by Neyman (1934) and by Blackwell and Girshick (1954). The need to
consider the labels as part of the data was first emphasized by Godambe (1955). Theorem
7.1 is due to Watson (1964) and Royall (1968), and Theorem 7.5 to Basu (1971).

CHAPTER 4

Average Risk Optimality

1 Introduction
So far, we have been concerned with finding estimators which minimize the risk
R(θ, δ) at every value of θ . This was possible only by restricting the class of estimators to be considered by an impartiality requirement such as unbiasedness or
equivariance. We shall now drop such restrictions, admitting all estimators into
competition, but shall then have to be satisfied with a weaker optimality property than uniformly minimum risk. We shall look for estimators that make the
risk function R(θ, δ) small in some overall sense. Two such optimality properties will be considered: minimizing the (weighted) average risk for some suitable
non-negative weight function and minimizing the maximum risk. The second (minimax) approach will be taken up in Chapter 5; the present chapter is concerned
with the first of these approaches, the problem of minimizing

(1.1)
r(, δ) = R(θ, δ)d(θ)
where we shall assume that the weights represented by  add up to 1, that is,

(1.2)
d(θ ) = 1,
so that  is a probability distribution. An estimator δ minimizing (1.1) is called a
Bayes estimator with respect to .
The problem of determining such Bayes estimators arises in a number of different contexts.
(i) As Mathematical Tools
Bayes estimators play a central role in Wald’s decision theory. It is one of the
main results of this theory that in any given statistical problem, attention can be
restricted to Bayes solutions and suitable limits of Bayes solutions; given any other
procedure δ, there exists a procedure δ  in this class such that R(θ, δ  ) ≤ R(θ, δ)
for all values of θ. (In view of this result, it is not surprising that Bayes estimators
provide a tool for solving minimax problems, as will be seen in the next chapter.)
(ii) As a Way of Utilizing Past Experience
It is frequently reasonable to treat the parameter θ of a statistical problem as
the realization of a random variable with known distribution rather than as an
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unknown constant. Suppose, for example, that we wish to estimate the probability
of a penny showing heads when spun on a flat surface. So far, we would have
considered n spins of the penny as a set of n binomial trials with an unknown
probability p of showing heads. Suppose, however, that we have had considerable
experience with spinning pennies, experience perhaps which has provided us with
approximate values of p for a large number of similar pennies. If we believe this
experience to be relevant to the present penny, it might be reasonable to represent
this past knowledge as a probability distribution for p, the approximate shape of
which is suggested by the earlier data.
This is not as unlike the modeling we have done in the earlier sections as it
may seem at first sight. When assuming that the random variables representing the
outcomes of our experiments have normal, Poisson, exponential distributions, and
so on, we also draw on past experience. Furthermore, we also realize that these
models are in no sense exact but, at best, represent reasonable approximations.
There is the difference that in earlier models we have assumed only the shape of
the distribution to be known but not the values of the parameters, whereas now we
extend our model to include a specification of the prior distribution. However, this
is a difference in degree rather than in kind and may be quite reasonable if the past
experience is sufficiently extensive.
A difficulty, of course, is the assumption that past experience is relevant to the
present case. Perhaps the mint has recently changed its manufacturing process,
and the present coin, although it looks like the earlier ones, has totally different
spinning properties. Similar kinds of judgment are required also for the models
considered earlier. In addition, the conclusions derived from statistical procedures
are typically applied not only to the present situation or population but also to
those in the future, and extrastatistical judgment is again required in deciding how
far such extrapolation is justified.
The choice of the prior distribution  is typically made like that of the distributions Pθ by combining experience with convenience. When we make the
assumption that the amount of rainfall has a gamma distribution, we probably do
not do so because we really believe this to be the case but because the gamma
family is a two-parameter family which seems to fit such data reasonably well
and which is mathematically very convenient. Analogously, we can obtain a prior
distribution by starting with a flexible family that is mathematically easy to handle
and selecting a member from this family which approximates our past experience.
Such an approach, in which the model incorporates a prior distribution for θ to
reflect past experience, is useful in fields in which a large amount of past experience is available. It can be brought to bear, for example, in many applications in
agriculture, education, business, and medicine.
There are important differences between the modeling of the distributions Pθ
and that of . First, we typically have a number of observations from Pθ and can
use these to check the assumption of the form of the distribution. Such a check of 
is not possible on the basis of one experiment because the value of θ under study
represents only a single observation from this distribution. A second difference
concerns the meaning of a replication of the experiment. In the models preceding
this section, the replication would consist of drawing another set of observations
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from Pθ with the same value of θ. In the model of the present section, we would
replicate the experiment by first drawing another value, θ  , of from  and then a
set of observations from Pθ . It might be argued that sampling of the θ values (choice
of penny, for example) may be even more haphazard and less well controlled than
the choice of subjects for an experiment of a study, which assumes these subjects
to be a random sample from the population of interest. However, it could also be
argued that the assumption of a fixed value of θ is often unrealistic. As we will
see, the Bayesian approaches of robust and hierarchical analysis attempt to address
these problems.
(iii) As a Description of a State of Mind
A formally similar approach is adopted by the so-called Bayesian school, which
interprets  as expressing the subjective feeling about the likelihood of different
θ values. In the presence of a large amount of previous experience, the chosen
 would often be close to that made under (ii), but the subjective approach can
be applied even when little or no prior knowledge is available. In the latter case,
for example, the prior distribution  then models the state of ignorance about θ.
The subjective Bayesian uses the observations X to modify prior beliefs. After
X = x has been observed, the belief about θ is expressed by the posterior (i.e.,
conditional) distribution of given x.
Detailed discussions of this approach, which we shall not pursue here, can be
found, for example, in books by Savage (1954), Lindley (1965), de Finetti (1970,
1974), Box and Tiao (1973), Novick and Jackson (1974), Berger (1985), Bernardo
and Smith (1994), Robert (1994a) and Gelman et al. (1995).
A note on notation: In Bayesian (as in frequentist) arguments, it is important to
keep track of which variables are being conditioned on. Thus, the density of X will
be denoted by X ∼ f (x|θ). Prior distributions will typically be denoted by O or
 with their density functions being π (θ|λ) or γ (λ),where λ is another parameter
(sometimes called a hyperparameter). From these distributions we often calculate
conditional distributions such as that of θ given x and λ, or λ given x (called posterior distributions). These typically have densities, denoted by π (θ |x, λ) or γ (λ|x).
We will also be interested in marginal distributions such as m(x|λ). To illustrate,
π(θ|x, λ) = f (x|θ )π (θ|λ)/m(x|λ), where m(x|λ) = f (x|θ )π (θ |λ) dθ .
It is convenient to use boldface to denote vectors, for example, x = (x1 , . . . , xn ),
so we can write f (x|θ ) for the sample density f (x1 , . . . , xn |θ ).
The determination of a Bayes estimator is, in principle, quite simple. First,
consider the situation before any observations are taken. Then, has distribution
 and the Bayes estimator of g( ) is any number d minimizing EL( , d). Once
the data have been obtained and are given by the observed value x of X, the prior
distribution  of is replaced by the posterior, that is, conditional, distribution of
given x and the Bayes estimator is any number δ(x) minimizing the posterior
risk E{L[ , δ(x)]|x}. The following is a precise statement of this result, where,
as usual, measurability considerations, are ignored.
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Theorem 1.1 Let have distribution , and given = θ , let X have distribution Pθ . Suppose, in addition, the following assumptions hold for the problem of
estimating g( ) with non-negative loss function L(θ, d).
(a) There exists an estimator δ0 with finite risk.
(b) For almost all x, there exists a value δ (x) minimizing
E{L[ , δ(x)]|X = x}.

(1.3)

Then, δ (X) is a Bayes estimator.
Proof. Let δ be any estimator with finite risk. Then, (1.3) is finite a.e. since L is
non-negative. Hence,
E{L[ , δ(x)]|X = x} ≥ E{L[ , δ (x)]|X = x}

a.e.,

and the result follows by taking the expectation of both sides.

✷

[For a discussion of some measurability aspects and more detail when L(θ, d) =
ρ(d − θ ), see DeGroot and Rao 1963. Brown and Purves (1973) provide a general
treatment.]
Corollary 1.2 Suppose the assumptions of Theorem 1.1 hold.
(a) If L(θ, d) = [d − g(θ)]2 , then
δ (x) = E[g( )|x]

(1.4)
and, more generally, if

L(θ, d) = w(θ)[d − g(θ )]2 ,

(1.5)
then
δ (x) =

(1.6)

w(θ)g(θ )d(θ |x) E[w( )g( )|x]
.
=
E[w( )|x]
w(θ )d(θ |x)

(b) If L(θ, d) = |d −g(θ )|, then δ (x) is any median of the conditional distribution
of given x.
(c) If
(1.7)

L(θ, d) =

0 when |d − θ | ≤ c
1 when |d − θ | > c,

then δ (x) is the midpoint of the interval I of length 2c which maximizes
P [ ∈ I |x].
Proof. To prove part (i), note that by Theorem 1.1, the Bayes estimator is obtained
by minimizing
E{[g( ) − δ(x)]2 |x}.
(1.8)
By assumption (a) of Theorem 1.1, there exists δ0 (x) for which (1.8) is finite
for almost all values of x, and it then follows from Example 1.7.17 that (1.8) is
minimized by (1.4).
The proofs of the other parts are completely analogous.
✷
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Example 1.3 Poisson. The parameter θ of a Poisson(θ) distribution is both the
mean and the variance of the distribution. Although squared error loss L0 (θ, δ) =
(θ −δ)2 is often preferred for the estimation of a mean, some type of scaled squared
error loss, for example, Lk (θ, δ) = (θ − δ)2 /θ k , may be more appropriate for the
estimation of a variance.
If X1 , . . . , Xn are iid Poisson(θ ), and θ has the gamma(a, b) prior distribution,
then the posterior distribution is


b
π(θ |x̄) = Gamma a + x̄,
1+b
and the Bayes estimator under Lk is given by (see Problem 1.1)
δ k (x̄) =

E(θ 1−k |x̄)
b
=
(x̄ + a − k)
E(θ −k |x̄)
1+b

for a − k > 0. Thus, the choice of loss function can have a large effect on the
resulting Bayes estimator.

It is frequently important to know whether a Bayes solution is unique. The
following are sufficient conditions for this to be the case.
Corollary 1.4 If the loss function L(θ, d) is squared error, or more generally, if it
is strictly convex in d, a Bayes solution δ is unique (a.e. P), where P is the class
of distributions Pθ , provided
(a) the average risk of δ with respect to  is finite, and
(b) if Q is the marginal distribution of X given by

Q(A) = Pθ (X ∈ A)d(θ),
then a.e. Q implies a.e. P.
Proof. For squared error, if follows from Corollary 1.2 that any Bayes estimator
δ (x) with finite risk must satisfy (1.4) except on a set N of x values with Q(N ) = 0.
For general strictly convex loss functions, the result follows by the same argument
from Problem 1.7.26.
✷
As an example of a case in which condition (b) does not hold, let X have the
binomial distribution b(p, n), 0 ≤ p ≤ 1, and suppose that  assigns probability
1/2 to each of the values p = 0 and p = 1. Then, any estimator δ(X) of p with
δ(0) = 0 and δ(n) = 1 is Bayes.
On the other hand, condition (b) is satisfied when the parameter space is an
open set which is the support of  and if the probability Pθ (X ∈ A) is continuous
in θ for any A. To see this, note that Q(N ) = 0 implies Pθ (N ) = 0 (a.e. ) by
(1.2.23). If there exists θ0 with Pθ0 (N ) > 0, there exists a neighborhood ω of θ0
in which Pθ (N) > 0. By the support assumption, P (ω) > 0 and this contradicts
the assumption that Pθ (N ) = 0 (a.e. ).
Three different aspects of the performance of a Bayes estimator, or of any other
estimator δ, may be of interest in the present model. These are (a) the Bayes risk
(1.1); (b) the risk function R(θ, δ) of Section 1.1 [Equation (1.1.10)] [this is the
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frequentist risk, which is now the conditional risk of δ(X) given θ]; and (c) the
posterior risk given x which is defined by (1.3).
For the determination of the Bayes estimator the relevant criterion is, of course,
(a). However, consideration of (b), the conditional risk given θ, as a function of
θ provides an important safeguard against an inappropriate choice of  (Berger
1985, Section 4.7.5). Finally, consideration of (c) is of interest primarily to the
Bayesian. From the Bayesian point of view, the posterior distribution of given
x summarizes the investigator’s belief about θ in the light of the observation, and
hence the posterior risk is the only measure of risk of accuracy that is of interest.
The possibility of evaluating the risk function (b) of δ suggests still another
use of Bayes estimators.
(iv) As a General Method for Generating Reasonable Estimators
Postulating some plausible distributions  provides a method for generating interesting estimators which can then be studied in the conventional way. A difficulty
with this approach is, of course, the choice of . Methodologies have been developed to deal with this difficulty which sometimes incorporate frequentist measures to assess the choice of . These methods tend to first select not a single
prior distribution but a family of priors, often indexed by a parameter (a so-called
hyperparameter). The family should be chosen so as to balance appropriateness,
flexibility, and mathematical convenience. From it, a plausible member is selected
to obtain an estimator for consideration. The following are some examples of these
approaches, which will be discussed in Sections 4.4 and 4.5.
• Empirical Bayes. The parameters of the prior distribution are themselves estimated from the data.
• Hierarchical Bayes. The parameters of the prior distribution are, in turn, modeled by another distribution, sometimes called a hyperprior distribution.
• Robust Bayes. The performance of an estimator is evaluated for each member
of the prior class, with the goal of finding an estimator that performs well (is
robust) for the entire class.
Another possibility leading to a particular choice of  corresponds to the third
interpretation (iii), in which the state of mind can be described as “ignorance.”
One would then select for  a noninformative prior which tries (in the spirit of
invariance) to treat all parameter values equitably. Such an approach was developed
by Jeffreys (1939, 1948, 1961), who, on the basis of invariance considerations,
√
suggests as noninformative prior for θ a density that is proportional to |I (θ )|,
where |I (θ )| is the determinant of the information matrix. A good account of this
approach with many applications is given by Berger (1985), Robert (1994a), and
Bernardo and Smith (1994). Note 9.6 has a further discussion.
Example 1.5 Binomial. Suppose that X has the binomial distribution b(p, n). A
two-parameter family of prior distributions for p which is flexible and for which
the calculation of the conditional distribution is particularly simple is the family
of beta distributions B(a, b). These densities can take on a variety of shapes (see
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Problem 1.2) and we note for later reference that the expectation and variance of
a random variable p with density B(a, b) are (Problem 1.5.19).
(1.9)

E(p) =

a
a+b

and var(p) =

ab
.
(a + b)2 (a + b + 1)

To determine the Bayes estimator of a given estimand g(p), let us first obtain
the conditional distribution (posterior distribution) of p given x. The joint density
of X and p is
 
n H(a + b) x+a−1
(1 − p)n−x+b−1 .
p
x H(a)H(b)
The conditional density of p given x is obtained by dividing by the marginal of x,
which is a function of x alone (Problem 2.1 ). Thus, the conditional density of p
given x has the form
(1.10)

C(a, b, x)px+a−1 (1 − p)n−x+b−1 .

Again, this is recognized to be a beta distribution, with parameters
(1.11)

a  = a + x,

b = b + n − x.

Let us now determine the Bayes estimator of g(p) = p when the loss function
is squared error. By (1.4), this is
a
a+x
.
=


a +b
a+b+n
It is interesting to compare this Bayes estimator with the usual estimator X/n.
Before any observations are taken, the estimator from the Bayesian approach is
the expectation of the prior: a/(a + b). Once X has been observed, the standard
non-Bayesian (for example, UMVU) estimator is X/n. The estimator δ (X) =
(a + X)/(a + b + n) lies between these two. In fact,



X
a+X
n
a+b
a
(1.13)
=
+
a+b+n
a+b+n a+b
a+b+n n
(1.12)

δ (x) = E(p|x) =

is a weighted average of a/(a + b), the estimator of p before any observations are
taken, and X/n, the estimator without consideration of a prior.
The estimator (1.13) can be considered as a modification of the standard estimator X/n in the light of the prior information about p expressed by (1.9) or as
a modification of the prior estimator a/(a + b) in the light of the observation X.
From this point of view, it is interesting to notice what happens as a and b → ∞,
with the ratio b/a being kept fixed. Then, the estimator (1.12) tends in probability
to a/(a + b), that is, the prior information is so overwhelming that it essentially
determines the estimator. The explanation is, of course, that in this case the beta
distribution B(a, b) concentrates all its mass essentially at a/(a + b) [the variance
in (1.9) tends toward 0], so that the value of p is taken to be essentially known and
is not influenced by X. (“Don’t confuse me with the facts!”)
On the other hand, if a and b are fixed, but n → ∞, it is seen from (1.12) that δ
essentially coincides with X/n. This is the case in which the information provided
by X overwhelms the initial information contained in the prior distribution.
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The UMVU estimator X/n corresponds to the case a = b = 0. However, B(0, 0)
1
is no longer a probability distribution since 0 (1/p(1 − p))dp = ∞. Even with
such an improper distribution (that is, a distribution with infinite mass), it is possible formally to calculate a posterior distribution given x. This possibility will be
considered in Example 2.8.

This may be a good time to discuss a question facing the reader of this book.
Throughout, the theory is illustrated with examples which are either completely
formal (that is, without any context) or stated in terms of some vaguely described
situation in which such an example might arise. In either case, what is assumed is a
model and, in the present section, a prior distribution. Where do these assumptions
come from, and how should they be interpreted? “Let X have a binomial distribution b(p, n) and let p be distributed according to a beta distribution B(a, b). ”
Why binomial and why beta?
The assumptions underlying the binomial distribution are (i) independence of the
n trials and (ii) constancy of the success probability p throughout the series. While
in practice it is rare for either of these two assumptions to hold exactly - consecutive
trials typically exhibit some dependence and success probabilities tend to change
over time (as in Example 1.8.5) - they are often reasonable approximations and
may serve as identifications in a wide variety of situations arising in the real world.
Similarly, to a reasonable degree, approximate normality may often be satisfied
according to some version of the central limit theorem, or from past experience.
Let us next turn to the assumption of a beta prior for p. This leads to an estimator
which, due to its simplicity, is highly prized for a variety of reasons. But simplicity
of the solution is of little use if the problem is based on assumptions which bear
no resemblance to reality.
Subjective Bayesians, even though perhaps unable to state their prior precisely,
will typically have an idea of its shape: It may be bimodal, unimodal (symmetric or
skewed), or it may be L- or U-shaped. In the first of these cases, a beta prior would
be inappropriate since no beta distribution has more than one mode. However, by
proper choice of the parameters a and b, a beta distribution can accommodate itself
to each of the other possibilities mentioned (Problem 1.2), and thus can represent
a considerable variety of prior shapes.
The modeling of subjective priors discussed in the preceding paragraph correspond to the third of the four interpretations of the Bayes formalism mentioned
at the beginning of the section. A very different approach is suggested by the
fourth interpretation, where formal priors are used simply as a method of generating a reasonable estimator. A standard choice in this case is to treat all parameter
values equally (which corresponds to a subjective prior modeling ignorance). In
the nineteenth century, the preferred choice for this purpose in the binomial case
was the uniform distribution for p over (0, 1), which is the beta distribution with
a = b = 1. As an alternative, the Jeffreys prior corresponding to a = b = 1/2 (see
the discussion preceding Example 1.5) has the advantage of being invariant under
change of parameters (Schervisch 1995, Section 2.3.4). The prior density in this
case is proportional to [p(1 − p)]−1/2 , which is U-shaped. It is difficult to imagine
many real situations in which an investigator believes that it is equally likely for
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the unknown p to be close to either 0 or 1. In this case, the fourth interpretation
would therefore lead to very different priors from those of the third interpretation.
2 First Examples
In constructing Bayes estimators, as functions of the posterior density, some
choices are made (such as the choice of prior and loss function). These choices will
ultimately affect the properties of the estimators, including not only risk performance (such as bias and admissibility) but also more fundamental considerations
(such as sufficiency). In this section, we look at a number of examples to illustrate
these points.
Example 2.1 Sequential binomial sampling. Consider a sequence of binomial
trials with a stopping rule as in Section 3.3. Let X, Y , and N denote, respectively,
the number of successes, the number of failures, and the total number of trials at
the moment sampling stops. The probability of any sample path is then p x (1 − p)y
and we shall again suppose that p has the prior distribution B(a, b). What now is
the posterior distribution of p given X and Y (or equivalently X and N = X + Y )?
The calculation in Example 1.3 shows that, as in the fixed sample size case, it is the
beta distribution with parameters a  and b given by (1.11), so that, in particular,
the Bayes estimator of p is given by (1.12) regardless of the stopping rule.

Of course, there are stopping rules which even affect Bayesian inference (for
example, ”stop when the posterior probability of an event is greater than .9”).
However, if the stopping rule is a function only of the data, then the Bayes inference
will be independent of it. These so-called proper stopping rules, and other aspects
of inference under stopping rules, are discussed in detail by Berger and Wolpert
(1988, Section 4.2). See also Problem 2.2 for another illustration.
Thus, Example 2.1 illustrates a quite general feature of Bayesian inference:
The posterior distribution does not depend on the sampling rule but only on the
likelihood of the observed results.
Example 2.2 Normal mean. Let X1 , . . . , Xn be iid as N (θ, σ 2 ), with σ known,
and let the estimand be θ. As a prior distribution for , we shall assume the
normal distribution N(µ, b2 ). The joint density of and X = (X1 , . . . , Xn ) is then
proportional to




1
1 n
2
(2.1)
(xi − θ ) exp − 2 (θ − µ)2 .
f (x, θ ) = exp − 2
2σ i=1
2b
To obtain the posterior distribution of |x, the joint density is divided by the
marginal density of X, so that the posterior distribution has the form C(x)f (x|θ ).
If C(x) is used generically to denote any function of x not involving θ , the posterior
density of |x is
C(x)e−(1/2)θ

2

[n/σ 2 +1/b2 ]+θ[nx̄/σ 2 +µ/b2 ]

= C(x) exp



1
−
2



1
n
+ 2
2
σ
b

 
"
nx̄/σ 2 + µ/b2
2
θ − 2θ
.
n/σ 2 + 1/b2
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This is recognized to be the normal density with mean
(2.2)

E( |x) =

nx̄/σ 2 + µ/b2
n/σ 2 + 1/b2

and variance
1
.
+ 1/b2
When the loss is squared error, the Bayes estimator of θ is given by (2.2) and
can be rewritten as




1/b2
n/σ 2
(2.4)
x̄
+
µ,
δ (x) =
n/σ 2 + 1/b2
n/σ 2 + 1/b2
(2.3)

var( |x) =

n/σ 2

and by Corollary 2.7.19, this result remains true for any loss function ρ(d − θ)
for which ρ is convex and even. This shows δ to be a weighted average of the
standard estimator X̄, and the mean µ of the prior distribution, which is the Bayes
estimator before any observations are taken. As n → ∞ with µ and b fixed, δ (X)
becomes essentially the estimator X̄, and δ (X) → θ in probability. As b → 0,
δ (X) → µ in probability, as is to be expected when the prior becomes more
and more concentrated about µ. As b → ∞, δ (X) essentially coincides with X̄,
which again is intuitively reasonable. These results are analogous to those in the
binomial case. See Problem 2.3.

It was seen above that X̄ is the limit of the Bayes estimators as b → ∞. As
b → ∞, the prior density tends to Lebesgue measure. Since the Fisher information
I (θ ) of a location parameter is constant, this is actually the Jeffrey’s prior mentioned
under (iv) earlier in the section. It is easy to check that the posterior distribution
calculated from this improper prior is a proper distribution as soon as an observation
has been taken. This is not surprising; since X is normally distributed about θ with
variance 1, even a single observation provides a good idea of the position of θ .
As in the binomial case, the question arises whether X̄ is the Bayes solution
also with respect to a proper prior . This question is answered for both cases by
the following theorem.
Theorem 2.3 Let
have a distribution , and let Pθ denote the conditional
distribution of X given θ . Consider the estimation of g(θ ) when the loss function
is squared error. Then, no unbiased estimator δ(X) can be a Bayes solution unless
(2.5)

E[δ(X) − g( )]2 = 0,

where the expectation is taken with respect to variation in both X and

.

Proof. Suppose δ(X) is a Bayes estimator and is unbiased for estimating g(θ ).
Since δ(X) is Bayes and the loss is squared error,
δ(X) = E[g( )|X],
with probability 1. Since δ(X) is unbiased,
E[δ(X)|θ ] = g(θ )

for all θ.
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Conditioning on X and using (1.6.2) leads to
E[g( )δ(X)] = E{δ(X)E[g( )|X]} = E[δ 2 (X)].
Conditioning instead on

, we find

E[g( )δ(X)] = E{g( )E[δ(X)| ]} = E[g 2 ( )].
It follows that
E[δ(X) − g( )]2 = E[δ 2 (X)] + E[g 2 ( )] − 2E[δ(X)g( )] = 0,
✷

as was to be proved.
Let us now apply this result to the case that δ(x) is the sample mean.

Example 2.4 Sample means. If Xi , i = 1, . . . , n, are iid with E(Xi ) = θ and
var Xi = σ 2 (independent of θ ), then the risk of X̄ (given θ) is
R(θ, X̄) = E(X̄ − θ )2 = σ 2 /n.
For any proper prior distribution on
E(X̄ −

,
)2 = σ 2 /n = 0,

so (2.5) cannot be satisfied and, from Theorem 2.3, X̄ is not a Bayes estimator.
This argument will apply to any distribution for which the variance of X̄ is
independent of θ, such as the N (θ, σ 2 ) distribution in Example 2.2. However, if
the variance is a function of θ , the situation is different.
If var Xi = v(θ), then (2.5) will hold only if

(2.6)
v(θ)d(θ) dθ = 0
for some proper prior . If v(θ) > 0 (a.e. ), then (2.6) cannot hold. For example,
if X1 , · · · , Xn are iid Bernoulli(p) random variables, then the risk function of the
sample mean δ(Xi ) = Xi /n is
E (δ(Xi ) − p)2 =

p(1 − p)
,
n

and the left side of (2.5) is therefore

1 1
p(1 − p) d(p).
n 0
The integral is zero if and only if  assigns probability 1 to the set {0, 1}. For such
a distribution, ,
δ (0) = 0 and δ (n) = 1,
and any estimator satisfying this condition is a Bayes estimator for such a .
Hence, in particular, X/n is a Bayes estimator. Of course, if  is true, then the
values X = 1, 2, . . . , n − 1 are never observed. Thus, X/n is Bayes only in a rather
trivial sense.

Extensions and discussion of other consequences of Theorem 2.3 can be found
in Bickel and Blackwell (1967), Noorbaloochi and Meeden (1983), and Bickel and
Mallows (1988). See Problem 2.4.
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The beta and normal prior distributions in the binomial and normal cases are the
so-called conjugate families of prior distributions. These are frequently defined as
distributions with densities proportional to the density of Pθ . It has been pointed
out by Diaconis and Ylvisaker (1979) that this definition is ambiguous; they show
that in the above examples and, more generally, in the case of exponential families,
conjugate priors can be characterized by the fact that the resulting Bayes estimators
are linear in X. They also extend the weighted-average representation (1.13) of the
Bayes estimator to general exponential families. For one parameter exponential
families, MacEachern (1993) gives an alternate characterization of conjugate priors
based on the requirement that the posterior mean lies ”in between” the prior mean
and sample mean.
As another example of the use of conjugate priors, consider the estimation of a
normal variance.
Example 2.5 Normal variance, known mean. Let X1 , . . . , Xn be iid according
2
to N(0, σ 2 ), so that the joint density of the Xi ’s is Cτ r e−τ xi , where τ = 1/2σ 2
and r = n/2. As conjugate prior for τ , we take the gamma density H(g, 1/α) noting
that, by (1.5.44),
(2.7)

g(g + 1)
g
,
E(τ ) = , E(τ 2 ) =
α
α2
 
 
1
α2
α
1
E
=
=
, E
.
τ
g−1
τ2
(g − 1)(g − 2)

Writing y = xi2 , we see that the posterior density of τ given the xi ’s is
C(y)τ r+g−1 e−τ (α+y) ,
which is H[r + g, 1/(α + y)]. If the loss is squared error, the Bayes estimator of
2σ 2 = 1/τ is the posterior expectation of 1/τ , which by (2.7) is (α + y)/(r + g − 1).
The Bayes estimator of σ 2 = 1/2τ is therefore
(2.8)

α+Y
.
n + 2g − 2

In the present situation, we might instead prefer to work with the scale invariant
loss function
(d − σ 2 )2
(2.9)
,
σ4
which leads to the Bayes estimator (Problem 2.6)
(2.10)

E(τ )
E(1/σ 2 )
=
,
4
E(1/σ ) 2E(τ 2 )

and hence by (2.7) after some simplification to
(2.11)

α+Y
.
n + 2g + 2

Since the Fisher information for σ is proportional to 1/σ 2 (Table 2.5.1), the
Jeffreys prior density in the present case is proportional to the improper density
1/σ , which induces for τ the density (1/τ ) dτ . This corresponds to the limiting
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case α = 0, g = 0, and hence by (2.8) and (2.11) to the Bayes estimators Y /(n − 2)
and Y /(n + 2) for squared error and loss function (2.9), respectively. The first of
these has uniformly larger risk than the second which is MRE.

We next consider two examples involving more than one parameter.
Example 2.6 Normal variance, unknown mean. Suppose that we let X1 , . . . , Xn
be iid as N(θ, σ 2 ) and consider the Bayes estimation of θ and σ 2 when the prior
assigns to τ = 1/2σ 2 the distribution H(g, 1/α) as in Example 2.5 and takes θ to
be independent of τ with (for the sake of simplicity) the uniform improper prior
dθ corresponding to b = ∞ in Example 2.2. Then, the joint posterior density of
(θ, τ ) is proportional to
2
τ r+g−1 e−τ [α+z+n(x̄−θ) ]
(2.12)
where z = (xi − x̄)2 and r = n/2. By integrating out θ , it is seen that the posterior
distribution of τ is H[r + g − 1/2, 1/(α + z)] (Problem 1.12). In particular, for
α = g = 0, the Bayes estimator of σ 2 = 1/2τ is Z/(n − 3) and Z/(n + 1) for
squared error and loss function (2.9), respectively. To see that the Bayes estimator
of θ is X̄ regardless of the values of α and g, it is enough to notice that the posterior
density of θ is symmetric about X̄ (Problem 2.9; see also Problem 2.10).

A problem for which the theories of Chapters 2 and 3 do not lead to a satisfactory solution is that of components of variance. The following example treats the
simplest case from the present point of view.
Example 2.7 Random effects one-way layout. In the model (3.5.1), suppose for
the sake of simplicity that µ and Z11 have been eliminated either by invariance or
by assigning to µ the uniform prior on (−∞, ∞). In either case, this restricts the
problem to the remaining Z’s with joint density proportional to


s
1
1
1 s n 2
2
exp −
z −
z .
σ s(n−1) (σ 2 + nσA2 )(s−1)/2
2(σ 2 + nσA2 ) i=2 i1 2σ 2 i=1 j =2 ij
(2.13)
The most natural noninformative prior postulates σ and σA to be independent with
improper densities 1/σ and 1/σA , respectively. Unfortunately, however, in this
case, the posterior distribution of (σ, σA ) continues to be improper, so that the
calculation of a posterior expectation is meaningless (Problem 2.12).
Instead, let us consider the Jeffreys prior  which has the improper density
(1/σ )(1/τ ) but with τ 2 = σ 2 + nσA2 so that the density is zero for τ < σ . (For
a discussion of the appropriateness of this and related priors see Hill, Stone and
Springer 1965, Tiao and Tan 1965, Box and Tiao 1973, Hobert 1993, and Hobert
and Casella 1996.) The posterior distribution is then proper (Problem 2.11). The
resulting Bayes estimator δ of σA2 is obtained by Klotz, Milton, and Zacks (1969),
who compare it with the more traditional estimators discussed in Example 5.5.
Since the risk of δ is quite unsatisfactory, Portnoy (1971) replaces squared error
by the scale invariant loss function (d − σA2 )2 /(σ 2 + nσA2 )2 , and shows the resulting
estimator to be


1 SA2
S2
c−1
SA2 + S 2

δ =
(2.14)
−
+
·
2n a
c − a − 1 ca(c − a − 1) F (R)
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where c = 21 (sn + 1), a = 21 (s + 3), R = S 2 /(SA2 + S 2 ), and
 1
va
F (R) =
dv.
c+1
0 [R + v(1 − R)]

Portnoy’s risk calculations suggest that δ
is a satisfactory estimator of σA2 for
his loss function or equivalently for squared error loss. The estimation of σ 2 is
analogous.


Let us next examine the connection between Bayes estimation, sufficiency, and
the likelihood function. Recall that if (X1 , X2 , . . . , Xn ) has density f (x1 , . . . , xn |θ ),
the likelihood function is defined by L(θ |x) = L(θ|x1 , . . . , xn ) = f (x1 , . . . , xn |θ ).
If we observe T = t, where T is sufficient for θ, then
f (x1 , . . . , xn |θ ) = L(θ |x) = g(t|θ )h(x),
where the function h(·) does not depend on θ. For any prior distribution π (θ), the
posterior distribution is then
π (θ|x) =
(2.15)

=

f (x1 , . . . , xn |θ )π(θ)
f (x1 , . . . , xn |θ  )π(θ  ) dθ 
L(θ |x)π(θ)
g(t|θ )π (θ )
=
L(θ  |x)π(θ  ) dθ 
g(t|θ  )π (θ  ) dθ 

so π(θ |x) = π(θ|t), that is, π(θ|x) depends on x only through t, and the posterior
distribution of θ is the same whether we compute it on the basis of x or of t. As an
illustration, in Example 2.2, rather than starting with (2.1), we could use the fact
that the sufficient statistic is X̄ ∼ N (θ, σ 2 /n) and, starting from
n

f (x̄|θ) ∝ e− 2σ 2 (x̄−θ) e− 2b2 (θ−µ) ,
2

1

2

arrive at the same posterior distribution for θ as before. Thus, Bayesian measures
that are computed from posterior distributions are functions of the data only through
the likelihood function and, hence, are functions of a minimal sufficient statistic.
Bayes estimators were defined in (1.1) with respect to a proper distribution .
It is useful to extend this definition to the case that  is a measure satisfying

(2.16)
d(θ) = ∞,
a so-called improper prior. It may then still be the case that (1.3) is finite for each
x, so the Bayes estimator can formally be defined.
Example 2.8 Improper prior Bayes. For the situation of Example 1.5, where
X ∼ b(p, n), the Bayes estimator under a beta(a, b) prior is given by (1.12). For
a = b = 0, this estimator is x/n, the sample mean, but the prior density, π (p),
is proportional to π(p) ∝ p−1 (1 − p)−1 , and hence is improper. The posterior
distribution in this case is
 
n
px−1 (1 − p)n−x−1
x
H(n)
 
(2.17)
=
p x−1 (1 − p)n−x−1
H(x)H(n
−
x)
1 n
px−1 (1 − p)n−x−1
0
x
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which is a proper posterior distribution if 1 ≤ x ≤ n − 1 with x/n the posterior
mean. When x = 0 or x = n, the posterior density (2.17) is no longer proper.
However, for any estimator δ(x) that satisfies δ(0) = 0 and δ(n) = 1, the posterior
expected loss (1.3) is finite and minimized at δ(x) = x/n (see Problem 2.16 and
Example 2.4). Thus, even though the resulting posterior distribution is not proper
for all values of x, δ(x) = x/n can be considered a Bayes estimator.

This example suggests the following definition.
Definition 2.9 An estimator δ π (x) is a generalized Bayes estimator with respect
to a measure π(θ ) (even if it is not a proper probability distribution) if the posterior
expected loss, E{L( , δ(X))|X = x}, is minimized at δ = δ π for all x.
As we will see, generalized Bayes estimators play an important part in point
estimation optimality, since they often may be optimal under both Bayesian and
frequentist criteria.
There is one other useful variant of a Bayes estimator, a limit of Bayes estimators.
Definition 2.10 A nonrandomized1 estimator δ(x) is a limit of Bayes estimators
if there exists a sequence of proper priors πν and Bayes estimators δ πν such that
δ πν (x) → δ(x) a.e. [with respect to the density f (x|θ )] as ν → ∞.
Example 2.11 Limit of Bayes estimators. In Example 2.8, it was seen that the
binomial estimator X/n is Bayes with respect to an improper prior. We shall now
show that it is also a limit of Bayes estimators. This follows since
(2.18)

a+x
x
=
n
a→0 a + b + n
lim

b→0

and the beta(a, b) prior is proper if a > 0, b > 0.



From a Bayesian view, estimators that are limits of Bayes estimators are somewhat more desirable than generalized Bayes estimators. This is because, by construction, a limit of Bayes estimators must be close to a proper Bayes estimator.
In contrast, a generalized Bayes estimator may not be close to any proper Bayes
estimator (see Problem 2.15).
3 Single-Prior Bayes
As discussed at the end of Section 1, the prior distribution is typically selected from
a flexible family of prior densities indexed by one or more parameters. Instead
of denoting the prior by , as was done in Section 1, we shall now denote its
density by π(θ |γ ), where the parameter γ can be real- or vector-valued. (Hence,
we are implicitly assuming that the prior π is absolutely continuous with respect
to a dominating measure µ(θ), which, unless specified, is taken to be Lebesgue
measure.)
1

For randomized estimators the convergence can only be in distribution. See Ferguson 1967 (Section
1.8) or Brown 1986a (Appendix).
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We can then write a Bayes model in a general form as
(3.1)

X|θ ∼ f (x|θ),
|γ ∼ π (θ|γ ).

Thus, conditionally on θ, X has sampling density f (x|θ), and conditionally on γ ,
has prior density π(θ |γ ). From this model, we calculate the posterior distribution,
π(θ|x, γ ), from which all Bayesian answers would come. The exact manner in
which we deal with the parameter γ or, more generally, the prior distribution
π (θ |γ ) will lead us to different types of Bayes analyses. In this section we assume
that the functional form of the prior, and the value of γ , is known so we have
one completely specified prior. (To emphasize that point, we will sometimes write
γ = γ0 .)
Given a loss function L(θ, d), we then look for the estimator that minimizes

L(θ, d(x))π (θ |x, γ0 ) dθ,
(3.2)
where π (θ|x, γ0 ) = f (x|θ)π (θ|γ0 )/ f (x|θ)π(θ |γ0 ) dθ.
The calculation of single-prior Bayes estimators has already been illustrated in
Section 2. Here is another example.
Example 3.1 Scale uniform. For estimation in the model
Xi |θ ∼ U(0, θ ), i = 1, . . . , n,
1
(3.3)
|a, b ∼ Gamma(a, b), a, b known,
θ
sufficiency allows us to work only with the density of Y = maxi Xi , which is
given by g(y|θ ) = ny n−1 /θ n , 0 < y < θ. We then calculate the single-prior Bayes
estimator of θ under squared error loss. By (4.1.4), this is the posterior mean, given
by
∞
1
−1/θ b
dθ
y θ θ n+a+1 e
E( |y, a, b) = ∞ 1
(3.4)
.
−1/θb dθ
y θ n+a+1 e
Although the ratio of integrals is not expressible in any simple form, calculation
is not difficult. See Problem 3.1 for details.

In general, the Bayes estimator under squared error loss is given by
(3.5)

E( |x) =

θf (x|θ )π(θ ) dθ
f (x|θ)π(θ ) dθ

where X ∼ f (x|θ ) is the observed random variable and ∼ π (θ ) is the parameter
of interest. While there is a certain appeal about expression (3.5), it can be difficult
to work with. It is therefore important to find conditions under which it can be
simplified. Such simplification is useful for two somewhat related purposes.
(i) Implementation
If a Bayes solution is deemed appropriate, and we want to implement it, we
must be able to calculate (3.5). Thus, we need reasonably straightforward,
and general, methods of evaluating these integrals.
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(ii) Performance
By construction, a Bayes estimator minimizes the posterior expected loss and,
hence, the Bayes risk. Often, however, we are interested in its performance,
and perhaps optimality under other measures. For example, we might examine
its mean squared error (or, more generally, its risk function) in looking for
admissible or minimax estimators. We also might examine Bayesian measures
using other priors, in an investigation of Bayesian robustness.
These latter considerations tend to lead us to look for either manageable expressions for or accurate approximations to the integrals in (3.5). On the other hand,
the considerations in (i) are more numerical (or computational) in nature, leading
us to algorithms that ease the computational burden. However, even this path can
involve statistical considerations, and often gives us insight into the performance
of our estimators.
A simplification of (3.5) is possible when dealing with independent prior distributions. If Xi#∼ f (x|θi ), i = 1, · · · , n, are independent, and the prior is
π(θ1 , · · · , θn ) = i π(θi ), then the posterior mean of θi satisfies
E(θi |x1 , . . . , xn ) = E(θi |xi ),

(3.6)

that is, the Bayes estimator of θi only depends on the data through xi . Although
the simplification provided by (3.6) may prove useful, at this level of generality it
is impossible to go further.
However, for exponential families, evaluation of (3.5) is sometimes possible
through alternate representations of Bayes estimators. Suppose the distribution of
X = (X1 , . . . , Xn ) is given by the multiparameter exponential family (see (1.5.2)),
that is,


(3.7)

pη (x) = exp

s

ηi Ti (x) − A(η ) h(x).

i=1

Then, we can express the Bayes estimator as a function of partial derivatives with
respect to x. The following theorem presents a general formula for the needed
posterior expectation.
Theorem 3.2 If X has density (3.7), and η has prior density π(η ), then for j =
1, . . . , n,

s
∂
∂Ti (x)
∂
E
ηi
log m(x) −
(3.8)
|x =
log h(x),
∂xj
∂xj
∂xj
i=1
where m(x) = pη (x)π(η ) dη is the marginal distribution of X. Alternatively,
the posterior expectation can be expressed in matrix form as
(3.9)
where T = {∂Ti /∂xj }.

E (T η ) = ∇ log m(x) − ∇ log h(x),




Proof. Noting that ∂ exp{ ηi Ti }/∂xj =
ηi Ti }, we can
i ηi (∂Ti /∂xj ) exp{
write





∂Ti (x)
∂Ti ηi Ti −A(η )
1
E
ηi
ηi
e
|x =
h(x)π (η ) dη
∂xj
m(x)
∂xj
i
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1
∂ i ηi Ti −A(η )
e
e
h(x)π (η ) dη
m(x)
∂xj

 
∂  i ηi Ti
1
e
h(x)
=
m(x)
∂xj



∂
 i ηi Ti
−
e−A(η ) π (η ) dη
(3.10)
h(x) e
∂xj

 ηi Ti −A(η )

1 ∂
=
e
h(x) π (η ) dη
m(x) ∂xj
∂
h(x) 1 
∂xj
−
eηi Ti −A(η h(x)π (η ) dη
h(x) m(x)
∂
∂
m(x)
h(x)
∂xj
∂xj
=
−
m(x)
h(x)
where, in the third equality, we have used the fact that





∂Ti i ηi Ti
∂   i ηi Ti
i ηi Ti ∂h(x)
e
e
.
h(x) =
h(x) − e
∂xj
∂xj
∂xj
=

In the fourth equality, we have interchanged the order of integration and differentiation (justified
by Theorem1.5.8), and used the definition of m(x). Finally, using

logarithms, E
ηi ∂T∂xi (x)
|x can be written as (3.8).
✷
j
Although it may appear that this theorem merely shifts calculation from one
integral [the posterior of (3.5)] to another [the marginal m(x) of (3.8)], this shift
brings advantages which will be seen throughout the remainder of this section
(and beyond). These advantages stem from the facts that the calculation of the
derivatives of log m(x) is often feasible and that, with the estimator expressed as
(3.8), risk calculations may be simplified. Theorem 3.2 simplifies further when
Ti = Xi .
Corollary 3.3 If X = (X1 , . . . , Xp ) has the density
p
pη (x) = ei=1 ηi xi −A(η ) h(x)
(3.11)
and η has prior density π(η ), the Bayes estimator of η under the loss L(η , δ) =
(ηi − δi )2 is given by
∂
∂
E(ηi |x) =
(3.12)
log m(x) −
log h(x).
∂xi
∂xi
Proof. Problem 3.3.
✷
Example 3.4 Multiple normal model. For
Xi |θi ∼ N (θi , σ 2 ),
i

∼ N (µ, τ ),
2

i = 1, . . . , p, independent,
i = 1, . . . , p, independent,

where σ , τ , and µ are known, ηi = θi /σ 2 and the Bayes estimator of θi is


∂
∂
2
2
E( i |x) = σ E(ηi |x) = σ
log m(x) −
log h(x)
∂xi
∂xi
2

2
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τ2
σ2
x
+
µ,
i
σ2 + τ2
σ2 + τ2

 1 

∂
∂
(x −µ)2
log m(x) =
log e 2(σ 2 +τ 2 ) i i
∂xi
∂xi
−(xi − µ)
=
σ2 + τ2
 1  2 2
∂
∂
xi
log h(x) =
log e− 2 xi /σ = − 2 .
∂xi
∂xi
σ



An application of the representation (3.12) is to the comparison of the risk of the
Bayes estimator with the risk of the best unbiased estimator.
Theorem 3.5 Under the assumptions of Corollary 3.3, the risk of the Bayes estimator (3.12), under the sum of squared error loss, is
R[η , E(η |X)] = R[η , −∇ log h(X)]


2 
p
∂2
∂
+
(3.13)
.
E 2 2 log m(X) +
log m(X)
∂Xi
∂Xi
i=1
Proof. By an application of Stein’s identity (Lemma 1.5.15; see Problem 3.4), it
is straightforward to establish that for the situation of Corollary 3.3.

  

∂
∂
Eη −
log h(X) =
log h(x) pη (x)dx = ηi .
∂Xi
∂xi
Hence, if we write ∇ log h(x) = {∂/∂xi log h(x)},
− Eη ∇ log h(X) = η .

(3.14)

Thus, −∇ log h(X) is an unbiased estimator of η with risk
2
p 
∂
R[η , −∇ log h(X)] = Eη
ηi +
log h(X)
∂Xi
i=1
= Eη |η + ∇ log h(X)|2 ,

(3.15)

which can also be further evaluated using Stein’s identity (see Problem 3.4). Returning to (3.12), the risk of the Bayes estimator is given by
p

R[η , E(η |X)] =

[ηi − E(ηi |X)]2
i=1
p




ηi −

=
i=1

2

∂
∂
log m(X) −
log h(X)
∂Xi
∂Xi

= R[η , −∇ log h(X)]


p
∂
∂
E (ηi +
−2
log h(X))
log m(X)
∂Xi
∂Xi
i=1
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p

(3.16)

E

+
i=1
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2

∂
log m(X)
∂Xi

.

An application of Stein’s identity to the middle term leads to

 2



∂
∂
∂
Eη ηi +
log h(X)
log m(X) = −Eη
log m(X) ,
∂Xi
∂Xi
∂Xi2
✷

which establishes (3.13).

From (3.13), we see that if the second term is negative, then the Bayes estimator
of η will have smaller risk than the unbiased estimator −∇ log h(X), (which is
best unbiased if the family is complete). We will exploit this representation (3.13)
in Chapter 5, but now just give a simple example.
Example 3.6 Continuation of Example 3.4. To evaluate the risk of the Bayes
estimator, we also calculate
∂2
1
log m(x) = − 2
,
σ + τ2
∂xi2
and hence, from (3.13),
R[η , E(η |X)] = R[η , −∇ log h(X)]
2p
− 2
+
σ + τ2

(3.17)



Eη
i

Xi − µ
σ2 + τ2

2
.

The best unbiased estimator of ηi = θi /σ 2 is
−

∂
Xi
log h(X) = 2
∂Xi
σ

with risk R(η , −∇ log h(X)) = p/σ 2 . If ηi = µ for each i, then the Bayes estimator
has smaller risk, whereas the Bayes estimator has infinite risk as |ηi − µ| → ∞
for any i (Problem 3.6).

We close this section by noting that in exponential families there is a general
expression for the conjugate prior distribution and that use of this conjugate prior
results in a simple expression for the posterior mean. For the density
(3.18)

pη (x) = eηx−A(η) h(x),

−∞ < x < ∞,

the conjugate prior family is
(3.19)

π(η|k, µ) = c(k, µ)ekηµ−kA(η) ,

where µ can be thought of as a prior mean and k is proportional to a prior variance
(see Problem 3.9).
If X1 , . . . , Xn is a sample from pη (x) of (3.18), the posterior distribution resulting from (3.19) is
!
!
π (η|x, k, µ) ∝ enηx̄−nA(η) ekηµ−kA(η)
(3.20)

= eη(nx̄+kµ)−(n+k)A(η)
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which is in the same form as (3.19) with µ = (nx̄ + kµ)/(n + k) and k  = n + k.
Thus, using Problem 3.9,
nx̄ + kµ
.
n+k
As EX|η = A (η), we see that the posterior mean is a convex combination of the
sample and prior means.
(3.21)

E(A (η)|x, k, µ) =

Example 3.7 Conjugate gamma. Let X1 , . . . , Xn be iid as Gamma(a, b), where
a is known. This is in the exponential family form with η = −1/b and A(η) =
−a log(−η). If we use a conjugate prior distribution (3.19) for b for which


a
E(A (η)|x) = E − |x̄
η
nx̄ + kµ
.
=
n+k
The resulting Bayes estimator under squared error loss is


1 nx̄ + kµ
(3.22)
.
E(b|x) =
a
n+k
This is the Bayes estimator based on an inverted gamma prior for b (see Problem
3.10).

Using the conjugate prior (3.19) will not generally lead to simplifications in
(3.9) and is, therefore, not helpful in obtaining expressions for estimators of the
natural parameter: However, there is often more interest in estimating the mean
parameter rather than the natural parameter.
4 Equivariant Bayes
Definition 3.2.4 specified what is meant by an estimation problem being invariant
under a transformation g of the sample space and the induced transformations ḡ
and g ∗ of the parameter and decision spaces, respectively. In such a situation, when
considering Bayes estimation, it is natural to select a prior distribution which is
also invariant.
Recall that a group family is a family of distributions which is invariant under
a group G of transformations for which Ḡ is transitive over the parameter space.
We shall say that a prior distribution  for θ is invariant with respect to Ḡ if the
distribution of ḡθ is also  for all ḡ ∈ Ḡ; that is, if for all ḡ ∈ Ḡ and all measurable
B
P (ḡθ ∈ B) = P (θ ∈ B)
(4.1)
or, equivalently,
(4.2)
(ḡ −1 B) = (B).
Suppose now that such a  exists and that the Bayes solution δ with respect to it
is unique. By (4.1), any δ then satisfies


(4.3)
R(θ, δ) d(θ) = R(ḡθ, δ) d(θ ).
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Now
R(ḡθ, δ) = Eḡθ {L[ḡθ, δ(X)]} = Eθ {L[ḡθ, δ(gX)]}
= Eθ {L[θ, g ∗−1 δ(gX)]}.

(4.4)

Here, the second equality follows from (3.2.4) (invariance of the model) and the
third from (3.2.14) (invariance of the loss). On substituting this last expression into
the right side of (4.3), we see that if δ (x) minimizes (4.3), so does the estimator
g ∗−1 δ (gx). Hence, if the Bayes estimator is unique, the two must coincide. By
(3.2.17), this appears to prove δ to be equivariant. However, at this point, a
technical difficulty arises. Uniqueness can be asserted only up to null sets, that
is, sets N with Pθ (N) = 0 for all θ . Moreover, the set N may depend on g. An
estimator δ satisfying
δ(x) = g ∗−1 δ(gx)

(4.5)

for all x ∈
/ Ng

where Pθ (Ng ) = 0 for all θ is said to be almost equivariant. We have therefore
proved the following result.
Theorem 4.1 Suppose that an estimation problem is invariant under a group and
that there exists a distribution  over such that (4.2) holds for all (measurable)
subsets B of and all g ∈ G. Then, if the Bayes estimator δ is unique, it is
almost equivariant.
Example 4.2 Equivariant binomial. Suppose we are interested in estimating
p under squared error loss, where X ∼ binomial(n, p). A common group of
transformations which leaves the problem invariant is
gX = n − X,
ḡp = 1 − p.
For a prior  to satisfy (4.1), we must have
P (ḡp ≤ t) = P (p ≤ t) for all t.

(4.6)

If  has density γ (p), then (4.1) implies
 t
 t
(4.7)
γ (p) dp =
γ (1 − p) dp for all t,
0

0

which, upon differentiating, requires γ (t) = γ (1 − t) for all t and, hence, that γ (t)
must be symmetric about t = 1/2. It then follows that, for example, a Bayes rule
under a symmetric beta prior is equivariant. See Problem 4.1.

The existence of a proper invariant prior distribution is rather special. More
often, the invariant measure for θ will be improper (if it exists at all), and the
situation is then more complicated. In particular, (i) the integral (4.3) may not be
finite, and the argument leading to Theorem 4.1 is thus no longer valid and (ii) it
becomes necessary to distinguish between left- and right-invariant measures .
These complications require a level of group-theoretic sophistication that we do
not assume. However, for the case of location-scale, we can develop the theory in
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sufficient detail. [For a more comprehensive treatment of invariant Haar measures,
see Berger 1985 (Section 6.6), Robert 1994a (Section 7.4), or Schervisch 1995
(Section 6.2). A general development of the theory of group invariance, and its
application to statistics, is given by Eaton (1989) and Wijsman (1990).]
To discuss invariant prior distributions, or more generally invariant measures,
over the parameter space, we begin by considering invariant measures over groups.
(See Section 1.4 for some of the basics.) Let G be a group and L be a σ -field of
measurable subsets of G, and for a set B in L, let
Bh = {gh : g ∈ B}
and
gB = {gh : h ∈ B}.
Then, a measure  over (G, L) is right-invariant, a right invariant Haar measure
if
(4.8)
(Bh) = (B) for all B ∈ L, h ∈ G
and a left-invariant Haar measure if
(4.9)

(gB) = (B)

for all B ∈ L, g ∈ G.

In our examples, measures satisfying (4.8) or (4.9) exist, have densities, and
are unique up to multiplication by a positive constant. We will now look at some
location-scale examples.
Example 4.3 Location group. For x = (x1 , . . . , xn ) in a Euclidean sample space,
consider the transformations
(4.10)

gx = (x1 + g, . . . , xn + g),

−∞ < g < ∞,

with the composition (group operation)
g ◦ h = g + h,

(4.11)

which was already discussed in Sections 1 and 2. Here, G is the set of real numbers
g, and for L, we can take the Borel sets. The sets Bh and gB are
Bh = {g + h : g ∈ B}
and satisfy Bg = gB since
(4.12)

and

gB = {g + h : h ∈ B}

g ◦ h = h ◦ g.

When (4.12) holds, the group operation is said to be commutative; groups with this
property are called Abelian. For an Abelian group, if a measure is right invariant, it
is also left invariant and vice versa, and will then be called invariant. In the present
case, Lebesgue measure is invariant since it assigns the same measure to a set B
on the line as to the set obtained by translating B by any fixed account g or h to the
right or left. (Abelian groups are a special case of unimodular groups, the type of
group for which the left- and right-invariant measures agree. See Wijsman (1990,
Chapter 7) for details.

There is a difference between transformations acting on parameters or on elements of a group. In the first case, we know what we mean by ḡθ , but θ ḡ makes
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no sense. On the other hand, for group elements, multiplication is possible both
on the left and on the right.
For this reason, a prior distribution  (a measure over the parameter space) satisfying (4.1), which only requires left-invariance, is said to be invariant. However,
for measures over a group one must distinguish between left- and right-invariance
and call such measures invariant only if they are both left and right invariant.
Example 4.4 Scale group. For x = (x1 , . . . , xn ) consider the transformations
gx = (gx1 , · · · , gxn ),

0 < g < ∞,

that is, multiplication of each coordinate by the same positive number g, with the
composition
g ◦ h = g × h.
The sets Bh and gB are obtained by multiplying each element of B by h on the
right and g on the left, respectively. Since gh = hg, the group is Abelian and the
concepts of left- and right-invariance coincide. An invariant measure is given by
the density
1
(4.13)
dg.
g
To see this, note that



1
h dg 
1 
(B) =
dg =
·  dg =
dg = (Bh),


dg
B g
Bh g
Bh g
where the first equality follows by making the change of variables g  = gh.



Example 4.5 Location-scale group. As a last and somewhat more complicated
example, consider the group of transformations
gx = (ax1 + b, . . . , axn + b),

0 < a < ∞,

−∞ < b < ∞.

If g = (a, b) and h = (c, d), we have
hx = cx + d
and
ghx = a(cx + d) + b = acx + (ad + b).
So, the composition rule is
(4.14)

(a, b) ◦ (c, d) = (ac, ad + b).

Since
(c, d) ◦ (a, b) = (ac, cb + d),
it is seen that the group operation is not commutative, and we shall therefore have
to distinguish between left and right Haar measures. We shall now show that these
are given, respectively, by the densities
(4.15)

1
dadb
a2

and

1
dadb.
a
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To show left-invariance of the first of these, note that the transformation g(h) = g◦h
takes
(4.16)
h = (c, d)
into
(c = ac, d  = ad + b).
If  has density dadb/a 2 , we have
(4.17)

(B) = {(ac, ad + b) : (c, d) ∈ B}

and, hence,
(4.18)


(B) =

1
dcdd =
c2

B


gB

a 2 ∂(c, d)  
dc dd ,
(c)2 ∂(c , d  )

where



∂(c , d  )  a 0 
=
= a2
∂(c, d)  0 a 
is the Jacobian of the transformation (4.16). The right side of (4.18) therefore
reduces to

1
dc dd  = (gB)
 )2
(c
gB
and thus proves (4.9).
To prove the right-invariance of the density dadb/a, consider the transformation
h(g) = g ◦ h taking
(4.19)

g = (a, b)

We then have
(4.20)

into


(B) =

B

1
dadb =
a

(a  = ac, b = ad + b).

Bh

c ∂(a, b)  
da db .
a  ∂(a  , b )

The Jacobian of the transformation (4.19) is


∂(a  , b )  c d 
=
= c,
∂(a, b)  0 1 
which shows that the right side of (4.20) is equal to (Bh).



We introduced invariant measures over groups as a tool for defining measures
over the parameter space that, in some sense, share these invariance properties.
For this purpose, consider a measure  over a transitive group Ḡ that leaves
invariant. Then,  induces a measure  by the relation
(4.21)

 (ω) = {ḡ ∈ Ḡ : ḡθ0 ∈ ω},

where ω is any subset of , and θ0 any given point of . A disadvantage of this
definition is the fact that the resulting measure  will typically depend on θ0 ,
so that it is not uniquely defined by this construction. However, this difficulty
disappears when  is right invariant.
Lemma 4.6 If Ḡ is transitive over , and  is a right-invariant measure over Ḡ,
then  defined by (4.21) is independent of θ0 .
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Proof. If θ1 is any other point of , there exists (by the assumption of transitivity)
an element h̄ of Ḡ such that θ1 = hθ0 . Let
 (ω) = {ḡ ∈ Ḡ : ḡθ1 ∈ ω}
and let B be the subset of Ḡ given by
B = {ḡ : ḡθ0 ∈ ω}.
Then,

{ḡ : ḡ h̄ ∈ B} = {ḡ h̄−1 : ḡ ∈ B} = B h̄−1

and
 (ω) = {ḡ : ḡ h̄θ0 ∈ ω} = {ḡ h̄−1 : ḡθ0 ∈ ω}
= (B h̄−1 ) = (B) =  (ω),
where the next to last equation follows from the fact that  is right invariant.

✷

Example 4.7 Continuation of Example 4.3. The group G of Example 4.3 given
by (4.10) and (4.11) and (1.2) of Section 1 induces on = {η : −∞ < η < ∞}
the transformation
ḡη = η + ḡ
and, as we saw in Example 4.3, Lebesgue measure  is both right and left invariant
over Ḡ. For any point η0 and any subset ω of , we find
 (ω) = {ḡ ∈ Ḡ : η0 + ḡ ∈ ω} = {ḡ ∈ Ḡ : ḡ ∈ ω − η0 },
where ω−η0 denotes the set ω translated by an amount η0 . Since Lebesgue measure
of ω − η0 is the same as that of ω, it follows that  is Lebesgue measure over
regardless of the choice of η0 .
Let us now determine the Bayes estimates for this prior measure for η when the
loss function is squared error. By (1.6), the Bayes estimator of η is then (Problem
4.2)
uf (x1 − u, . . . , xn − u) du
δ(x) =
(4.22)
.
f (x1 − u, . . . , xn − u) du
This is the Pitman estimator (3.1.28) of Chapter 3, which in Theorem 1.20 of that
chapter was seen to be the MRE estimator of η.

Example 4.8 Continuation of Example 4.4. The scale group G given in Example 4.4 and by (3.2) of Section 3.3 induces on
= {τ : 0 < τ < ∞} the
transformations
(4.23)
ḡ ◦ τ = g × τ
and, as we saw in Example 4.4, the measure  with density g1 dg is both left and
right invariant over Ḡ. For any point τ0 and any subset ω of , we find
 (ω) = {ḡ ∈ Ḡ : gτ0 ∈ ω} = {ḡ ∈ Ḡ : g ∈ ω/τ0 },
where ω/τ0 denotes the set of values in ω each divided by τ0 . The change of
variables g  = τ0 g shows that



1
τ0 dg 
1 
dg =
dg =
dg ,
 dg 

g
g
g
ω/τ0
ω
ω
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and, hence, that

dτ
.
ω τ
Let us now determine the Bayes estimator of τ for this prior distribution when the
loss function is
(d − τ )2
L(τ, d) =
.
τ2
This turns out to be the Pitman estimator (3.19) of Section 3.3 with r = 1,


 (ω) =

δ(x) =

(4.24)

∞ n
0 v f (vx1 , . . . , vxn ) dv
,
∞ n+1
f (vx1 , . . . , vxn ) dv
0 v



which is also MRE (Problems 3.3.17 and 4.3).

Example 4.9 Continuation of Example 4.5. The location-scale family of distributions (3.23) of Section 3.3 remains invariant under the transformations
gx : xi = a + bxi ,

−∞ < a < ∞,

0 < b,

which induce in the parameter space
= {(η, τ ) : −∞ < η < ∞,
the transformations
(4.25)

η = aη + b,

0 < τ}

τ  = bτ.

It was seen in Example 4.5 that the left and right Haar measures 1 and 2 over
the group G = {g = (a, b) : −∞ < a < ∞, 0 < b} with group operation (4.14)
are given by the densities
1
dadb
a2

(4.26)

and

1
dadb,
a

respectively.
Let us now determine the corresponding measures over induced by (4.19). If
we describe the elements ḡ in this group by (a, b), then for any measure  over
Ḡ and any parameter point (η0 , τ0 ), the induced measure  over is given by
(4.27)

 (ω) = {(a, b) : (aη0 + b, bτ0 ) ∈ ω}.

Since a measure over the Borel sets is determined by its values over open intervals,
it is enough to calculate  (ω) for
(4.28)

ω : η1 < η < η2 ,

τ1 < τ < τ2 .

If, furthermore, we assume that  has a density λ
τ1
τ2
<a< }
 (ω) = {(a, b) : η1 − aη0 < b < η2 − aη0 ,
τ0
τ0

 τ2 /τ0  η2 −aη0
=
λ(a, b)db da.
τ1 /τ0

η1 −aη0

In this integral, let us now change variables from (a, b) to
a  = aτ0 ,

b = b + aη0 .
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The Jacobian of the transformation is

 

 ∂(a  , b )   τ0 η0 

=

 ∂(a, b)   0 1  = τ0
and we, therefore, find
 τ2 

 (ω) =
τ1



η2
η1





λ (a, b)dadb =





τ2

τ1



η2
η1

λ(a, b)

1  
da db ,
τ0



with a = a /τ0 and b = b − aη0 = b − a /τ0 . We can therefore take

 
1
a
a
λ (a  , b ) = λ
.
, b −
τ0
τ0
τ0
Now consider the following two cases:
(i) For λ(a, b) = a1 ,
(4.29)
(ii) for λ(a, b) =

λ (a  , b ) =

1 τ0
1
= ;

τ0 a
a

λ (a  , b ) =

1 τ02
1
=
.
τ0 a  2 a  2

1
,
a2

(4.30)

The Bayes estimators of η and τ corresponding to (4.29) are (Problem 4.4)
 x1 −u

∞
∞ u
, · · · , xnv−u dv du
−∞ 0 v n+3 f
v

η̂ = ∞ ∞ 1  x1 −u
(4.31)
, · · · , xnv−u dv du
−∞ 0 v n+3 f
v
and
(4.32)

τ̂ =

∞
∞ 1
−∞ 0 v n+2
∞
∞ 1
−∞ 0 v n+3

f
f

 x1 −u



, · · · , xnv−u
v
 x1 −u

, · · · , xnv−u
v

dv du
dv du

.

These turn out to be the MRE estimators of η and τ under the loss functions
(d − η)2 /τ 2 and (d − τ )2 /τ 2 , respectively.

The treatment of these three examples extends to a number of other important
cases (see, for example, Problems 4.6 and 4.7) and suggests that the Bayes estimator
with respect to the measure induced by right Haar measure over Ḡ is equivariant
and is, in fact, MRE. For conditions under which these conclusions are valid, see
Berger 1985 (Section 6.6), Robert 1994a (Section 7.4), or Schervish 1995 (Section
6.2); a special case is treated in Section 5.4. It is also worth noting that if a Haar
measure  over a group G is finite, that is, (G) < ∞, then left and right Haar
measures coincide.
At the beginning of the section, we defined invariance of a prior distribution by
(4.1) and (4.2), and the same equations define invariance of a measure over even
if it is improper. We shall now consider whether the measure  induced over
by left- or right-invariant Haar measure is invariant in this sense.
Example 4.10 Invariance of induced measures. We look at the location-scale
groups and consider invariance of the induced measures.
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(i) Location Group. We saw in Example 4.7 that left and right Haar measures 
coincide in this case and that  is Lebesgue measure which clearly satisfies
(4.2)
(ii) Scale Group. Again, left and right Haar measure  coincide, and by Example
. Since ḡ −1 (ω) = ω/ḡ, as in Example 4.4,
4.4,  (ω) = ω dτ
τ


dτ
1
=
d ḡ = (ω)
 [ḡ −1 (ω)] =
τ
ḡ
ω/ḡ
ω
so that  is invariant.
(iii) Location-Scale Group. Here, the densities induced by the left- and rightinvariant Haar measures are given by (4.30) and (4.29), respectively. Calculations similar to those of Example 4.9 show that the former is invariant but
the latter is not

The general situation is described in the following result.
Theorem 4.11 Under the assumptions of Theorem 4.1, the measure  over
induced by a measure  over Ḡ is invariant provided  is left invariant.
Proof. For any ω and θ0 ∈ , let B = {h̄ ∈ Ḡ : h̄θ0 ∈ ω}, so that  (ω) = (B).
Then, ḡB = {ḡ h̄ : h̄θ0 ∈ ω} and
 (ḡω) = (h̄ : h̄θ0 ∈ ḡω) = (h̄ : ḡ −1 h̄θ0 ∈ ω)
= (ḡ h̄ : h̄θ0 ∈ ω) = (ḡB).
Thus, (ḡω) =  (ω) if and only if (gB) = (B), and it follows that  is
invariant if and only if  is left invariant.
✷
Note that this result does not contradict the remark made after Example 4.9 to the
effect that the Bayes estimator under the prior measure induced by right-invariant
Haar measure is equivariant. A Bayes estimator can be equivariant under a prior
measure  even if  is not invariant (see Problem 4.8).
When there are no groups leaving the given family of distributions invariant, no
Haar measure is available to serve as a noninformative prior. In such situations,
transformations that utilize some (perhaps arbitrary) structure of the parameter
space may sometimes be used to deduce a form for a “noninformative” prior
(Villegas 1990). A discussion of these approaches is given by Berger 1985 (Section
3.3); see also Bernardo and Smith 1994 (Section 5.6.2).
5 Hierarchical Bayes
In a hierarchical Bayes model, rather than specifying the prior distribution as a
single function, we specify it in a hierarchy. Thus, we place another level on the
model (3.1), and write
(5.1)

X|θ ∼ f (x|θ),
|γ ∼ π(θ|γ ),
H ∼ ψ(γ ),
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where we assume that ψ(·) is known and not dependent on any other unknown
hyperparameters (as parameters of a prior are sometimes called). Note that we can
continue this hierarchical modeling and add more stages to the model, but this is
not often done in practice. The class of models (5.1) appears to be more general
than the class (3.1) since in (3.1), γ has a fixed value, but in (5.1), it is permitted to
have an arbitrary probability distribution. However, this appearance is deceptive.
Since π(θ |γ ) in (3.1) can be any fixed distribution, we can, in particular, take for it
π(θ ) = π(θ |γ )ψ(γ )dγ , which reduces the hierarchical model (5.1) to the singleprior model (3.1). However, there is a conceptual and practical advantage to the
hierarchical model, in that it allows us to model relatively complicated situations
using a series of simpler steps; that is, both π(θ|γ ) and ψ(γ ) may be of a simple
form (even conjugate), but π(θ) may be more complex. Moreover, there is often a
computational advantage to hierarchical modeling. We will illustrate both of these
points in this section.
It is also interesting to note that this process can be reversed. Starting from the
single-prior model (3.1), we can look for a decomposition of the prior π(θ) of the
form π (θ) = π (θ|γ )ψ(γ )dγ and thus create the hierarchy (5.1). Such modeling,
known as hidden Markov models, hidden mixtures, or deconvolution, has proved
very useful (Churchill 1989, Robert 1994a (Section 9.3), Robert and Casella 1998).
Given a loss function L(θ, d), we would then determine the estimator that minimizes

(5.2)
where π(θ |x) =
that
(5.3)

L(θ, d(x))π (θ |x) dθ
f (x|θ)π(θ |γ )ψ(γ ) dγ /

f (x|θ )π (θ |γ )ψ(γ ) dθ dγ . Note also


π(θ|x) =

π(θ |x, γ )π(γ |x) dγ

where π (γ |x) is the posterior distribution of H, unconditional on θ . We may then
write (5.2) as


 
(5.4)
L(θ, d(x))π (θ |x) dθ =
L(θ, d(x))π(θ|x, γ ) dθ π (γ |x) dγ ,
which shows that the hierarchical Bayes estimator can be thought of as a mixture
of single-prior Bayes estimators. (See Problems 5.1 and 5.2.)
Hierarchical models allow easier modeling of prior distributions with “flatter”
tails, which can lead to Bayes estimators with more desirable frequentist properties.
This latter end is often achieved by taking ψ(·) to be improper (see, for example,
Berger and Robert 1990, or Berger and Strawderman 1996).
Example 5.1 Conjugate normal hierarchy. Starting with the normal distribution
and modeling, each stage with a conjugate prior yields the hierarchy

(5.5)

Xi |θ ∼ N (θ, σ 2 ), σ 2 known, i = 1, . . . , n,
θ |τ ∼ N (0, τ 2 )
1
∼ Gamma(a, b), a, b known.
τ2
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The hierarchical Bayes estimator of θ under squared error loss is

E( |x) =
θπ (θ |x, τ 2 ) dθπ(τ 2 |x) dτ 2

nτ 2 x̄
(5.6)
=
π(τ 2 |x) dτ 2
nτ 2 + σ 2
= E[E( |x, τ 2 )],
which is the expectation of the single-prior Bayes estimator using the density
π (τ 2 |x). (See Problem 5.3 for the form of the posterior distributions.) Although
there is no explicit form for E( |x), calculation is not particularly difficult.

It is interesting to note that even though at each stage of the model (5.5) a
conjugate prior was used, the resulting Bayes estimator is not from a conjugate
prior (the prior π (θ|a, b) = π (θ|τ )ψ(τ |a, b)dτ is not conjugate) and is not
expressible in a simple form. Such an occurrence is somewhat commonplace in
hierarchical Bayes analysis and leads to more reliance on numerical methods.
Example 5.2 Conjugate normal hierarchy, continued. As a special case of the
model (5.5), consider the model

(5.7)

Xi |θ ∼ N (θ, σ 2 ), i = 1, . . . , p, independent,
|τ 2 ∼ N (0, τ 2 )


1
ν 2
∼ Gamma
,
.
τ2
2 ν

This leads to a Student’s t-prior distribution on
(5.8)

E[ |x̄] =

, and a posterior mean

2
2
∞
− ν+1
2
2 e −p/2σ (θ −x̄) dθ
−∞ θ(1 + θ /ν)
∞
2
2
− ν+1
2
2 e −p/2σ (θ −x̄) dθ
−∞ (1 + θ /ν)

,

which is not expressible in a simple form. Numerical evaluation of (5.8) is simple,
so calculation of this hierarchical Bayes estimator in practice poses no problem.
However, evaluation of the mean squared error or Bayes risk of (5.8) presents a
more substantial task.

In the preceding example, the hierarchical Bayes estimator was expressible as a
ratio of integrals which easily yielded to either direct calculation or simple approximation. There are other cases, however, in which a straightforward hierarchical
model can lead to very difficult problems in evaluation of a Bayes estimator.
Example 5.3 Beta-binomial hierarchy. A generalization of the standard betabinomial hierarchy is
X|p ∼ binomial (p, n),
(5.9)

p|a, b ∼ beta (a, b),
(a, b) ∼ ψ(a, b),
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leading to the posterior mean
(5.10)

E(p|x) =

where
(5.11)



1
0

p x+1 (1 − p)n−x π(p) dp

1
0

p x (1 − p)n−x π(p) dp

,

H(a + b) a−1
p (1 − p)b−1 ψ(a, b) da db.
H(a)H(b)
For almost any choice of ψ(a, b), calculation of (5.11), and hence (5.10), is quite
difficult. Indeed, there could be difficulty with numerical integration, simulation,
and approximation. Moreover, if ψ(a, b) is chosen to be improper, as is typical
in such hierarchies, the propriety of π(p|x) is not easy to verify (and often does
not obtain). George et al. (1993) provide algorithms for calculating expressions
such as (5.10), and Hobert (1994) establishes conditions for the propriety of some
resulting posterior distributions.

π (p) =

To overcome the difficulties in computing hierarchical Bayes estimators, we
need to establish either easy-to-use formulas or good approximations, in order to
further investigate their risk optimality. The approximation issue will be addressed
in the next section. In the remainder of the present section, we consider the evaluation of (3.5) using theory based on Markov chain limiting behavior (see Note 9.4
for a brief discussion). Although this theory does not result in a simple expression
for the Bayes estimators in general, it usually allows us to write expressions such
as (5.6) as a limit of simple estimators. (Technically, these computations are not
approximations, as they are exact in the limit. However, since they involve only
a finite number of computations, we think of them as approximations, but realize
that any order of precision can be achieved.) The resulting techniques, collectively
known as Markov chain Monte Carlo (MCMC) techniques (see Tanner 1996, Gilks
et al. 1996, or Robert and Casella 1998) can greatly facilitate calculation of a hierarchical Bayes estimator. One of the most popular of these methods is known as the
Gibbs sampler [brought to statistical prominence by Gelfand and Smith (1990)],
which we now illustrate.
Starting with the hierarchy (5.1), suppose we are interested in calculating the
posterior distribution π(θ|x) (or E( |x), or some other feature of the posterior
distribution). From (5.1) we calculate the full conditionals
(5.12)

|x, γ ∼ π(θ |x, γ ),
H|x, θ ∼ π(γ |x, θ ),

which are the posterior distributions of each parameter conditional on all others.
If, for i = 1, 2, . . . , M, random variables are generated according to
(5.13)

i |x, γi−1

∼ π(θ |x, γi−1 ),

Hi |x, θi ∼ π(γ |x, θi ),
this defines a Markov chain ( i , Hi ). It follows from the theory of such chains (see
Note 9.4) that there exist distributions π (θ|x) and π(γ |x) such that
(5.14)

i

L

→

∼ π(θ|x),
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L

Hi → H ∼ π(γ |x)
as i → ∞, and
(5.15)

1
M

M


h(

i)

→ E(h( )|x) =

h(θ)π (θ |x) dθ

i=1

as M → ∞. (A full development of this theory is given in Meyn and Tweedie
(1993). See also Resnick 1992 for an introduction to Markov chains and Robert
1994a for more applications to Bayesian calculation.)
It follows from (5.15) that for i generated according to (5.13), we have
(5.16)

1
M

M
i

→ E( |x),

i=1

the hierarchical Bayes estimator. (Problems 5.8 - 5.11 develop some of the more
practical aspects of this theory.)
Example 5.4 Poisson hierarchy with Gibbs sampling. As an example of a Poisson hierarchy (see also Example 6.6), consider
X|λ ∼ Poisson(λ)
(5.17)
|b ∼ Gamma(a, b), a known
1
∼ Gamma(k, τ ),
b
leading to the full conditionals


b
|x, b ∼ Gamma a + x,
(5.18)
1+b

τ 
1
|x, λ ∼ Gamma a + k,
.
b
1 + λτ
Recall that in this hierarchy, π(λ|x) is not expressible in a simple form. However,
if we simulate from (5.18), we obtain a sequence {i } satisfying

1 M
(5.19)
h(i ) → h(λ)π (λ|x) dλ = E[h(|x)].
M i=1
Alternatively, we could use a {bi } sequence and calculate

1 M
(5.20)
π (λ|x, bi ) → π(λ|x, b)π(b|x) db = π (λ|x).
M i=1

The Gibbs sampler actually yields two methods of calculating the same quantity.
For example, from the hierarchy (5.1), using the full conditionals of (5.12) and the
iterations in (5.13), we could estimate E(h( )|x) by

1 M
(i)
h( i ) → h(θ )π(θ|x) dθ = E(h( )|x)
M i=1
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(5.21)
(ii)

or by
1
M

M

[ 4.5


Eh( |x, Hi ) →

E(h( )|x, γ )π (γ |x) dγ = E(h( )|x).

i=1

Implementation of the Gibbs sampler is most effective when the full conditionals are easy to work with, and in such cases, it is often possible to calculate
E(h( )|x, Hi ) in a simple form, so (5.21)(ii) is a viable option. To see that it is
superior to (5.21)(i), write
E(h( )|x) = E[E(h( )|x, γ )]
and apply the Rao-Blackwell theorem (see Problem 5.12).
Example 5.5 Gibbs point estimation. To calculate the hierarchical Bayes estimator of λ in Example 5.4, we use

rather than (1/M)
culated by

1
M
M

i=1

M

E(|x, bi ) =

i=1

1
M

M
i=1

bi
(a + x)
1 + bi

i . Analogously, the posterior density π(λ|x) can be cal-

π̂(λ|x) =
=

1
M

M

π(λ|x, bi )

i=1

λa+x−1
MH(a + x)

M
i=1



1 + bi
bi

a+x

e

−λ

(1+bi )
bi

.


The actual implementation of the Gibbs sampler relies on Monte Carlo techniques to simulate random variables from the distributions in (5.13). Very efficient
algorithms for such simulations are available, and Robert (1994a, Appendix B)
catalogs a number of them. There are also full developments in Devroye (1985)
and Ripley (1987). (See Problems 5.14 and 5.15.)
For many problems, the simulation step is straightforward to implement on a
computer so we can take M as large as we like. This makes it possible for the
approximations to have any desired precision, with the only limiting factor being
computer time. (In this sense we are doing exact calculations.) Many applications
of these techniques are given in Tanner (1996).
As a last example, consider the calculation of the hierarchical Bayes estimator
of Example 5.2.
Example 5.6 Normal hierarchy. From (5.5), we have the set of full conditionals


τ2
σ 2τ 2
θ|x̄, τ 2 ∼ N
(5.22)
x̄,
τ 2 + nσ 2 σ 2 + nτ 2


−1
1
1 θ2 1
|
x̄,
θ
∼
Gamma
a
+
.
,
+
τ2
2
2 b
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Note that, conditional on θ, τ 2 is independent of x̄. Both of these conditional
distributions are easy to simulate from, and we thus use the Gibbs sampler to
generate a chain ( i , τi2 ), i = 1, . . . , M, from (5.22). This yields the approximation
Ẽ( |x̄) =
(5.23)

=

1
M
1
M

M
i=1

E( |x̄, τi2 )

M
i=1

τi2
x̄
τi2 + nσ 2

→ E( |x̄)
as M → ∞.



As mentioned before, one of the purposes of specifying a model in a hierarchy
is to make it possible to model more complicated phenomena in a sequence of
less complicated steps. In addition, the ordering in the hierarchy allows us both to
order the importance of the parameters and to incorporate some of our uncertainty
about the prior specification.
To be precise, in the model
(5.24)

X|θ ∼ f (x|θ),
|λ ∼ π(θ|λ),
 ∼ ψ(λ),

we tend to be more exacting in our specification of π (θ |λ), and less so in our
specification of ψ(λ). Indeed, in many cases, ψ(λ) is taken to be “flat” or “noninformative” (for example, ψ(λ) = Lebesgue measure). In practice, this leads to
heavier-tailed prior distributions π(θ), with the resulting Bayes estimators being
more robust (Berger and Robert 1990, Fourdrinier et al 1996; see also Example
5.6.7.).
One way of studying the effect that the stages of the hierarchy (5.24) have
on each other is to examine, for each parameter, the information contained in its
posterior distribution relative to its prior distribution. In effect, this measures how
much the data can tell us about the parameter, with respect to the prior distribution.
To measure this information, we can use Kullback-Leibler information (recall
Example 1.7.7), which also is known by the longer, and more appropriate name,
Kullback-Leibler information for discrimination between two densities. For densities f and g, it is defined by



f (t)
K[f, g] = log
(5.25)
f (t) dt.
g(t)
The interpretation is that as K[f, g] gets larger, it becomes easier to discriminate
between the densities f and g; that is, there is more information for discrimination.
From the model (5.24), we can assess the information between the data and the
parameter by calculating K[π(θ |x), π(θ )], where

(5.26)
π(θ ) = π(θ |λ)ψ(λ) dλ,
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π(θ|x) =

[ 4.5

f (x|θ )π (θ )
f (x|θ)π(θ )
.
=
m(x)
f (x|θ)π(θ ) dθ

By comparison, the information between the data and the hyperparameter is measured by K[π(λ|x), ψ(λ)], where
π(λ|x) =

(5.27)

f (x|θ )π (θ|λ)ψ(λ) dθ m(x|λ)ψ(λ)
=
.
m(x)
m(x)

An important result about the two measures of information for (5.26) and (5.27)
is contained in the following theorem.
Theorem 5.7 For the model (5.24),
K[π(λ|x), ψ(λ)] < K[π (θ|x), π (θ )].

(5.28)

From (5.28), we see that the distribution of the data has less effect on hyperpriors
than priors, or, turning things around, the posterior distribution of a hyperparameter
is less affected by changes in the prior than the posterior distribution of a parameter.
This provides justification of the belief that parameters that are deeper in the
hierarchy have less effect on inference.
Proof of Theorem 5.7. By definition,



π(λ|x)
K[π(λ|x), ψ(λ)] =
π(λ|x) log
(5.29)
dλ
ψ(λ)




 
π(λ|x)
π(λ|x)
=
log
ψ(λ) dλ.
ψ(λ)
ψ(λ)

Now, note that


 
π(λ|x)
f (x|θ )
=
π(θ |λ) dθ,
ψ(λ)
m(x)
or, more succinctly, π (λ|x)/ψ(λ) = E[f (x|θ )/m(x)], where the expectation is
taken with respect to π(θ |λ). We now apply Jensen’s inequality to (5.29), using
the fact that the function x log x is convex if x > 0, which leads to



  

 

π (λ|x)
π(λ|x)
f (x|θ)
f (x|θ)
log
= E
log E
ψ(λ)
ψ(λ)
m(x)
m(x)




f (x|θ)
f (x|θ )
≤E
(5.31)
log
m(x)
m(x)



 
f (x|θ)
f (x|θ )
=
log
π (θ |λ) dθ.
m(x)
m(x)
(5.30)

Substituting back into (5.29), we have
(5.32)

K[π(λ|x), ψ(λ)]



  
f (x|θ )
f (x|θ)
log
π (θ |λ)ψ(λ) dθ dλ.
≤
m(x)
m(x)


We now (of course) interchange the order of integration and notice that

f (x|θ )
(5.33)
π(θ |λ)ψ(λ) dλ = π(θ |x).
 m(x)
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f (x|θ )
m(x)
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=

π (θ |x)
π (θ )

yields (5.28). ✷

Thus, hierarchical modeling allows us to be less concerned about the exact form
of ψ(λ). This frees the modeler to choose a ψ(λ) to yield other good properties
without unduly compromising the Bayesian interpretations of the model. For example, as we will see in Chapter 5, ψ(λ) can be chosen to yield hierarchical Bayes
estimators with reasonable frequentist performance.
A full development of information measures and hierarchical models is given
by Goel and DeGroot (1979, 1981); see also Problems 5.16–5.19.
Theorem 5.7 shows how information acts within the levels of a hierarchy, but
does not address the, perhaps, more basic question of assessing the information
provided by a prior distribution in a particular model. Information measures, such
as K[f, g], can also be the basis of answering this latter question. If X ∼ f (x|θ )
and ∼ π(θ), then prior distributions that have a large effect on π (θ|x) should
produce small values of K[π(θ |x), π(θ)], since the prior and posterior distributions
will be close together. Alternatively, prior distributions that have a small effect
on π (θ|x) should produce large values of K[π(θ|x), π (θ )], as the posterior will
mainly reflect the sampling density. Thus, we may seek to find a prior π (θ ) that
produces the maximum value of K[π(θ |x), π (θ )]. We can consider such a prior to
have the least influence on f (x|θ ) and, hence, to be a default, or noninformative,
prior.
The above is an informal description of the approach to the construction of a
reference prior, initiated by Bernardo (1979) and further developed and formalized
by Berger and Bernardo (1989, 1992). [See also Robert 1994a, Section 3.4]. This
theory is quite involved, but approximations due to Clarke and Barron (1990, 1994)
and Clarke and Wasserman (1993) shed some interesting light on the problem. First,
we cannot directly use K[π(θ |x), π(θ)] to derive a prior distribution, because it is
a function of x. We, thus, consider its expected value with respect to the marginal
distribution of X, the Shannon information

S(π ) = K[π(θ|x), π(θ)]mπ (x) dx,
(5.34)
where mπ (x) = f (x|θ )π(θ) dθ is the marginal distribution. The reference prior
is the distribution that maximizes S(π).
The following theorem is due to Clarke and Barron (1990).
Theorem 5.8 Let X1 , . . . , Xn be an iid sample from f (x|θ ), and let Sn (π ) denote
the Shannon information of the sample. Then, as n → ∞,

k
n
|I (θ)|1/2
(5.35)
+ π(θ ) log
dθ + o(1)
Sn (π ) = log
2
2πe
π(θ )
where k is the dimension of θ and I (θ ) is the Fisher information

 2
∂
log
f
(X|θ
)
.
I (θ) = −E
∂θ 2
As the integral in the expansion (5.35) is the only term involving the prior π (θ ),
maximizing that integral will maximize the expansion. Provided that |I (θ)|1/2 is
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integrable, Corollary 1.7.6 shows that π (θ ) = |I (θ)|1/2 is the appropriate choice.
This is the Jeffreys prior, which was discussed in Section 4.1.
Example 5.9 Binomial reference prior. For X1 , . . . , Xn iid as Bernoulli(θ), we
have
 2

∂
n
I (θ) = −E
(5.36)
,
log
f
(X|θ
)
=
∂θ 2
θ(1 − θ )
which yields the Jeffreys prior π(θ) ∝ [θ(1 − θ )]−1/2 . This is also the prior that
maximizes the integral in Sn (π) and, in that sense, imparts the least information
on f (x|θ ). A formal reference prior derivation also shows that the Jeffreys prior is
the reference prior.

In problems where there are no nuisance parameters, the Jeffreys and reference
priors agree, even when they are improper. In fact, the reference prior approach
was developed to deal with the nuisance parameter problem, as the Fisher information approach gave no clear-cut guidelines as to how to proceed in that case.
Reference prior derivations for nuisance parameter problems are given by Berger
and Bernardo (1989, 1992a, 1992b) and Polson and Wasserman (1990). See also
Clarke and Wasserman (1993) for an expansion similar to (5.35) that is valid in
the nuisance parameter case.
6 Empirical Bayes
Another generalization of single-prior Bayes estimation, empirical Bayes estimation, falls outside of the formal Bayesian paradigm. However, it has proven to
be an effective technique of constructing estimators that perform well under both
Bayesian and frequentist criteria. One reason for this, as we will see, is that empirical Bayes estimators tend to be more robust against misspecification of the prior
distribution.
The starting point is again the model (3.1), but we now treat γ as an unknown
parameter of the model, which also needs to be estimated. Thus, we now have two
parameters to estimate, necessitating at least two observations. We begin with the
Bayes model
(6.1)

Xi |θ ∼ f (x|θ ),
|γ ∼ π(θ |γ ).

i = 1, . . . , p,

and calculate the marginal distribution of X, with density
 
m(x|γ ) =
f (xi |θ )π(θ|γ ) dθ.
(6.2)
Based on m(x|γ ), we obtain an estimate, γ̂ (x), of γ . It is most common to take
γ̂ (x) to be the MLE of γ , but this is not essential. We now substitute γ̂ (x) for γ in
π (θ|γ ) and determine the estimator that minimizes the empirical posterior loss

(6.3)
L(θ, δ(x))π(θ |x, γ̂ (x)) dθ.
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This minimizing estimator is the empirical Bayes estimator.
An alternative definition is obtained by substituting γ̂ (x) for γ in the Bayes
estimator. Although, mathematically, this is equivalent to the definition given here
(see Problem 6.1), it is statistically more satisfying to define the empirical Bayes
estimator as minimizing the empirical posterior loss (6.3).
Example 6.1 Normal empirical Bayes. To calculate an empirical Bayes estimator for the model (5.7) of Example 5.2, rather than integrate over the prior for τ 2 ,
we estimate τ 2 . We determine the marginal distribution of X (see Problem 6.4),
 
n
2
m(x|τ ) =
f (xi |θ )π(θ|τ 2 ) dθ
(6.4)
i=1

=

1
2
1
1
e− 2σ 2 (xi −x̄)
2
n/2
(2πσ )
(2πτ 2 )1/2
 ∞
1 θ2
n
2
×
e− 2σ 2 (x̄−θ) e− 2 τ 2 dθ

−∞

1
1
=
n/2
(2π) σ n



σ2
σ 2 + nτ 2



1/2
e

− 21

(xi −x̄)2
σ2

+

nx̄ 2
σ 2 +nτ 2



.

(Note the similarity to the density (2.13) in the one-way random effects model.)
From this density, we can now estimate τ 2 using maximum likelihood (or some
other estimation method). Recalling that we are assuming σ 2 is known, we find
the MLE of σ 2 + nτ 2 given by σ 2 5
+ nτ 2 = max{σ 2 , nx̄ 2 }. Substituting into the
single-prior Bayes estimator, we obtain the empirical Bayes estimator

(6.5)



σ2
E( |x̄, τ̂ ) = 1 −
x̄
σ 25
+ nτ 2


σ2
= 1−
x̄.
max{σ 2 , nx̄ 2 }


It is tempting to ask whether the empirical Bayes estimator is ever a Bayes
estimator; that is, can we consider π(θ|x, γ̂ (x)) to be a “legitimate” posterior
density, in that it be derived from a real prior distribution? The answer is yes, but
the prior distribution that leads to such a posterior may sometimes not be proper
(see Problem 6.2).
We next consider an example that illustrates the type of situation where empirical
Bayes estimation is particularly useful.
Example 6.2 Empirical Bayes binomial. Empirical Bayes estimation is best
suited to situations in which there are many problems that can be modeled simultaneously in a common way. For example, suppose that there are K different
groups of patients, where each group has n patients. Each group is given a different
treatment for the same illness, and in the kth group, we count Xk , k = 1, . . . , K, the
number of successful treatments out of n. Since the groups receive different treatments, we expect different success rates; however, since we are treating the same
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illness, these rates should be somewhat related to each other. These considerations
suggest the hierarchy
(6.6)

Xk ∼ binomial(pk , n),
pk ∼ beta(a, b),
k = 1, . . . , K,

where the K groups are tied together by the common prior distribution. As in
Example 1.5, the single-prior Bayes estimator of pk under squared error loss is
a + xk
δ π (xk ) = E(pk |xk , a, b) =
(6.7)
.
a+b+n
In Example 1.5, a and b are assumed known and all calculations are straightforward. In the empirical Bayes model, however, we consider these hyperparameters
unknown and estimate them. To construct an empirical Bayes estimator, we first
calculate the marginal distribution

 1
 1
K 
n
m(x|a, b) =
pkxk (1 − pk )n−xk
···
xk
0
0
k=1

(6.8)

H(a + b) a−1
p (1 − pk )b−1 dpk
×
H(a)H(b) k

K 

n H(a + b)H(a + xk )H(n − xk + b)
=
,
xk
H(a)H(b)H(a + b + n)
k=1

a product of beta-binomial distributions. We now proceed with maximum likelihood estimation of a and b based on (6.8). Although the MLEs â and b̂ are not
expressible in closed form, we can calculate them numerically and construct the
empirical Bayes estimator
(6.9)

δ π̂ (xk ) = E(pk |xk , â, b̂) =

â + xk
â + b̂ + n

.

The Bayes risk of E(pk |xk , â, b̂) is only slightly higher than that of the Bayes
estimator (6.7), and is given in Table 6.1. For comparison, we also include the
Bayes risk of the unbiased estimator x/n. The first three rows correspond to a
prior mean of 1/2, with decreasing prior variance. Notice how the risk of the
empirical Bayes estimator is between that of the Bayes estimator and that of X/n.


As Example 6.2 illustrates, and as we will see later in this chapter (Section 7),
the Bayes risk performance of the empirical Bayes estimator is often “robust”; that
is, its Bayes risk is reasonably close to that of the Bayes estimator no matter what
values the hyperparameters attain.
We next turn to the case of exponential families, and find that a number of
the expressions developed in Section 3 are useful in evaluating empirical Bayes
estimators. In particular, we find an interesting representation for the risk under
squared error loss.
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Table 6.1. Bayes Risks for the Bayes, Empirical Bayes, and Unbiased Estimators of Example
6.2, where K = 10 and n = 20
Prior Parameters
Bayes Risk
x/n
a
b
δ π of (6.7) δ π̂ of (6.9)
2
6
20
3
9
30

2
6
20
1
3
10

.0833
.0721
.0407
.0625
.0541
.0305

.0850
.0726
.0407
.0641
.0565
.0326

.1000
.1154
.1220
.0750
.0865
.0915

For the situation of Corollary 3.3, using a prior π(η|λ), where λ is a hyperparameter, the Bayes estimator of (3.12) becomes
(6.10)

E(ηi |x, λ) =

∂
∂
log m(x|λ) −
log h(x)
∂xi
∂xi

where m(x|λ) = pη (x)π(η|λ) dη is the marginal distribution. Simply substituting
an estimate of λ, λ̂(x) into (6.10) yields the empirical Bayes estimator


∂
∂
E(ηi |x, λ̂) =
(6.11)
log m(x|λ)
−
log h(x).
∂xi
∂x
i
λ=λ̂(x)
If λ̂ is, in fact, the MLE of λ based on m(x|λ), then the empirical Bayes estimator
has an alternate representation.
Theorem 6.3 For the situation of Corollary 3.3, with prior distribution π (η|λ),
suppose λ̂(x) is the MLE of λ based on m(x|λ). Then, the empirical Bayes estimator
is
∂
∂
(6.12)
log m(x|λ̂(x)) −
log h(x).
E(ηi |x, λ̂) =
∂xi
∂xi
Proof. Recall from calculus that if f (·, ·) and g(·) are differentiable functions,
then




∂
∂
d


(6.13)
+
.
f (x, g(x)) = g (x) f (x, y)
f (x, y)
dx
∂y
∂x
y=g(x)
y=g(x)
Applying this to m(x|λ̂(x)) shows that



∂
∂
∂
log m(x|λ̂(x)) =
λ̂(x)
log m(x|λ)
∂xi
∂xi
∂λ
λ=λ̂(x)


∂
+
log m(x|λ)
∂xi
λ=λ̂(x)


∂
=
log m(x|λ)
∂xi
λ=λ̂(x)

because (∂/∂λ) log m(x|λ) is zero at λ = λ̂(x). Hence, the empirical Bayes estimator is equal to (6.12).
✷
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Thus, for estimating the natural parameter of an exponential family, the empirical Bayes estimator (using the marginal MLE) can be expressed in the same form
as a formal Bayes estimator. Here we use the adjective formal to signify a mathematical equivalence, as the function m(x|λ̂(x)) may not correspond to a proper
marginal density. See Bock (1988) for some interesting results and variations on
these estimators.
Example 6.4 Normal empirical Bayes, µ unknown. Consider the estimation of
θi in the model of Example 3.4,
(6.14)
(6.15)

Xi |θi ∼ N (θi , σ 2 ),
2
i ∼ N (µ, τ ),

i = 1, . . . , p, independent,
i = 1, . . . , p, independent,

where µ is unknown. We can use Theorem 6.3 to calculate the empirical Bayes
estimator, giving


∂
∂
2
log m(x|µ̂) −
h(x)
E( i |x, µ̂) = σ
∂xi
∂xi
where µ̂ is the MLE of µ from
m(x|µ) =

1
− 21 2 (xi −µ)2
2(σ +τ )
e
.
[2π (σ 2 + τ 2 )]p/2

Hence, µ̂ = x̄ and
∂
∂
log m(x|µ̂) =
∂xi
∂xi




−1
2
.
−
x̄)
(x
i
2(σ 2 + τ 2 )

This yields the empirical Bayes estimator
τ2
σ2
xi + 2
x̄,
2
+τ
σ + τ2
which is the Bayes estimator under the prior π (θ|x̄).
An advantage of the form (6.12) is that it allows us to represent the risk of the
empirical Bayes estimator in the form specified by (3.13). The risk of the empirical
Bayes estimator (6.12) is given by
E(

i |x, µ̂)

=

σ2

R[η, E(η|X, λ̂(X))] = R[η, −∇ log h(X)]
p

∂2
log m(X| λ̂(X)]
∂Xi2
i=1

2 
∂
.
+
log m[X|λ̂(X)]
∂Xi

(6.16)

+

Eη 2

Using the MLE µ̂(x̄) = x̄, differentiating the log of m(x|µ̂(x)), and substituting
into (6.12) shows (Problem 6.10) that
R[η, E{η|X, µ̂(X)}] = p/σ 2
−

2(p − 1)2
p−1
+
2
2
p(σ + τ ) p(σ 2 + τ 2 )2

p

Eη (Xi − X̄)2 .
i=1
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Table 6.2. Values of the Hierarchical Bayes (HB)(5.8) and Empirical Bayes (EB) Estimate
(6.5).
Value of x̄
ν

.5

2

5

10

2
10
30
∞

.27
.26
.25
.25

1.22
1.07
1.02
1.00

4.36
3.34
2.79
2.50

9.69
8.89
7.30
5.00

EB

0

1.50

4.80

9.90


As mentioned at the beginning of this section, empirical Bayes estimators can
also be useful as approximations to hierarchical Bayes estimators. Since we often
have simpler expressions for the empirical Bayes estimator, if its behavior is close
to that of the hierarchical Bayes estimator, it becomes a reasonable substitute (see,
for example, Kass and Steffey 1989).
Example 6.5 Hierarchical Bayes approximation. Both Examples 5.2 and 6.1
consider the same model, where in Example 5.2 the hierarchical Bayes estimator
(5.8) averages over the hyperparameter, and in Example 6.1 the empirical Bayes
estimator (6.5) estimates the hyperparameter. A small numerical comparison in
Table 6.2 suggests that the empirical Bayes estimator is a reasonable, but not
exceptional, approximation to the hierarchical Bayes estimator.
The approximation, of hierarchical Bayes by empirical Bayes, is best for small
values of ν [defined in (5.7)] and deteriorates as ν → ∞. At ν = ∞, the hierarchical
Bayes estimator becomes a Bayes estimator under a N (0, 1) prior (see Problem
6.11). Notice that, even though (6.5) provides us with a simple expression for an
estimator, it still requires some work to evaluate the mean squared error, or Bayes
risk, of (6.5). However, it is important to do so to obtain an overall picture of the
performance of the estimator (Problem 6.12).

Although the (admittedly naive) approximation in Example 6.5 is not very accurate, there are other situations where the empirical Bayes estimator, or slight
modifications thereof, can provide a good approximation to the hierarchical Bayes
estimator. We now look at some of these situations.
For the general hierarchical model (5.1), the Bayes estimator under squared
error loss is

(6.17)
E( |x) = θπ (θ |x) dθ
which can be written
(6.18)

E( |x) =

 
θπ (θ |x, γ )π(γ |x) dγ dθ
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=

E( |x, γ )π(γ |x) dγ

where
π(γ |x) =

(6.19)
with
(6.20)

m(x|γ )ψ(γ )
m(x)


m(x|γ ) =
m(x) =



f (x|θ)π (θ|γ ) dθ,
m(x|γ )ψ(γ ) dγ .

Now, suppose that π (γ |x) is quite peaked around its mode, γ̂π . We might then
consider approximating E( |x) by E( |x, γ̂π ). Moreover, if ψ(γ ) is relatively
flat, as compared to m(x|γ ), we would expect π (γ |x) ≈ m(x|γ ) and γ̂π ≈ γ̂ ,
the marginal MLE. In such a case, E( |x, γ̂π ) would be close to the empirical
Bayes estimator E( |x, γ̂ ), and hence the empirical Bayes estimator is a good
approximation to the hierarchical Bayes estimator (Equation 5.4.2).
Example 6.6 Poisson hierarchy. Although we might expect the empirical Bayes
and hierarchical Bayes estimators to be close if the hyperparameter has a flat-tailed
prior, they will, generally, not be equal unless that prior is improper. Consider the
model
(6.21)

Xi ∼ Poisson (λi ), i = 1, . . . , p, independent,
λi ∼ Gamma(a, b), i = 1, . . . , p, independent, a known.

The marginal distribution of Xi is
 ∞ −λi xi
e λi
1
m(xi |b) =
λa−1 e−λi /b dλi
a i
x
!
H(a)b
i
0


1 −(xi +a)
H(xi + a) 1
1+
=
xi !H(a) ba
b

 xi 
a

b
1
xi + a − 1
=
,
a−1
b+1
b+1
a negative binomial distribution. Thus,

 p 

 xi + a − 1   b  xi  1 pa
m(x|b) =
(6.22)
a−1
b+1
b+1
i=1

and the marginal MLE of b is b̂ = x̄/a. From (6.21), the Bayes estimator is
b
(a + xi )
b+1
and, hence, the empirical Bayes estimator is
(6.23)

E(λi |xi , b) =

(6.24)

E(λi |xi , b̂) =

x̄
(a + xi ).
x̄ + a
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If we add a prior ψ(b) to the hierarchy (6.21), the hierarchical Bayes estimator can
be written

E(λi |x) = E(λi |xi , b)π(b|x) db
(6.25)
where

px̄ 
pa
1
b
ψ(b)
b+1
b+1
.
π(b|x) =

px̄ 
pa
b
1
∞
ψ(b) db
0
b+1
b+1


(6.26)

From examination of the hierarchy (6.21), a choice of ψ(b) might be an inverted
gamma, as this would be conjugate for λi . However, these priors will not lead to
a simple expression for E(λi |x̄) (although they may lead to good estimators). In
general, however, we are less concerned that the hyperprior reflect reality (which
is a concern for the prior), since the hyperprior tends to have less influence on
our ultimate inference (Theorem 5.7). Thus, we will often base the choice of the
hyperprior on convenience.
Let us, therefore, choose as prior for b an F -distribution,
ψ(b) ∝

(6.27)

bα−1
(1 + b)α+β

which is equivalent to putting a beta(α, β) prior on b/(1 + b). The denominator of
π(b|x) in (6.26) is
px̄ 
pa
 ∞
bα−1
b
1
db
b+1
b+1
(1 + b)α+β
0


 1
b
=
t px̄+α−1 (1 − t)pa+β−1 dt
t=
(6.28)
1+b
0
H(p x̄ + α)H(pa + β)
=
,
H(p x̄ + pa + α + β)
and (6.23), (6.26), and (6.28) lead to the hierarchical Bayes estimator

E(λi |x) = E(λi |x, b)π(b|x) db
H(p x̄ + pa + α + β)
(a + xi )
H(p x̄ + α)H(pa + β)
px̄+1 
pa
 ∞
bα−1
b
1
×
db
b+1
b+1
(1 + b)α+β
0



H(p x̄ + pa + α + β)
H(p x̄ + α + 1)H(pa + β)
=
(a + xi )
H(p x̄ + α)H(pa + β)
H(p x̄ + pa + α + β + 1)


p x̄ + α
=
(a + xi ).
p x̄ + pa + α + β
=

(6.29)

The hierarchical Bayes estimator will therefore be equal to the empirical Bayes
estimator when α = β = 0. This makes ψ(b) ∝ (1/b) an improper prior. However,
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the calculation of π(b|x) from (6.26) and E(λi |x) from (6.29) will still be valid.
(This model was considered by Deely and Lindley (1981), who termed it Bayes
Empirical Bayes.)
To further see how the empirical Bayes estimator is an approximation to the
hierarchical Bayes estimator, write
p x̄ + α
x̄
β
=
−
p x̄ + pa + α + β x̄ + a
p(x̄ + a)
paα + paβ + αβ
+
p 2 (x̄ + a)2
2aαβ
− 2
+ ··· .
p (x̄ + a)3
This shows that the empirical Bayes estimator is the leading term in a Taylor series
expansion of the hierarchical Bayes estimator, and we can write
 
1
E(λi |x) = E(λi |xi , b̂) + O
(6.30)
.
p
Estimators of the form (6.29) are similar to those developed by Clevenson and
Zidek (1975) for estimation of Poisson means. The Clevenson-Zidek estimators,
which have a = 0 in (6.29), are minimax estimators of λ (see Section 5.7).

If interest centers on obtaining an approximation to a hierarchical Bayes estimator, a more direct route would be to look for an accurate approximation to the
integral in (6.17). When such an approximation coincides with the empirical Bayes
estimator, we can safely consider the empirical Bayes estimator as an approximate
hierarchical Bayes estimator.
Example 6.7 Continuation of Example 5.2. In Example 5.2, the hierarchical
Bayes estimator (5.5.8) was approximated by the empirical Bayes estimator (5.6.5).
If, instead, we seek a direct approximation to (5.5.8), we might start with the Taylor
expansion of (1 + θ 2 /ν)−(ν+1)/2 around x̄
(6.31)

1
(1 +

θ 2 /ν)(ν+1)/2

=

1
x̄ 2 /ν)(ν+1)/2

(1 +
ν+1
x̄
−
(θ − x̄) + O[(θ − x̄)−2 ],
ν (1 + x̄ 2 /ν)(ν+3)/2

and using this in the numerator and denominator of (5.5.8) yields the approximation
(Problem 6.15)




(ν + 1)σ 2
1
Ê( |x) = 1 −
(6.32)
.
x̄
+
O
p(ν + x̄ 2 )
p 3/2
Notice that the approximation is equal to the empirical Bayes estimator if ν = 0, an
extremely flat prior! The approximation (6.32) is better than the empirical Bayes
estimator for large values of ν, but worse for small values of ν.

The approximation (6.32) is a special case of a Laplace approximation (Tierney
and Kadane 1986). The idea behind the approximation is to carry out a Taylor
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series expansion of the integrand around an MLE, which can be summarized as
6

2π −nh(λ̂)
.
b(λ)e−nh(λ) dλ = b(λ̂)
e
(6.33)
.
nh (λ̂)
Here, h(λ̂) is the unique minimum of h(λ); that is, λ̂ is the MLE based on a
likelihood proportional to e−nh(λ) . (See Problem 6.17 for details.) In applying
(6.33) to a representation like (6.18), we obtain

E( |x) = E( |x, λ)π(λ|x) dλ

1/n
= E( |x, λ)en log π (λ|x) dλ
(6.34)


√
2π π(λ̂|x)
.
E( |x, λ̂)
=
∂2
− ∂λ
2 log π(λ|x)|λ=λ̂
where λ̂ is the mode of π(λ|x). Thus, E( |x, λ̂) in (6.34) will be the empirical
Bayes estimator if π (λ|x) ∝ m(x|λ), that is, if ψ(λ) = 1. Moreover, the expression
in square brackets in (6.34) is equal to 1 if π(λ|x) is normal with mean λ̂ and
variance equal to the inverse of the observed Fisher information (see Problem
6.17).
Both the hierarchical and empirical Bayes approach are generalizations of singleprior Bayes analysis. In each case, we generalize the single prior to a class of priors.
Hierarchical Bayes then averages over this class, whereas empirical Bayes chooses
a representative member. Moreover, we have considered the functional forms of
the prior distribution to be known; that is, even though and γ are unknown,
π(θ|γ ) and ψ(γ ) are known.
Another generalization of single-prior Bayes analysis is robust Bayes analysis,
where the class of priors is treated differently. Rather than summarize over the
class, we allow the prior distribution to vary through it, and examine the behavior
of the Bayes procedures as the prior varies. Moreover, the assumption of knowledge
of the functional form is relaxed. Typically, a hierarchy like (3.1) is used, and a
class of distributions for π(·|·) is specified. For example, a popular class of prior
distributions for is given by an ε-contamination class
(6.35)

O = {π(θ |λ) : π(θ|λ) = (1 − ε)π0 (θ|λ) + εq(θ ), q ∈ Q}

where π0 (θ |λ) is a specified prior (sometimes called the root prior) and q is
any distribution in a class Q. [Here, Q is sometimes taken to be the class of
all distributions, but more restrictive classes can often provide estimators and
posterior distributions with desirable properties. See, for example, Berger and
Berliner 1986. Also, Mattner (1994) showed that for densities specified in the form
of ε-contamination classes, the order statistics are complete. See Note 1.10.5.)
Using (6.35), we then proceed in a formal Bayesian way, and derive estimators
based on minimizing posterior expected loss resulting from a prior π ∈ O, say
π ∗ . The resulting estimator, say δ π ∗ , is evaluated using measures that range over
all π ∈ O, to assess the robustness of δ π ∗ against misspecification of the prior.
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For example, one might consider robustness using the posterior expected loss, or
robustness using the Bayes risk. In this latter case, we might look at (Berger 1985,
Section 4.7.5)
sup r(π, δ)
(6.36)
π ∈O

and, perhaps, choose an estimator δ that minimizes this quantity. If the loss is
squared error, then for any estimator δ, we can write (Problem 6.2)
r(π, δ) = r(π, δ π ) + E(δ − δ π )2 ,

(6.37)

where δ π is the Bayes estimator under π. From (6.37), we see that a robust Bayes
estimator is one that is “close” to the Bayes estimators for all π ∈ O. An ultimate
goal of robust Bayes analysis is to find a prior π ∗ ∈ O for which δ π ∗ can be
considered to be robust.
Example 6.8 Continuation of Example 3.1. To obtain a robust Bayes estimator
of θ , consider the class of priors
(6.38)

O = {π : π(θ ) = (1 − ε)π0 (θ|τ0 ) + εq(θ )}

where π0 = N (θ, τ02 ), τ0 is specified, and q(θ) = π (θ |τ 2 )π (τ 2 |a, b)dτ 2 , as in
Problem 6.3(a). The posterior density corresponding to a distribution π ∈ O is
given by
π(θ|x) = λ(x)π0 (θ|x̄, τ0 ) + (1 − λ(x))q(θ |x, a, b)
(6.39)
where λ(x) is given by
(6.40)

λ(x) =

(1 − ε)mπ0 (x̄|τ0 )
(1 − ε)mπ0 (x̄|τ0 ) + εmq (x|a, b)

(see Problem 5.3). Using (6.39) and (6.40), the Bayes estimator for θ under squared
error loss is
(6.41)

E( |x, τ0 , a, b) = λ(x)E( |x̄, τ0 ) + (1 − λ(x))E( |x, a, b),

a convex combination of the single-prior and hierarchical Bayes estimators, with
the weights dependent on the marginal distribution. A robust Bayes analysis would
proceed to evaluate the behavior (i.e., robustness) of this estimator as π ranges
though O.

7 Risk Comparisons
In this concluding section, we look, in somewhat more detail, at the Bayes risk
performance of some Bayes, empirical Bayes, and hierarchical Bayes estimators.
We will also examine these risks under different prior assumptions, in the spirit of
robust Bayes analysis.
Example 7.1 The James-Stein estimator. Let X have a p-variate normal distribution with mean θ and covariance matrix σ 2 I , where σ 2 is known; X ∼ Np (θ , σ 2 I ).
We want to estimate θ under sum-of-squared-errors loss
p

L[θ , δ(x)] = |θ − δ(x)|2 =

(θi − δi (x))2 ,
i=1
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using a prior distribution ∼ N (0, τ 2 I ), where τ 2 is assumed to be known.
The Bayes estimator of θ is δ τ (x) = [τ 2 /(σ 2 + τ 2 )]x, x being the vector of
componentwise Bayes estimates. It is straightforward to calculate its Bayes risk
r(τ, δ τ ) =

(7.1)

pσ 2 τ 2
.
σ2 + τ2

An empirical Bayes approach to this problem would replace τ 2 with an estimate
from the marginal distribution of x,
(7.2)

m(x|τ 2 ) =

[2π(σ 2

1
− 1 x 2
e 2(σ 2 +τ 2 ) i .
2
p/2
+ τ )]

Although, for the most part, we have used maximum likelihood to estimate the
hyperparameters in empirical Bayes estimators, unbiased estimation provides an
alternative. Using the unbiased estimator of τ 2 /(σ 2 + τ 2 ), the empirical Bayes
estimator is (Problem 7.1)


(p − 2)σ 2
δ J S (x) = 1 −
(7.3)
x,
|x|2


the James-Stein estimator.

This estimator was discovered by Stein (1956b) and later shown by James and
Stein (1961) to have a smaller mean squared error than the maximum likelihood
estimator X for all θ . Its empirical Bayes derivation can be found in Efron and
Morris (1972a).
Since the James-Stein estimator (or any empirical Bayes estimator) cannot attain
as small a Bayes risk as the Bayes estimator, it is of interest to see how much larger
its Bayes risk r(τ, δ J S ) will be. This, in effect, tells us the penalty we are paying
for estimating τ 2 .
As a first step, we must calculate r(τ, δ J S ), which is made easier by first obtaining
an unbiased estimate of the risk R(θ , δ J S ). The integration over θ then becomes
simple, since the integrand becomes constant in θ .
Recall Theorem 3.5, which gave an expression for the risk of a Bayes estimator
of the form (3.3.12). In the normal case, we can apply the theorem to a fairly wide
class of estimators to get an unbiased estimator of the risk.
Corollary 7.2 Let X ∼ Np (θ , σ 2 I ), and let the estimator δ be of the form
δ(x) = x − g(x),
where g(x) = {gi (x)} is differentiable. If Eθ |(∂/∂Xi )gi (X)| < ∞ for i = 1, . . . , p,
then
(7.4)

R(θ , δ) = Eθ |θ − δ(X)|2

p

= pσ 2 + Eθ |g(X)|2 − 2σ 2

Eθ
i=1

Hence,
(7.5)

p

R̂(δ(x)) = pσ 2 + |g(x)|2 − 2σ 2
i=1

∂
gi (X).
∂Xi

∂
gi (x)
∂xi
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is an unbiased estimator of the risk R(θ , δ).
Proof. In the notation of Theorem 3.5, in the normal case −∂/∂xi log h(x) =
xi /σ 2 , and the result now follows by identifying g(x) with ∇ log m(x), and some
calculation. See Problem 7.2.
✷
2
2
For the James-Stein estimator (7.3), we have g(x) = (p − 2)σ x/|x| ; hence,


(p − 2)2 σ 4
JS
2
R(θ , δ ) = pσ + Eθ
|X|2


p
∂ (p − 2)σ 2 Xi
Eθ
−2σ 2
∂Xi
|X|2
i=1
(7.6)

1
|X|2
 2

|X| − 2Xi2
Eθ
|X|4

= pσ 2 + (p − 2)2 σ 4 Eθ
p

−2(p − 2)σ 4
i=1

= pσ − (p − 2)2 σ 4 Eθ
2

1
,
|X|2

so R̂(δ J S (x)) = pσ 2 − (p − 2)2 σ 4 /|x|2 .
Example 7.3 Bayes risk of the James-Stein estimator. Under the model of Example 7.1, the Bayes risk of δ J S is

r(τ, δ J S ) =
R(θ , δ J S )π(θ ) dθ

  
(p − 2)2 σ 4
2
=
pσ −
f (x|θ )π (θ ) dx dθ
|x|2
X

"
  
(p − 2)2 σ 4
2
pσ −
π(θ |x) dθ m(x) dx,
=
|x|2
X
where we have used (7.6), and changed the order of integration. Since the integrand
is independent of θ , the inner integral is trivially equal to 1, and
1
.
|X|2
Here, the expected value is over the marginal distribution of X (in contrast to (7.6),
where the expectation is over the conditional distribution of X|θ ).
Since, marginally, E p−2
= σ 2 1+τ 2 , we have
|X|2
(7.7)

r(τ, δ J S ) = pσ 2 − (p − 2)2 σ 4 E

(p − 2)σ 4
σ2 + τ2
2 2
pσ τ
2σ 4
(7.8)
= 2
+
σ + τ2 σ2 + τ2
2σ 4
= r(τ, δ τ ) + 2
.
σ + τ2
Here, the second term represents the increase in Bayes risk that arises from estimating τ 2 .

r(τ, δ J S ) = pσ 2 −
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It is remarkable that δ J S has a reasonable Bayes risk for any value of τ 2 , although
the latter is unknown to the experimenter. This establishes a degree of Bayesian
robustness of the empirical Bayes estimator. Of course, the increase in risk is a
function of σ 2 and can be quite large if σ 2 is large. Perhaps a more interesting
comparison is obtained by looking at the relative increase in risk
r(τ, δ J S ) − r(τ, δ τ ) 2 σ 2
.
=
r(τ, δ τ )
p τ2
We see that the increase is a decreasing function of the ratio of the sample-toprior variance and goes to 0 as σ 2 /τ 2 → 0. Thus, the risk of the empirical Bayes
estimator approaches that of the Bayes estimator as the sampling information gets
infinitely better than the prior information.
Example 7.4 Bayesian robustness of the James-Stein estimator. To further explore the robustness of the James-Stein estimator, consider what happens to the
Bayes risk if the prior used to calculate the Bayes estimator is different from the
prior used to evaluate the Bayes risk (a classic concern of robust Bayesians).
For the model in Example 7.1, suppose we specify a value of τ , say τ0 . The
Bayes estimator , δ τ0 , is given by δ τ0 (xi ) = [τ02 /(τ02 + σ 2 )]xi . When evaluating the
Bayes risk, suppose we let the prior variance take on any value τ 2 , not necessarily
equal to τ02 . Then, the Bayes risk of δ τ0 is (Problem 7.4)

2

2
τ02
σ2
τ0
2
2
(7.9)
+ pτ
,
r(τ, δ ) = pσ
τ02 + σ 2
τ02 + σ 2
which is equal to the single-prior Bayes risk (7.1) when τ0 = τ . However, as
τ 2 → ∞, r(τ, δ τ0 ) → ∞, whereas r(τ, δ τ ) → pσ 2 .
In contrast, the Bayes risk of δ J S , given in (7.8), is valid for all τ with r(τ, δ J S ) →
pσ 2 as τ 2 → ∞. Thus, the Bayes risk of δ J S remains finite for any prior in the
class, demonstrating robustness.

In constructing an empirical Bayes estimator in Example 7.1, the use of unbiased
estimation of the hyperparameters led to the James-Stein estimator. If, instead, we
had used maximum likelihood, the resulting empirical Bayes estimator would have
been (Problem 7.1)
+

pσ 2
+
δ (x) = 1 −
(7.10)
x,
|x|2
where (a)+ = max{0, a}. Such estimators are known as positive-part Stein estimators.
A problem with the empirical Bayes estimator (7.3) is that when |x|2 is small
(less than (p − 2)σ 2 ), the estimator has the “wrong sign”; that is, the signs of the
components of δ J S will be opposite those of the Bayes estimator δ τ . This does
not happen with the estimator (7.10), and as a result, estimators like (7.10) tend to
have improved Bayes risk performance.
Estimators such as (7.3) and (7.10) are called shrinkage estimators, since they
tend to shrink the estimator X toward 0, the shrinkage target. Actually, of the two,
only (7.10) completely succeeds in this effort since the shrinkage factor 1 − (p −
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2)σ 2 /|x|2 may take on negative (and even very large negative) values. Nevertheless,
the terminology is used to cover also (7.3). The following theorem is due to Efron
and Morris (1973a).
Theorem 7.5 Let X ∼ Np (θ , σ 2 I ) and θ ∼ Np (0, τ 2 I ), with loss function
L(θ , δ) = |θ − δ|2 . If δ(x) is an estimator of the form
δ(x) = [1 − B(x)]x
and if
δ + (x) = [1 − B(x)]+ x,
then r(τ, δ) ≥ r(τ, δ + ), with strict inequality if Pθ (δ(X) = δ + (X)) > 0.
Proof. For any estimator δ(x), the posterior expected loss is given by
 p
E[L(θ , δ(x))|x] =
(θi − δi (x))2 π(θ |x) dθ
i=1
p


(7.11)

(θi − E(θi |x))2 + (E(θi |x) − δi (x))2

=

!

i=1

×π(θ |x) dθ
where we have added ±E(θi |x) and expanded the square, noting that the cross-term
is zero. Equation (7.11) can then be written as
p

(7.12)

var(θi |x)

E[L(θ , δ(x))|x] =
i=1

p

[E(θi |x) − δi (x)]2 .

+
i=1

As the first term in (7.12) does not depend on the particular estimator, the difference
in posterior expected loss between δ and δ + is
(7.13)E[L(θ , δ(x)|x] − E[L(θ , δ + (x))|x]
P

=

3

4
[E(θi |x) − δi (x)]2 − [E(θi |x)]2 I (|B(x)| > 1)

i=1

since the estimators are identical when |B(x)| ≤ 1. However, since E(θi |x) =
τ 2 /(σ 2 + τ 2 )xi , it follows that when |B(x)| > 1,
2
2 

τ2
τ2
xi − δi (x) >
xi .
σ2 + τ2
σ2 + τ2
Thus, (7.13) is positive for all x, and the result follows by taking expectations.

✷

In view of results like Theorem 7.5 and other risk results in Chapter 5 (see
Theorem 5.5.4), the positive-part Stein estimator
+

(p − 2)σ 2
+
δ (x) = 1 −
(7.14)
x
|x|2
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is preferred to the ordinary James-Stein estimator (7.3). Moreover, Theorem 7.5
generalizes to the entire exponential family (Problem 7.8). It also supports the use
of maximum likelihood estimation in empirical Bayes constructions.
The good Bayes risk performance of empirical Bayes estimators is not restricted
to the normal case, nor to squared error loss. We next look at Bayes and empirical
Bayes estimation in the Poisson case.
Example 7.6 Poisson Bayes and empirical Bayes estimation. Recall the Poisson
model of Example 6.6:
(7.15)

Xi ∼ Poisson(λi ), i = 1, . . . , p, independent,
λi ∼ Gamma(a, b).

For estimation of λi under the loss
p

(7.16)

Lk (λ, δ) =
i=1

1
(λi − δi )2 ,
λki

the Bayes estimator (see Example 1.3) is
(7.17)

δik (x) =

b
(xi + a − k).
b+1

The posterior expected loss of δik (x) = δik (xi ) is


1
1
k
2
(7.18)
E k [λi − δi (xi )] |xi =
 b a+xi
λi
H(a + xi ) b+1
 ∞
λi (b+1)
i −k−1 −
×
(λi − δi )2 λa+x
e b dλi ,
i
0

b
). Evaluating the
since the posterior distribution of λi |xi is Gamma(a + xi , b+1
integral in (7.18) gives


2−k

H(a + xi − k)
b
1
(7.19) E k [λi − δik (xi )]2 |xi =
(a + xi − k).
H(a + xi )
b+1
λi

To evaluate the Bayes risk, r(k, δ k ), we next sum (7.19) with respect to the marginal
1
distribution of Xi , which is Negative Binomial(a, b+1
). For k = 0 and k = 1, we
have
ab2
b
r(0, δ 0 ) = p
and r(1, δ 1 ) = p
.
b+1
b+1
See Problems 7.10 and 7.11 for details.
For the model (7.15) with loss function Lk (λ, δ) of (7.16), an empirical Bayes
estimator can be derived (similar to (6.6.24); see Example 6.6) as
(7.20)

(x) =
δkEB
i

x̄
(xi + a − k).
x̄ + a

We shall now consider the risk of the estimator δ EB . For the loss function (7.16),
we can actually evaluate the risk of a more general estimator than δ EB . The coordiϕ
natewise posterior expected loss of an estimator of the form δi = ϕ(x̄)(xi + a − k)
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1
ϕ 2
E k [λi − δi ] |x
λi
 ∞
1
b+1
ϕ
i −k−1 −λi b
=
[λi − δi (x)]2 λa+x
e
dλi
 b a+xi
i
H(a + xi ) b+1
0

−k
H(a + xi − k)
b
ϕ
=
E[(λi − δi (x))2 |x)]
H(a + xi )
b+1

where the expectation is over the random variable λi with distribution Gamma(a +
b
). Using the same technique as in the proof of Theorem 7.5 [see (7.12)],
xi − k, b+1
b
we add ±δik (xi ) = b+1
(a + xi − k) in (7.21) to get


1
ϕ 2
E k [λi − δi ] |x
λi

2−k
H(a + xi − k)
b
(7.22) =
(a + xi − k)
H(a + xi )
b+1

−k 
2
H(a + xi − k)
b
b
+
− ϕ(x̄) (a + xi − k)2 .
H(a + xi )
b+1
b+1
The first term in (7.22) is the posterior expected loss of the Bayes estimator, and
the second term reflects the penalty for estimating b. Evaluation of the Bayes
risk, which involves summing over xi , is somewhat involved (see Problem 7.11).
Instead, Table 7.1 provides a few numerical comparisons. Specifically, it shows
the Bayes risks for the Bayes (δ k ), empirical Bayes (δ EB ), and unbiased estimators
(X) of Example 6.6, based on observing p independent Poisson variables, for the
loss function (7.16) with k = 1. The gamma parameters are chosen so that the
prior mean equals 10 and the prior variances are 5 (a = 20, b = .5), 10 (a = 10,
b = 1), and 25 (a = 4, b = 2.5). It is seen that the empirical Bayes estimator attains
a reasonable Bayes risk reduction over that of X, and in some cases, comes quite
close to the optimum.

As a final example of Bayes risk performance, we turn now to the analysis of
variance. Here, we shall consider only the one-way layout (Examples 4.1, 4.6 and
4.9) in detail. Other situations and generalizations are illustrated in the problems
(Problems 7.17 and 7.18).
Example 7.7 Empirical Bayes analysis of variance. In the one-way layout (considered earlier in Example 3.4.9 from the point of view of equivariance), we have
(7.23)

Xij ∼ N (ξi , σ 2 ), j = 1, . . . , ni ; i = 1, . . . , s,
ξi = µ + αi , i = 1, . . . , s

where we assume that αi = 0 to ensure the identifiability of parameters. With this
restriction, the parameterization in terms of µ and αi is equivalent to that in terms
of ξi , with the latter parameterization (the so-called cell means model; see Searle
1987) being computationally more friendly. As interest often lies in estimation of,
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Table 7.1. Comparisons of Some Bayes Risks for Model (7.15)
p=5
Prior var.

δ k of (7.17)

δ EB of (7.20)

X

5
10
25

1.67
2.50
3.57

2.28
2.99
3.84

5.00
5.00
5.00

p = 20
Prior var.

δ π of (7.17)

δ EB of (7.20)

X

5
10
25

6.67
10.00
14.29

7.31
10.51
14.52

20.00
20.00
20.00

and testing hypotheses about, the differences of the αi s, which are equivalent to
the differences of the ξi ’s, we will use the ξi version of the model. We will also
specialize to the balanced case where all ni ’s are equal. The more general case
requires some (often much) extra effort. (See Problems 7.16 and 7.19).
As an illustration, consider an experiment to assess the effect of linseed oil meal
on the digestibility of food by steers. The measurements are a digestibility coefficient, and there are five treatments, representing different amounts of linseed oil
meal added to the feed (approximately 1, 2, 3, 4, and 5 kg/animal/day; see Hsu
1982 for more details.) The variable Xij of (7.23) is the j th digestibility measurement in the ith treatment group, where ξi is the true coefficient of digestibility of
that group. Perhaps the most common hypothesis about the ξi ’s is
(7.24)

H0 : ξ1 = ξ2 = · · · = ξs = µ,

µ unknown.

This specifies that the means are equal and, hence, the treatment groups are equivalent in that they each result in the same (unknown) mean level of digestibility.
This hypothesis can be thought of as specifying a submodel where all of the ξ ’s
are equal, which suggests expanding (7.23) into the hierarchical model
(7.25)

Xij |ξi ∼ N(ξi , σ 2 ), j = 1, . . . , n, i = 1, . . . , s, independent,
ξi |µ ∼ N (µ, τ 2 ), i = 1, . . . , s, independent.

The model (7.25) is obtained from (7.24) by allowing some variation around the
prior mean, µ, in the form of a normal distribution.
In analogy to (4.2.4), the Bayes estimator of ξi is
(7.26)

δ B (x̄i ) =

σ2

σ2
nτ 2
µ+ 2
x̄i .
2
σ + nτ 2
+ nτ
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Calculation of an empirical Bayes estimator is straightforward. Since the marginal
distribution of X̄i is


σ2
2
X̄i ∼ N µ,
+ τ , i = 1, . . . , s,
n
 
the MLE of µ is x̄ = i j xij /ns and the resulting empirical Bayes estimator is
(7.27)

δiEB =

σ2
nτ 2
x̄
+
x̄i .
σ 2 + nτ 2
σ 2 + nτ 2

Note that δ EB is a linear combination of X̄i , the UMVU estimator under the full
model, and X̄, the UMVU estimator under the submodel that specifies ξ1 = · · · = ξs .
If we drop the assumption that τ 2 is known, we can estimate (σ 2 + nτ 2 )−1 by the
unbiased estimator (s − 3)/(x̄i − x̄)2 and obtain the empirical Bayes estimator


(s − 3)σ 2
L
δi = x̄ + 1 −
(x̄i − x̄),
(7.28)
(x̄i − x̄)2
which was first derived by Lindley (1962) and examined in detail by Efron and
Morris (1972a 1972b, 1973a, 1973b).
Calculation of the Bayes risk of δ L proceeds as in Example 7.3, and leads to
−1
 2 2  s
2
σ
σ
r(ξ, δ L ) = s
(7.29)
E
(X̄i − X̄)2
− (s − 3)2
n
n
i=1
= r(ξ, δ B ) +

3(σ 2 /n)2
σ 2 /n + τ 2


2
where si=1 (X̄i − X̄)2 ∼ (σ 2 /n + τ 2 )χs−1
and r(ξ, δ B ) is the risk of the Bayes
estimator (7.26). See Problem 7.14 for details.
If we compare (7.29) to (7.8), we see that the Bayes risk performance of δ L ,
where we have estimated the value of µ, is similar to that of δ J S , where we assume
that the value of µ is known. The difference is that δ L pays an extra penalty for
estimating the point that is the shrinkage target. For δ J S , the target is assumed
known and taken to be 0, while δ L estimates it by X̄. The penalty for this is that
the factor in the term added to the Bayes risk is increased from 2 in (7.8), where
k = 1 to 3. In general, if we shrink to a k-dimensional subspace, this factor is 2 + k.

More general submodels can also be incorporated in empirical Bayes analyses,
and in many cases, the resulting estimators retain good Bayes risk performance.
Example 7.8 Analysis of variance with regression submodel. Another common
hypothesis (or submodel) in the analysis of variance is that of a linear trend in the
means, which was considered earlier in Example 3.4.7 and can be written as the
null hypothesis
H0 : ξi = α + βti , i = 1, . . . , s,

α and β unknown,

ti known.

For the situation of Example 7.7, this hypothesis would assert that the effect of the
quantity of linseed oil meal on digestibility is linear. (We know that as the quantity
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of linseed oil meal increases, the coefficient of digestibility decreases. But we do
not know if this relationship is linear.) In analogy with (7.25), we can translate the
hypothesis into the hierarchical model
Xij |ξi ∼ N (ξi , σ 2 ), j = 1, . . . , n, i = 1, . . . , s,
ξi |α, β ∼ N (α + βti , τ 2 ), i = 1, . . . , s.

(7.30)

Again, the hypothesis models the prior mean of the ξi ’s, and we allow variation
around this prior mean in the form of a normal distribution. Using squared error
loss, the Bayes estimator of ξi is
δiB =

(7.31)

σ2
nτ 2
X̄i .
(α
+
βt
)
+
i
σ 2 + nτ 2
σ 2 + nτ 2

For an empirical Bayes estimator, we calculate the marginal distribution of X̄i .
X̄i ∼ N (α + βti , σ 2 + nτ 2 ), i = 1, . . . , s,
and estimate α and β by
α̂ = X̄ − β̂ t¯, β̂ =

(X̄i − X̄)(ti − t¯)
,
(ti − t¯)2

the UMVU estimators of α and β (Section 3.4). This yields the empirical Bayes
estimator
σ2
nτ 2
δiEB1 = 2
X̄i .
(7.32)
(α̂ + β̂ti ) + 2
2
σ + nτ
σ + nτ 2
If τ 2 is unknown we can, in analogy to Example 7.7 use the fact that, marginally,
E[(X̄i − α̂ + β̂ti )2 ]−1 = (s − 4)/(σ 2 /n + τ 2 ) to construct the estimator


(s − 4)σ 2
(X̄i − α̂ − β̂ti )
(7.33)
δiEB2 = α̂ + β̂ti + 1 −
(X̄i − α̂ − β̂ti )2
with Bayes risk
(7.34)

r(τ, δ

EB2

σ2
− (s − 4)2
)=s
n
= r(ξ, δ B ) +



σ2
n



2
E

s


(X̄i − α̂ − β̂ti )

2

i=1

4(σ 2 /n)2
σ 2 /n + τ 2

where r(ξ, δ B ) is the risk of the Bayes estimator δ B of (7.31). See Problem 7.14
for details.
Notice that here we shrunk the estimator toward a two-dimensional submodel,
and the factor in the second term of the Bayes risk is 4 (2 + k). We also note that
for δ EB2 , as well as δ J S and δ L , the Bayes risk approaches that of δ π as n → ∞. 
In both Examples 7.7 and 7.8, empirical Bayes estimators provide a means for
attaining reasonable Bayes risk performance if σ 2 /τ 2 is not too large, yet do not
require full specification of a prior distribution. An obvious limitation of these
results, however, is the dimension of the submodel. The ordinary James-Stein
estimator shrinks toward the point 0 [see Equation (7.3)], or any specified point
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(Problem 7.6), and hence toward a submodel (subspace) of dimension zero. In the
analysis of variance, Example 7.7, the subspace of the submodel has dimension
1, {(ξ1 , . . . , ξs ) : ξi = µ, i = 1, . . . , s}, and in Example 7.8, it has dimension
2, {(ξ1 , . . . , ξs ) : {i = α + βti , i = 1, . . . , s}. In general, the empirical Bayes
strategies developed here will only work if the dimension of the submodel, r, is at
least two fewer than that of the full model, s; that is, s − r > 2. This is a technical
2
requirement, as the marginal distribution of interest is χs−r
, and estimation is
problematic if s − r ≤ 2. The reason for this difficulty is the need to calculate the
2
expectation E(1/χs−r
), which is infinite if s − r ≤ 2. (See Problem 7.6; also see
Problem 6.12 for an attempt at empirical Bayes if s − r ≤ 2.)
In light of Theorem 7.5, we can improve the empirical Bayes estimators of
Examples 7.7 and 7.8 by using their positive-part version. Moreover, Problem
7.8 shows that such an improvement will hold throughout the entire exponential
family. Thus, the strategy of taking a positive part should always be employed in
these cases of empirical Bayes estimation.
Finally, we note that Examples 7.7 and 7.8 can be greatly generalized. One
can handle unequal ni , unequal variances, full covariance matrices, general linear
submodels, and more. In some cases, the algebra can become somewhat overwhelming, and details about performance of the estimators may become obscured.
We examine a number of these cases in Problems 7.16–7.18.
8 Problems
Section 1
1.1 Verify the expressions for π(λ|x̄) and δ k (x̄) in Example 1.3.
1.2 Give examples of pairs of values (a, b) for which the beta density B(a, b) is (a)
decreasing, (b) increasing, (c) increasing for p < p0 and decreasing for p > p0 , and
(d) decreasing for p < p0 and increasing for p > p0 .
1
1.3 In Example 1.5, if p has the improper prior density p(1−p)
, show that the posterior
density of p given x is proper, provided 0 < x < n.
1.4 In Example 1.5, find the Jeffreys prior for p and the associated Bayes estimator δ .
1.5 For the estimator δ of Problem 1.4,
(a) calculate the bias and maximum bias;
(b) calculate the expected squared error and compare it with that of the UMVU estimator.
1.6 In Example 1.5, find the Bayes estimator δ of p(1 − p) when p has the prior B(a, b).
1.7 For the situation of Example 1.5, the UMVU estimator of p(1 − p) is δ  = [x(x −
1)]/[n(n − 1)] (see Example 2.3.1 and Problem 2.3.1).
(a) Compare the estimator δ of Problem 1.6 with the UMVU estimator δ  .
(b) Compare the expected squared error of the estimator of p(1 − p) for the Jeffreys
prior in Example 1.5 with that of δ  .
1.8 In analogy with Problem 1.2, determine the possible shapes of the gamma density
H(g, 1/α), α, g > 0.
1.9 Let X1 , . . . , Xn be iid according to the Poisson distribution P (λ) and let λ have a
gamma distribution H(g, α).
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(a) For squared error loss, show that the Bayes estimator δα,g of λ has a representation
analogous to (1.1.13).
(b) What happens to δα,g as (i) n → ∞, (ii) α → ∞, g → 0, or both?
1.10 For the situation of the preceding problem, solve the two parts corresponding to
Problem 1.5(a) and (b).
1.11 In Problem 1.9, if λ has the improper prior density dλ/λ (corresponding to α = g =
0), under what circumstances is the posterior distribution proper?
1.12 Solve the problems analogous to Problems 1.9 and 1.10 when the observations
consist of a single random variable X having a negative binomial distribution N b(p, m),
p has the beta prior B(a, b), and the estimand is (a) p and (b) 1/p.

Section 2
2.1 Referring to Example 1.5, suppose that X has the binomial distribution b(p, n) and
the family of prior distributions for p is the family of beta distributions B(a, b).
(a) Show that the marginal distribution of X is the beta-binomial distribution with mass
function
 
n H(a + b) H(x + a)H(n − x + b)
.
x H(a)H(b)
H(n + a + b)
(b) Show that the mean and variance of the beta-binomial is given by
 a  b a + b + n
na
and var X = n
.
EX =
a+b
a+b
a+b
a+b+1
[Hint: For part (b), the identities EX = E[E(X|p)] and var X = var[E(X|p)] +
E[var(X|p)] are helpful.]
2.2 For the situation of Example 2.1, Lindley and Phillips (1976) give a detailed account
of the effect of stopping rules, which we can illustrate as follows. Let X be the number
of successes in n Bernoulli trials with success probability p.
(a) Suppose that the number of Bernoulli trials performed is a prespecifed
number n,
 
n
x
p (1 − p)n−x ,
so that we have the binomial sampling model, P (X = x) =
x
x − 0, 1, . . . , n. Calculate the Bayes risk of the Bayes estimator (1.1.12) and the
UMVU estimator of p.
(b) Suppose that the number of Bernoulli trials performed is a random variable N. The
value N = n was obtained when a prespecified number, x, of successes
observed
 was 
n−1
p x (1−
so that we have the negative binomial sample model, P (N = n) =
x−1
p)n−x , n = x. Calculate the Bayes risk of the Bayes estimator and the UMVU
estimator of p.
(c) Calculate the mean squared errors of all three estimators under each model. If it is
unknown which sampling mechanism generated the data, which estimator do you
prefer overall?
2.3 Show that the estimator (2.2.4) tends in probability (a) to θ as n → ∞, (b) to µ as
b → 0, and (c) to θ as b → ∞.
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2.4 Bickel and Mallows (1988) further investigate the relationship between unbiasedness
and Bayes, specifying conditions under which these properties cannot hold simultaneously. In addition, they show that if a prior distribution is improper, then a posterior mean
∞
can be unbiased. Let X ∼ θ1 f (x/θ ), x > 0, where 0 tf (t)dt = 1, and let π(θ) = θ12 dθ,
θ > 0.
(a) Show that E(X|θ) = θ , so X is unbiased.
2
(b) Show that π(θ |x) = xθ 3 f (x/θ ) is a proper density.
(c) Show that E(θ |x) = x, and hence the posterior mean, is unbiased.
2.5 DasGupta (1994) presents an identity relating the Bayes risk to bias, which illustrates
that a small bias can help achieve a small Bayes risk. Let X ∼ f (x|θ) and θ ∼ π(θ).
The Bayes estimator under squared error loss is δ π = E(θ|x). Show that the Bayes risk
of δ π can be written
 

r(π, δ π ) =
[θ − δ π (x)]2 f (x|θ )π(θ )dxdθ =
θb(θ)π (θ)dθ
X

where b(θ ) = E[δ π (X)|θ ] − θ is the bias of δ π .
2.6 Verify the estimator (2.2.10).
2.7 In Example 2.6, verify that the posterior distribution of τ is H(r + g − 1/2, 1/(α + z)).
2.8
√ 2.6 with α = g = 0, show that the posterior distribution given the X’s of
√ In Example
n(θ − X̄)/ Z/(n − 1) is Student’s t-distribution with n − 1 degrees of freedom.
2.9 In Example 2.6, show that the posterior distribution of θ is symmetric about x̄ when
the joint prior of θ and σ is of the form h(σ )dσ dθ, where h is an arbitrary probability
density on (0, ∞).
2.10 Rukhin (1978) investigates the situation when the Bayes estimator is the same for
every loss function in a certain set of loss functions, calling such estimators universal
Bayes estimators. For the case of Example 2.6, using the prior of the form of Problem
2.9, show that X̄ is the Bayes estimator under every even loss function.
2.11 Let X and Y be independently distributed according to distributions Pξ and Qη ,
respectively. Suppose that ξ and η are real-valued and independent according to some
prior distributions  and  . If, with squared error loss, δ is the Bayes estimator of ξ
on the basis of X, and δ  is that of η on the basis of Y ,
(a) show that δ  − δ is the Bayes estimator of η − ξ on the basis of (X, Y );
(b) if η > 0 and δ∗  is the Bayes estimator of 1/η on the basis of Y , show that δ · δ∗ 
is the Bayes estimator of ξ/η on the basis of (X, Y ).
2.12 For the density (2.2.13) and improper prior (dσ/σ ) · (dσA /σA ), show that the posterior distribution of (σ, σA ) continues to be improper.
2.13 (a) In Example 2.7, obtain the Jeffreys prior distribution of (σ, τ ).
(b) Show that for the prior of part (a), the posterior distribution of (σ, τ ) is proper.
2.14 Verify the Bayes estimator (2.2.14).
2.15 Let X ∼ N(θ, 1) and L(θ, δ) = (θ − δ)2 .
(a) Show that X is the limit of the Bayes estimators δ πn , where πn is N (0, 1). Hence,
X is both generalized Bayes and a limit of Bayes estimators.
(b) For the prior measure π(θ ) = eaθ , a > 0, show that the generalized Bayes estimator
is X + a.
(c) For a > 0, show that there is no sequence of proper priors for which δ πn → X + a.
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This example is due to Farrell; see Kiefer 1966. Heath and Sudderth (1989), building on
the work of Stone (1976), showed that inferences from this model are incoherent, and
established when generalized Bayes estimators will lead to coherent (that is, noncontradictory) inferences. Their work is connected to the theory of “approximable by proper
priors,” developed by Stein (1965) and Stone (1965, 1970, 1976), which shows when
generalized Bayes estimators can be looked upon as Bayes estimators.
2.16 (a) For the situation of Example 2.8, verify that δ(x) = x/n is a generalized Bayes
estimator.
(b) If X ∼ N (0, 1) and L(θ, δ) = (θ − δ)2 , show that X is generalized Bayes under the
improper prior π(θ ) = 1.
Section 3
3.1 For the situation of Example 3.1:
(a) Verify that the Bayes estimator will only depend on the data through Y = maxi Xi .
(b) Show that E( |y, a, b) can be expressed as
E( |y, a, b) =

2
P (χ2(n+a−1)
< 2/by)
1
2
b(n + a − 1) P (χ2(n+a) < 2/by)

where χν2 is a chi-squared random variable with ν degrees of freedom. (In this form,
the estimator is particularly easy to calculate, as many computer packages will have
the chi-squared distribution built in.)
3.2 Let X1 , . . . , Xn be iid from Gamma(a, b) where a is known.
(a) Verify that the conjugate prior for the natural parameter η = −1/b is equivalent to
an inverted gamma prior on b.
(b) Using the prior in part (a), find the Bayes estimator under the losses (i) L(b, δ) =
(b − δ)2 and (ii) L(b, δ) = (1 − δ/b)2 .
(c) Express the estimator in part (b)(i) in the form (3.3.9). Can the same be done for
the estimator in part (b)(ii)?
3.3 (a) Prove Corollary 3.3.
(b) Verify the calculation of the Bayes estimator in Example 3.4.
3.4 Using Stein’s identity (Lemma 1.5.15), show that if Xi ∼ pηi (x) of (3.3.7), then
Eη (−∇ log h(X)) = η ,
p

R(η , −∇ log h(X)) =
i=1



∂2
Eη − 2 log h(X) .
∂Xi

3.5 (a) If Xi ∼ Gamma(a, b), i = 1, . . . , p, independent with a known, calculate
−∇ log h(x) and its expected value.
(b) Apply the results of part (a) to the situation where Xi ∼ N (0, σi2 ), i = 1, . . . , p,
independent. Does it lead to an unbiased estimator of σi2 ?
[Note: For part (b), squared error loss on the natural parameter 1/σ 2 leads to the
loss L(σ 2 , δ) = (σ 2 δ − 1)2 /σ 4 for estimation of σ 2 .]
(c) If
tan(ai π) ai
x (1 − x)−1 , 0 < x < 1, i = 1, . . . , p, independent,
Xi ∼
π
evaluate −∇ log h(X) and show that it is an unbiased estimator of a = (a1 , . . . , ap ).
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3.6 For the situation of Example 3.6:
(a) Show that if δ is a Bayes estimator of θ , then δ  = δ/σ 2 is a Bayes estimator of η,
and hence R(θ, δ) = σ 4 R(η, δ  ).
(b) Show that the risk of the Bayes estimator of η is given by

2
σ2
pτ 4
ai2 ,
+
σ 2 (σ 2 + τ 2 )2
σ2 + τ2
where ai = ηi − µ/σ 2 .
√
(c) If ai2 = k, a fixed constant, then the minimum risk is attained at ηi = µ/σ 2 + k/p.
3.7 If X has the distribution pθ (x) of (1.5.1) show that, similar to Theorem 3.2, E(T η (θ)) =
∇ log mπ (x) − ∇ log h(x).
3.8 (a) Use Stein’s identity (Lemma 1.5.15) to show that if Xi ∼ pηi (x) of (3.3.18),
then
∂
Eη (−∇ log h(X)) =
ηi E η
Ti (X).
∂X
j
i
(b) If Xi are iid from a gamma distribution Gamma(a, b), where the shape parameter
a is known, use part (a) to find an unbiased estimator of 1/b.
(c) If the Xi are iid from a beta(a, b) distribution, can the identity in part (a) be used
to obtain an unbiased estimator of a when b is known, or an unbiased estimator of
b when a is known?
3.9 For the natural exponential family pη (x) of (3.3.7) and the conjugate prior π (η|k, µ)
of (3.3.19) establish that:
(a) E(X) = A (η) and var X = A (η), where the expectation is with respect to the
sampling density pη (x).
(b) EA (η) = µ and var[A(η)] = (1/k)EA (η), where the expectation is with respect
to the prior distribution.
[The results in part (b) enable us to think of µ as a prior mean and k as a prior sample
size.]
3.10 For each of the following situations, write the density in the form (3.7), and identify
the natural parameter. Obtain the Bayes estimator of A (η) using squared loss and the
conjugate prior. Express your answer in terms of the original parameters. (a) X ∼
binomial(p, n), (b) X ∼ Poisson(λ), and (c) X ∼ Gamma(a, b), a known.
3.11 For the situation of Problem 3.9, if X1 , . . . , Xn are iid as pη (x) and the prior is the
x̄
conjugate π(η|k, µ), then the posterior distribution is π(η|k + n, kµ+n
).
k+n
3.12 If X1 , . . . , Xn are iid from a one-parameter exponential family, the Bayes estimator
of the mean, under squared error loss using a conjugate prior, is of the form a X̄ + b for
constants a and b.
(a) If EXi = µ and var Xi = σ 2 , then no matter what the distribution of the Xi ’s, the
mean squared error is
E[(a X̄ + b) − µ]2 = a 2 var X̄ + [(a − 1)µ + b]2 .
(b) If µ is unbounded, then no estimator of the form a X̄ + b can have finite mean
squared error for a = 1.
(c) Can a conjugate-prior Bayes estimator in an exponential family have finite mean
squared error?
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[This problem shows why conjugate-prior Bayes estimators are considered “non-robust.”]

Section 4
4.1 For the situation of Example 4.2:
(a) Show that the Bayes rule under a beta(α, α) prior is equivariant.
(b) Show that the Bayes rule under any prior that is symmetric about 1/2 is equivariant.
4.2 The Bayes estimator of η in Example 4.7 is given by (4.22).
4.3 The Bayes estimator of τ in Example 4.5 is given by (4.22).
4.4 The Bayes estimators of η and τ in Example 4.9 are given by (4.31) and (4.32).
(Recall Corollary 1.2.)
4.5 For each of the following situations, find a group G that leaves the model invariant
and determine left- and right-invariant measures over G. The joint density of X =
(X1 , . . . , Xn ) and Y = (Y1 , . . . , Yn ) and the estimand are
(a) f (x − η, y − ζ ), estimand η − ζ ;


(b) f x−η
, estimand τ/σ ;
, y−ζ
σ
τ

 x−η
y−ζ
(c) f τ , /, τ , τ unknown; estimand η − ζ .
4.6 For each of the situations of Problem 4.5, determine the MRE estimator if the loss is
squared error with a scaling that makes it invariant.
4.7 For each of the situations of Problem 4.5:
(a) Determine the measure over induced by the right-invariant Haar measure over
Ḡ;
(b) Determine the Bayes estimator with respect to the measure found in part (a), and
show that it coincides with the MRE estimator.
4.8 In Example 4.9, show that the estimator


1
f x1v−u , . . . , xnv−u dvdu
vr


τ̂ (x) =
1
f x1v−u , . . . , xnv−u dvdu
v r+1
is equivariant under scale changes; that is, it satisfies τ̄ (cx) = cτ̂ (x) for all values of r
for which the integrals in τ̂ (x) exist.
4.9 If  is a left-invariant measure over G, show that ∗ defined by ∗ (B) = (B −1 ) is
right invariant, where B −1 = {g −1 : g ∈ B}.
[Hint: Express ∗ (Bg) and ∗ (B) in terms of .]
4.10 There is a correspondence between Haar measures and Jeffreys priors in the location
and scale cases.
(a) Show that in the location parameter case, the Jeffreys prior is equal to the invariant
Haar measure.
(b) Show that in the scale parameter case, the Jeffreys prior is equal to the invariant
Haar measure.
(c) Show that in the location-scale case, the Jeffreys prior is equal to the left invariant
Haar measure.
[Part c) is a source of some concern because, as mentioned in Section 4.4 (see the
discussion following Example 4.9), the best-equivariant rule is Bayes against the rightinvariant Haar measure (if it exists).]
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4.11 For the model (3.3.23), find a measure ν in the (ξ, τ ) plane which remains invariant
under the transformations (3.3.24).
The next three problems contain a more formal development of left- and right-invariant
Haar measures.
4.12 A measure  over a group G is said to be right invariant if it satisfies (Bg) = (B)
and left invariant if it satisfies (gB) = (B). Note that if G is commutative, the two
definitions agree.
(a) If the elements g ∈ G are real numbers (−∞ < g < ∞) and group composition is
g2 · g1 = g1 + g2 , the measure ν defined by ν(B) = B dx (i.e., Lebesgue measure)
is both left and right invariant.
(b) If the elements g ∈ G are the positive real numbers, and composition of g2 and g1
is multiplication of the two numbers, the measure ν defined by ν(B) = B (1/y) dy
is both left and right invariant.
4.13 If the elements g ∈ G are pairs of real numbers (a, b), b > 0, corresponding to the
transformations gx = a + bx, group composition by (1.4.8) is
(a2 , b2 ) · (a1 , b1 ) = (a2 + a1 b2 , b1 b2 ).
Of the measures defined by

1
dx dy
ν(B) =
B y


and

ν(B) =

B

1
dx dy,
y2

the first is right but not left invariant, and the second is left but not right invariant.
4.14 The four densities defining the measures ν of Problem 4.12 and 4.13 (dx, (1/y)dy,
(1/y)dxdy, (1/y 2 )dxdy) are the only densities (up to multiplicative constants) for which
ν has the stated invariance properties in the situations of these problems.
[Hint: In each case, consider the equation


π(θ ) dθ =
π(θ ) dθ.
B

gB

In the right integral, make the transformation to the new variable or variables θ  = g −1 θ.
If J is the Jacobian of this transformation, it follows that

[π(θ ) − J π(gθ )] dθ = 0 for all B
B

and, hence, that π (θ) = J π(gθ ) for all θ except in a null set Ng . The proof of Theorem
4 in Chapter 6 of TSH2 shows that Ng can be chosen independent of g. This proves in
Problem 4.12(a) that for all θ ∈
/ N, π(θ ) = π(θ + c), and hence that π(c) = constant a.e.
The other three cases can be treated analogously.]

Section 5
5.1 For the model (3.3.1), let π(θ |x, λ) be a single-prior Bayes posterior and π(θ|x)
be a hierarchical Bayes posterior. Show that π(θ |x) = π(θ|x, λ) · π(λ|x) dλ, where
π(λ|x) = f (x|θ)π (θ |λ)γ (λ) dθ/ f (x|θ )π(θ |λ)γ (λ) dθ dλ.
5.2 For the situation of Problem 5.1, show that:
(a) E(θ|x) = E[E(θ |x, λ)];
(b) var(θ |x) = E[var(θ |x, λ)] + var[E(θ |x, λ)];
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and hence that π (θ|x) will tend to have a larger variance than π(θ|x, λ0 ).
5.3 For the model (3.3.3), show that:
(a) The marginal prior of θ , unconditional on τ 2 , is given by
H(a + 21 )
1
,
π (θ ) = √


a
2π H(a)b 1 + θ 2 a+1/2
b
2
which for a = ν/2 and b = 2/ν is Student’s t-distribution with ν degrees of freedom.
(b) The marginal posterior of τ 2 is given by
1 2 2 21/2 1 x̄ 2
2
−
σ τ
1
e 2 σ 2 +τ 2 (τ 2 )a+3/2
e−1/bτ
σ 2 +τ 2
2
.
π (τ |x̄) =
1
21/2
2
∞
−f rac12 2x̄ 2
σ 2τ 2
1
−1/bτ 2 dt 2
σ +τ
e
e
2
2
2
a+3/2
0
σ +τ
(τ )
5.4 Albert and Gupta (1985) investigate theory and applications of the hierarchical model
Xi |θi ∼ b(θi , n), i = 1, . . . , p, independent,
θi |η ∼ beta[kη, k(1 − η)], k known,
η ∼ Uniform(0, 1).
(a) Show that

 n x   k 
i
+
E(η|x),
n+k
n
n+k
k2
var(θi |x) =
var(η|x).
(n + k)(n + k + 1)
E(θi |x) =

[Note that E(η|x) and var(η|x) are not expressible in a simple form.]
(b) Unconditionally on η, the θi ’s have conditional covariance

2
k
var(η|x), i = j.
cov(θi , θj |x) =
n+k
(c) Ignoring the prior distribution of η, show how to construct an empirical Bayes
estimator of θi . (Again, this is not expressible in a simple form.)
[Albert and Gupta (1985) actually consider a more general model than given here, and
show how to approximate the Bayes solution. They apply their model to a problem of
nonresponse in mail surveys.]
5.5 (a) Analogous to Problem 1.7.9, establish that for any random variable X, Y , and
Z,
cov(X, Y ) = E[cov(X, Y )|Z] + cov[E(X|Z), E(Y |Z)].
(b) For the hierarchy
Xi |θi ∼ f (x|θi ), i = 1, . . . , p, independent,
i |λ

∼ π(θi |λ), i = 1, . . . , p, independent,

 ∼ γ (λ),
show that cov(

i,

j |x)

= cov[E(

i |x, λ), E(

j |x, λ)].
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= g(xi ) + h(λ), i = 1, . . . , p, where g(·) and h(·) are known, then
cov(

i,

j |x)

= var[E(

i |x, λ)].

[Part (c) points to what can be considered a limitation in the applicability of some
hierarchical models, that they imply a positive correlation structure in the posterior
distribution.]
5.6 The one-way random effects model of Example 2.7 (see also Examples 3.5.1 and
3.5.5) can be written as the hierarchical model
Xij |µ, αi ∼ N(µ + αi , σ 2 ),
αi ∼ N(0, σA2 ),

j = 1, . . . , n,

i = 1, . . . , s,

i = 1, . . . , s.

If, in addition, we specify that µ ∼ Uniform(−∞, ∞), show that the Bayes estimator
of µ + αi under squared error loss is given by (3.5.13), the UMVU predictor of µ + αi .
5.7 Referring to Example 6.6:
(a) Using the prior distribution for γ (b) given in (5.6.27), show that the mode of the
posterior distribution π(b|x) is b̂ = (px̄ + α − 1)/(pa + β − 1), and hence the
empirical Bayes estimator based on this b̂ does not equal the hierarchical Bayes
estimator (5.6.29).
(b) Show that if we estimate b/(b+1) using its posterior expectation E[b/(b+1)|x], then
the resulting empirical Bayes estimator is equal to the hierarchical Bayes estimator.
5.8 The method of Monte Carlo integration allows the calculation of (possibly complicated) integrals by using (possibly simple) generations of random variables.
(a) To calculate
h(x)fX (x) dx, generate a sample X1 , . . . , Xm , iid, from fX (x). Then,

1/m m
h(x
) → h(x)fX (x) dx as m → ∞.
i
i=1
(b) If it is difficult to generate random variable from fX (x), then generate pairs of
random variables
Yi ∼ fY (y),
Xi ∼ fX|Y (x|yi ).


h(x)fX (x) dx as m → ∞.
Then, 1/m m
i=1 h(xi ) →
[Show that if X is generated according to Y ∼ fY (y) and X ∼ fX|Y (x|Y ), then
a
P (X ≤ a) = −∞ fx (x) dx.]
(c) If it is difficult to generate as in part (b), then generate
Xmi ∼ fX|Y (x|Ymi−1 ),
Ymi ∼ fY |X (y|Xmi ).
for i = 1, . . . , K and m = 1, . . . , M.
Show that:
L

(i) for each m, {Xmi } is a Markov chain. If it is also an ergodic Markov chain Xmi → X,
as i → ∞, where X has the stationary distribution of the chain.
(ii) If the stationary distribution of the chain is fX (x), then

1 M
h(xmk ) → h(x)fX (x) dx
M m=1
as K, M → ∞.
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[This is the basic theory behind the Gibbs sampler. For each k, we have generated independent random variables Xmk , m = 1, . . . , M, where Xmk is distributed according
to fX|Y (x|ymk− ). It is also the case that for each m and large k, Xmk is approximately
distributed according to fX (x), although the variables are not now independent. The advantages and disadvantages of these computational schemes (one-long-chain vs. manyshort-chains) are debated in Gelman and Rubin 1992; see also Geyer and Thompson
1992 and Smith and Roberts 1992. The prevailing consensus leans toward one long
chain.]
5.9 To understand the convergence of the Gibbs sampler, let (X, Y ) ∼ f (x, y), and define

k(x, x  ) = fX|Y (x|y)fY |X (y|x  ) dy.
(a) Show that the function h∗ (·) that solves h∗ (x) = k(x, x  )h∗ (x  ) dx  is h∗ (x) =
fX (x), the marginal distribution of X.
(b) Write down the analogous integral equation that is solved by fY (y).



(c) Define a sequence of functions recursively

 by hi+1 (x) = k(x, x )hi (x ) dxI where
 h0 (x) 
h0 (x) is arbitrary but satisfies supx  h∗ (x)  < ∞. Show that


|hi+1 (x) − h∗ (x)|dx < |hi (x) − h∗ (x)| dx
and, hence, hi (x) converges to h∗ (x).
[The method of part (c) is called successive substitution. When there are two variables in
the Gibbs sampler, it is equivalent to data augmentation (Tanner and Wong 1987). Even
if the variables are vector-valued, the above results establish convergence. If the original
vector of variables contains more than two variables, then a more general version of this
argument is needed (Gelfand and Smith 1990).]
5.10 A direct Monte Carlo implementation of substitution sampling is provided by the
data augmentation algorithm (Tanner and Wong 1987). If we define

 
hi+1 (x) =
fX|Y (x|y)fY |X (y|x  ) dy hi (x  ) dx  ,
then from Problem 5.9, hi (x) → fx (x) as i → ∞.
(a) To calculate hi+1 using Monte Carlo integration:
(i) Generate Xj ∼ hi (x  ), j = 1, . . . , J .
(ii) Generate, for each xj , Yj k ∼ fY |X (y|xj ), k = 1, . . . , K.


(iii) Calculate ĥi+1 (x) = J1 Jj=1 K1 K
k=1 fX|Y (x|yj k ).
Then, ĥi+1 (x) → hi+1 (x) as J, K → ∞, and hence the data augmentation algorithm
converges.
(b) To implement (a)(i), we must be able
 to generate a random variable from a mixture
distribution. Show that if fY (y) = ni=1 ai gi (y), ai = 1, then the algorithm
(i) Select gi with probability ai
(ii) Generate Y ∼ gi
produces a random variable with distribution fY . Hence, show how to implement
step (a)(i) by generating random variables from fX|Y . Tanner and Wong (1987)
note that this algorithm will work even if J = 1, which yields the approximation
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ĥi+1 (x) = K1 K
k=1 fX|Y (x|yk ), identical to the Gibbs sampler. The data augmentation
algorithm can also be seen as an application of the process of multiple imputation
(Rubin 1976, 1987, Little and Rubin 1987).
5.11 Successive substitution sampling can be implemented via the Gibbs sampler in the
following way. From Problem 5.8(c), we want to calculate

1 M
1 M
hM =
k(x|xmk ) =
fX|Y (x|y)fX|Y (y|xmk ) dy.
M m=1
M m=1
(a) Show that hM (x) → fX (x) as M → ∞.
(b) Given xmk , a Monte Carlo approximation to hM (x) is
ĥM (x) =

1
M

M

1
J

m=1

J
j =1

fX|Y (x|ykj )

where Ykj ∼ fY |X (y|xmk ) and ĥM (x) → hM (x) as J → ∞.
(c) Hence, as M, J → ∞, ĥM (x) → fX (x).
[This is the Gibbs sampler, which is usually implemented with J = 1.]
5.12 For the situation of Example 5.6, show that


1 M
1 M
E( |x, τi ) ,
(a)
E
=E
i
M i=1
M i=1

(b)

var

1
M



M
i
i=1

≥ var

1
M

M

E( |x, τi ) .

i=1

(c) Discuss when equality might hold in (b). Can you give an example?
5.13 Show that for the hierarchy (5.5.1), the posterior distributions π(θ|x) and π(λ|x)
satisfy

 
π(θ|x) =
π(θ |x, λ)π(λ|x, θ  ) dλ π(θ  |x) dθ  ,

 
π(λ|x) =
π(λ|x, θ)π(θ |x, λ ) dθ π(λ |x) dλ ,
and, hence, are stationary points of the Markov chains in (5.5.13).
5.14 Starting from a uniform random variable U ∼ Uniform(0, 1), it is possible to
construct many random variables through transformations.
(a)
(b)
(c)
(d)

Show that − log U ∼ exp(1).

Show that − ni=1 log Ui ∼ Gamma(n, 1), where U1 , . . . , Un are iid as U (0, 1).
Let X ∼ Exp(a, b). Write X as a function of U .
Let X ∼ Gamma(n, β), n an integer. Write X as a function of U1 , . . . , Un , iid as
U (0, 1).

5.15 Starting with a U (0, 1) random variable, the transformations of Problem 5.14 will
not get us normal random variables, or gamma random variables with noninteger shape
parameters. One way of doing this is to use the Accept-Reject Algorithm (Ripley 1987,
Section 3.2), an algorithm for simulating X ∼ f (x):
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(i) Generate Y ∼ g(y), U ∼ U (0, 1), independent.
(Y )
where M = supt f (t)/g(t).
(ii) Calculate ρ(Y ) = M1 fg(Y
)
(iii) If U < ρ(Y ), set X = Y , otherwise return to i).
(a) Show that the algorithm will generate X ∼ f (x).
(b) Starting with Y ∼ exp(1), show how to generate X ∼ N (0, 1).
(c) Show how to generate a gamma random variable with a noninteger shape parameter.
5.16 Consider the normal hierarchical model
X|θ1 ∼ n(θ1 , σ12 ),
θ1 |θ2 ∼ n(θ2 |σ22 ),
..
.
θk−1 |θk ∼ n(θk , σk2 )
where σ12 , i = 1, . . . , k, are known.
(a) Show that the posterior distribution of θi (1 ≤ i ≤ k − 1) is
π(θi |x, θk ) = N (αi x + (1 − αi )θk , τi2 )
k
σj2 )/ik σj2 and αi = τi2 /1i σj2 .
where τi2 = (1i σj2 )(i+1
(b) Find an expression for the Kullback-Leibler informationK[π(θi |x, θk ), π(θi |θk )]
and show that it is a decreasing function of i.

5.17 The original proof of Theorem 5.7 (Goel and DeGroot 1981) used Rényi’s entropy
function (Rényi 1961)

1
log f α (x)g 1−α (x) dµ(x),
Rα (f, g) =
α−1
where f and g are densities, µ is a dominating measure, and α is a constant, α = 1.
(a) Show that Rα (f, g) satisfies Rα (f, g) > 0 and Rα (f, f ) = 0.
(b) Show that Theorem 5.7 holds if Rα (f, g) is used instead of K[f, g].
(c) Show that limα→1 Rα (f, g) = K[f, g], and provide another proof of Theorem 5.7.
5.18 The Kullback-Leibler information, K[f, g] (5.5.25), is not symmetric in f and g,
and a modification, called the divergence, remedies this. Define J [f, g], the divergence
between f and g, to be J [f, g] = K[f, g] + K[g, f ]. Show that, analogous to Theorem
5.7, J [π (λ|x), γ (λ)] < J [π(θ |x), π(θ )].
5.19 Goel and DeGroot (1981) define a Bayesian analog of Fisher information [see
(2.5.10)] as
2
  ∂
π(θ |x)
∂x
I[π(θ |x)] =
dθ,
π(θ |x)
the information that x has about the posterior distribution. As in Theorem 5.7, show that
I[π(λ|x)] < I[π (θ|x)], again showing that the influence of λ is less than that of θ.
5.20 Each of m spores has a probability τ of germinating. Of the r spores that germinate,
each has probability ω of bending in a particular direction. If s bends in the particular
direction, a probability model to describe this process is the bivariate binomial, with
mass function
 
 
m
r
τ r (1 − τ )m−r
ωs (1 − ω)r−s .
f (r, s|τ, ω, m) =
r
s
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(a) Show that the Jeffreys prior is πJ (τ, ω) = (1 − τ )−1/2 ω−1/2 (1 − ω)−1/2 .
(b) If τ is considered a nuisance parameter, the reference prior is
πR (τ, ω) = τ −1/2 (1 − τ )−1/2 ω−1/2 (1 − ω)−1/2 .
Compare the posterior means E(ω|r, s, m) under both the Jeffreys and reference
priors. Is one more appropriate?
(c) What is the effect of the different priors on the posterior variance?
[Priors for the bivariate binomial have been considered by Crowder and Sweeting (1989),
Polson and Wasserman (1990), and Clark and Wasserman (1993), who propose a reference/Jeffreys trade-off prior.]
5.21 Let F = {f (x|θ); θ ∈ } be a family of probability densities. The Kullback-Leibler
information for discrimination between two densities in F can be written



f (x|θ1 )
ψ(θ1 , θ2 ) = f (x|θ1 ) log
dx.
f (x|θ2 )
Recall that the gradient of ψ is ∇ψ = {(∂/∂θi )ψ} and the Hessian is ∇∇ψ =
{(∂ 2 /∂θi ∂θj )ψ}.
(a) If integration and differentiation can be interchanged, show that
∇ψ(θ, θ) = 0

and

det[∇∇ψ(θ, θ)] = I (θ),

where I (θ ) is the Fisher information of f (x|θ ).
(b) George and McCulloch (1993) argue that choosing π(θ) = (det[∇∇ψ(θ, θ)])1/2 is
an appealing least informative choice of priors. What justification can you give for
this?

Section 6
6.1 For the model (3.3.1), show that δ λ (x)|λ=λ̂ = δ λ̂(x) , where the Bayes estimator δ λ (x)
minimizes L[θ, d(x)]π(θ|x, λ) dθ and the empirical Bayes estimator δ λ̂(x) minimizes
L[θ, d(x)]π (θ|x, λ̂) dθ .
6.2 This problem will investigate conditions under which an empirical Bayes estimator
is a Bayes estimator. Expression (6.6.3) is a true posterior expected loss if π(θ|x, λ̂(x))
is a true posterior.
From the hierarchy
X|θ ∼ f (x|θ ),
|λ ∼ π(θ |λ),
define the joint distribution of X and to be (X, θ ) ∼ g(x, θ) = f (x|θ)π(θ|λ̂(x)), where
π(θ |λ̂(x)) is obtained by substituting λ̂(x) for λ in π(θ |λ).
(a) Show that, for this joint density, the formal Bayes estimator is equivalent to the
empirical Bayes estimator from the hierarchical model.
(b) If f (·|θ) and π (·|λ) are proper densities, then g(x, θ) dθ < ∞. However,
g(x, θ ) dxdθ need not be finite.
6.3 For the model (6.3.1), the Bayes estimator δ λ (x) minimizes L(θ, d(x)) × π(θ|x, λ) dθ
and the empirical Bayes estimator, δ λ̂ (x), minimizes L(θ, d(x))π(θ|x, λ̂(x)) dθ. Show
that δ λ (x)|λ=λ̂(x) = δ λ̂ (x).
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6.4 For the situation of Example 6.1:
(a) Show that
 ∞
−∞

e

−n/2σ 2 (x̄−θ )2 (−1/2)θ 2 /τ 2

e

√
dθ = 2π



σ 2τ 2
σ2 + τ2

1/2
e(−n/2)x̄

2 /σ 2 +nτ 2

and, hence, establish (6.6.4).
(b) Verify that the marginal MLE of σ 2 + nτ 2 is nx̄ 2 and that the empirical Bayes
estimator is given by (6.6.5).
6.5 Referring to Example 6.2:
(a) Show that the Bayes risk, r(π, δ π ), of the Bayes estimator (6.6.7) is given by
r(π, δ π ) = kE[var(pk |xk )] =

kab
.
(a + b)(a + b + 1)(a + b + n)

(b) Show that the Bayes risk of the unbiased estimator X/n = (X1 /n, . . . , Xk /n) is
given by
kab
r(π, X/n) =
.
n(a + b + 1)(a + b)
6.6 Extend Theorem 6.3 to the case of Theorem 3.2; that is, if X has density (3.3.7) and
η has prior density π (η |γ ), then the empirical Bayes estimator is


∂
∂
∂Ti (x)
E
ηi
log m(x|γ̂ (x)) −
|x, γ̂ (x) =
log h(x),
∂xj
∂xj
∂xj
where m(x|γ ) is the marginal distribution of X and γ̂ (x) is the marginal MLE of γ .
6.7 (a) For pη (x) of (1.5.2), show that for any prior distribution π(η|λ) that is dependent
on a hyperparameter λ, the empirical Bayes estimator is given by


s
∂
∂
∂
E
ηi
Ti (x)|x, λ̂ =
log mπ (x|λ̂(x)) −
log h(x).
∂x
∂x
∂x
j
j
j
i=1
where mπ (x) = pθ (x)π(θ ) dθ .
(b) If X has the distribution pθ (x) of (1.5.1), show that a similar formulas holds, that
is,
E(T η(θ )|λ̂) = ∇ log mπ (x|λ̂) − ∇ log h(x),
where T = {∂Ti /∂xj } is the Jacobian of T and ∇a is the gradient vector of a, that is,
∇a = {∂a/∂xi }.
6.8 For each of the following situations, write the empirical Bayes estimator of the natural
parameter (under squared error loss) in the form (6.6.12), using the marginal likelihood
estimator of the hyperparameter λ. Evaluate the expressions as far as possible.
(a) Xi ∼ N (0, σi2 ), i = 1, . . . , p, independent; 1/σi2 ∼ Exponential(λ).
(b) Xi ∼ N (θi , 1), i = 1, . . . , p, independent, θi ∼ DE(0, λ).
6.9 Strawderman (1992) shows that the James-Stein estimator can be viewed as an empirical Bayes estimator in an arbitrary location family. Let Xp×1 ∼ f (x − θ), with EX = θ
and var X = σ 2 I . Let the prior be θ ∼ f ∗n , the n-fold convolution of f with itself. [The
convolution of f with itself is f ∗2 (x) = f (x − y)f (y)dy. The n-fold convolution is
f ∗n (x)
 = f ∗(n − 1)(x)(x − y)f (y)dy.] Equivalently, let Ui ∼ f , i = 0, · · · , n, iid,
θ = n1 Ui , and X = U0 + θ .
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n
(a) Show that the Bayes rule against squared error loss is n+1
x. Note that n is a prior
parameter.
(b) Show that |X|2 /(pσ 2 ) is an unbiased estimator of n + 1, and hence that an empirical
Bayes estimator of θ is given by δ EB = [1 − (pσ 2 /|x|2 )]x.

6.10 Show for the hierarchy of Example 3.4, where σ 2 and τ 2 are known but µ is unknown,
that:
(a) The empirical Bayes estimator of θi , based on the marginal MLE of θi , is
σ2

τ2
X
σ 2 +τ 2 i

+

X̄.
σ 2 +τ 2
(b) The Bayes risk, under sum-of-squared-errors loss, of the empirical Bayes estimator
from part (a) is

2 p
σ2
2(p − 1)2 σ 4
pσ 2 −
+
(p
−
1)
E(Xi − X̄)2 .
p(σ 2 + τ 2 )
σ2 + τ2
i=1
(c) The minimum risk of the empirical Bayes estimator is attained when all θi s are
equal.


[Hint: Show that pi=1 E[(Xi − X̄)2 ] = pi=1 (θi − θ̄)2 + (p − 1)σ 2 . ]
6.11 For E( |x) of (5.5.8), show that as ν → ∞, E( |x) → [p/(p + σ 2 )]x̄, the Bayes
estimator under a N(0, 1) prior.
6.12 (a) Show that the empirical Bayes δ EB (x̄) = (1 − σ 2 / max{σ 2 , p x̄ 2 })x̄ of (6.6.5)
has bounded mean squared error.
(b) Show that a variation of δ EB (x̄), of part (a), δ v (x̄) = [1 − σ 2 /(v + p x̄ 2 )]x̄, also has
bounded mean squared error.
(c) For σ 2 = τ 2 = 1, plot the risk functions of the estimators of parts (a) and (b).
[Thompson (1968a, 1968b) investigated the mean squared error properties of estimators
like those in part (b). Although such estimators have smaller mean squared error than x̄
for small values of θ, they always have larger mean squared error for larger values of θ.]
6.13 (a) For the hierarchy (5.5.7), with σ 2 = 1 and p = 10, evaluate the Bayes risk
r(π, δ π ) of the Bayes estimator (5.5.8) for ν = 2, 5, and 10.
(b) Calculate the Bayes risk of the estimator δ v of Problem 6.12(b). Find a value of
v that yields a good approximation to the risk of the hierarchical Bayes estimator.
Compare it to the Bayes risk of the empirical Bayes estimator of Problem 6.12(a).
6.14 Referring to Example 6.6, show that the empirical Bayes estimator is also a hierarchical Bayes estimator using the prior γ (b) = 1/b.
6.15 The Taylor series approximation to the estimator (5.5.8) is carried out in a number
of steps. Show that:
(a) Using a first-order Taylor expansion around the point x̄, we have
1
1
=
(1 + θ 2 /ν)(ν+1)/2 (1 + x̄ 2 /ν)(ν+1)/2
x̄
ν+1
−
(θ − x̄) + R(θ − x̄)
ν (1 + x̄ 2 /ν)(ν+3)/2
where the remainder, R(θ − x̄), satisfies R(θ − x̄)/(θ − x̄)2 → 0 as θ → x̄.
(b) The remainder in part (a) also satisfies
 ∞
− p (θ −x̄)2
R(θ − x̄)e 2σ 2
dθ = O(1/p 3/2 ).
−∞
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(c) The numerator and denominator of (5.5.8) can be written



 ∞
1
1
2πσ 2 /p
− p2 (θ −x̄)2
2σ
e
dθ
=
+
O
2
(ν+1)/2
(1 + x̄ 2 /ν)(ν+1)/2
p 3/2
−∞ (1 + θ /ν)
and



∞
−∞

θ
(1 +
=

θ 2 /ν)(ν+1)/2

e

− p2 (θ −x̄)2
2σ

dθ







(ν + 1)/ν
2π σ 2 /p
1
1
−
,
x̄
+
O
(1 + x̄ 2 /ν)(ν+1)/2
(1 + x̄ 2 /ν)
p 3/2

which yields (5.6.32).
6.16 For the situation of Example 6.7:
(a) Calculate the values of the approximation (5.6.32) for the values of Table 6.2. Are
there situations where the estimator (5.6.32) is clearly preferred over the empirical
Bayes estimator (5.6.5) as an approximation to the hierarchical Bayes estimator
(5.5.8)?
(b) Extend the argument of Problem 6.15 to calculate the next term in the expansion and,
hence, obtain a more accurate approximation to the hierarchical Bayes estimator
(5.5.8). For the values of Table 6.2, is this new approximation to (5.5.8) preferable
to (5.6.5) and (5.6.32)?
6.17 (a) Show that if b(·) has a bounded second derivative, then
6



1
2π −nh(λ̂)
−nh(λ)
e
dλ = b(λ̂)
+O
b(λ)e
n3/2
nh (λ̂)
where h(λ̂) is the unique minimum of h(λ), h (λ) = 0, and nh(λ̂) → constant as
n → ∞.
[Hint: Expand both b(·) and h(·) in Taylor series around λ̂, up to second-order terms.
Then, do the term-by-term integration.]
This is the Laplace approximation for an integral. For refinements and other developments of this approximation in Bayesian inference, see Tierney and Kadane
1986, Tierney, Kass, and Kadane 1989, and Robert 1994a (Section 9.2.3).
(b) For the hierarchical model (5.5.1), the posterior mean can be approximated by
1/2



1
2π
E( |x, λ̂) + O
E( |x) = e−nh(λ̂)
n3/2
nh (λ̂)
where h = n1 log π(λ|x) and λ̂ is the mode of π(λ|x), the posterior distribution of
λ.
(c) If π (λ|x) is the normal distribution with mean λ̂ and variance σ 2 = [−(∂ 2 /∂λ2 ) ×
log π(λ|x)|λ=λ̂ ]−1 , then E( |x) = E( |x, λ̂) + O(1/n3/2 ).
(d) Show that the situation in part (c) arises from the hierarchy
Xi |θi ∼ N(θi , σ 2 ),
θi |λ ∼ N (λ, τ 2 ),
λ ∼ Uniform(−∞, ∞).
6.18 (a) Apply the Laplace approximation (5.6.33) to obtain an approximation to the
hierarchical Bayes estimator of Example 6.6.
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(b) Compare the approximation from part (a) with the empirical Bayes estimator
(5.6.24). Which is a better approximation to the hierarchical Bayes estimator?
6.19 Apply the Laplace approximation (5.6.33) to the hierarchy of Example 6.7 and show
that the resulting approximation to the hierarchical Bayes estimator is given by (5.6.32).
6.20 (a) Verify (6.6.37), that under squared error loss
r(π, δ) = r(π, δ π ) + E(δ − δ π )2 .
(b) For X ∼ binomial(p, n), L(p, δ) = (p − δ)2 , and π = {π : π = beta(a, b), a > 0,
b > 0}, determine whether p̂ = x/n or δ 0 = (a0 + x)/(a0 + b0 + n) is more robust,
according to (6.6.37).
(c) Is there an estimator of the form (c + x)/(c + d + n) that you would consider more
robust, in the sense of (6.6.37), than either estimator in part (b)?
[In part (b), for fixed n and (a0 , b0 ), calculate the Bayes risk of p̂ and δ 0 for a number
of (a, b) pairs.]
6.21 (a) Establish (6.6.39) and (6.6.40) for the class of priors given by (6.6.38).
(b) Show that the Bayes estimator based on π(θ ) ∈ π in (6.6.38), under squared error
loss, is given by (6.6.41).
Section 7
7.1 For the situation of Example 7.1:
(a) The empirical Bayes estimator of θ , using an unbiased estimate of τ 2 /(σ 2 + τ 2 ), is


(p − 2)σ 2
δ EB = 1 −
x,
|x|2
the James-Stein estimator.
(b) The empirical Bayes estimator of θ , using the marginal MLE of τ 2 /(σ 2 + τ 2 ), is

+
pσ 2
EB
x,
δ = 1−
|x|2
which resembles the positive-part Stein estimator.
7.2 Establish Corollary 7.2. Be sure to verify that the conditions on g(x) are sufficient to
allow the integration-by-parts argument. [Stein (1973, 1981) develops these representations in the normal case.]
7.3 The derivation of an unbiased estimator of the risk (Corollary 7.2) can be extended
to a more general model in the exponential family, the model of Corollary 3.3, where
X = X1 , . . . , Xp has the density
pη (x) = e

p

i=1 ηi xi −A(

η ) h(x).

(a) The Bayes estimator of η , under squared error loss, is
E(ηi |x) =

∂
∂
log m(x) −
log h(x).
∂xi
∂xi

Show that the risk of E(η |X)] has unbiased estimator

2 

p
∂2
∂
(log h(x) − 2 log m(x)) +
log m(x)
.
∂xi
∂xi2
i=1
[Hint: Theorem 3.5 and Problem 3.4.]
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(b) Show that the risk of the empirical Bayes estimator
E(ηi |x, λ̂) =

∂
∂
log m(x|λ̂(x)) −
log h(x).
∂xi
∂xi

of Theorem 6.3 has unbiased estimator

2 
p
  ∂
∂2 
log
m(x|
λ̂(x))
log
h(x)
−
2
log
m(x|
λ̂(x))
+
.
∂xi
∂xi2
i=1
(c) Use the results of part (b) to derive an unbiased estimator of the risk of the positivepart Stein estimator of (7.7.10).
7.4 Verify (7.7.9), the expression for the Bayes risk of δ τ0 . (Problem 3.12 may be helpful.)
7.5 A general version of the empirical Bayes estimator (7.7.3) is given by


cσ 2
δ c (x) = 1 − 2 x,
|x|
where c is a positive constant.
(a) Use Corollary 7.2 to verify that
Eθ |θ − δ c (X)|2 = pσ 2 + cσ 4 [c − 2(p − 2)]Eθ

1
.
|X|2

∼ Np (0, τ 2 I ), is given by



cσ 2
c
−
2
r(π, δ c ) = σ 2 p + 2
σ + τ2 p − 2

(b) Show that the Bayes risk, under

and is minimized by choosing c = p − 2.
7.6 For the model
X|θ ∼ Np (θ , σ 2 I ),
θ |τ 2 ∼ Np (µ, τ 2 I ) :
Show that:
(a) The empirical Bayes estimator, using an unbiased estimator of τ 2 /(σ 2 + τ 2 ), is the
Stein estimator


(p − 2)σ 2
δiJS (x) = µi + 1 −
(xi − µi ).
(xi − µi )2
(b) If p ≥ 3, the Bayes risk, under squared error loss, of δ JS is r(τ, δ JS ) = r(τ, δ τ ) +
2σ 4 /(σ 2 + τ 2 ), where r(τ, δ τ ) is the Bayes risk of the Bayes estimator.
(c) If p < 3, the Bayes risk of δ JS is infinite. [Hint: Show that if Y ∼ χm2 , E(1/Y ) <
∞ ⇐⇒ m < 3].
7.7 For the model
X|θ ∼ Np (θ , σ 2 I ),
θ |τ 2 ∼ N(µ, τ 2 I )
the Bayes risk of the ordinary Stein estimator


(p − 2)σ 2
δi (x) = µi + 1 −
(xi − µi )
(xi − µi )2

300

AVERAGE RISK OPTIMALITY

[ 4.8

is uniformly larger than its positive-part version

+
(p − 2)σ 2
(xi − µi ).
δi+ (x) = µi + 1 −
(xi − µi )2
7.8 Theorem 7.5 holds in greater generality than just the normal distribution. Suppose
X is distributed according to the multivariate version of the exponential family pη (x) of
(33.7),

pη (x) = eη x−A(η) h(x), −∞ < xi < ∞,
and a multivariate conjugate prior distribution [generalizing (3.19)] is used.
(a) Show that E(X|η) = ∇A(η).
(b) If µ = 0 in the prior distribution (see 3.19), show that r(τ, δ) ≥ r(τ, δ + ), where
δ(x) = [1 − B(x)]x and δ + (x) = [1 − B(x)]+ x.
(c) If µ = 0, the estimator δ(x) would be modified to µ + δ(x − µ). Establish a result
similar to part (b) for this estimator.
[Hint: For part (b), the proof of Theorem 7.5, modified to use the Bayes estimator
E(∇A(η)|x, k, µ) as in (3.21), will work.]
7.9 (a) For the model (7.7.15), show that the marginal distribution of Xi is negative
binomial(a, 1/b + 1); that is,


x 
a
b
1
a+x−1
P (Xi = x) =
x
b+1
b+1
with EXi = ab and var Xi = ab(b + 1).
(b) If X1 , . . . , Xm are iid according to the negative
 binomial distribution in part (a),
show that the conditional distribution of Xj | m
1 Xi is the negative hypergeometric
distribution, given by



a+x−1
(m − 1)a + t − x − 1

m
x
t −x


Xi = t =
P Xj = x|
ma + t − 1
1
t
with EXj = t/m and var Xj = (m − 1)t(ma + t)/m2 (ma + 1).
7.10 For the situation of Example 7.6:
(a) Show that the Bayes estimator under the loss Lk (λ, δ) of (7.7.16) is given by
(7.7.17).
(b) Verify (7.7.19) and (7.7.20).
(c) Evaluate the Bayes risks r(0, δ 1 ) and r(1, δ 0 ). Which estimator, δ 0 or δ 1 , is more
robust?
7.11 For the situation of Example 7.6, evaluate the Bayes risk of the empirical Bayes
estimator (7.7.20) for k = 0 and 1. What values of the unknown hyperparameter b are
least and which are most favorable to the empirical Bayes estimator?
[Hint: Using the posterior expected loss (7.7.22) and Problem 7.9(b), the Bayes risk can
be expressed as an expectation of a function of Xi only. Further simplification seems
unlikely.]
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7.12 Consider a hierarchical Bayes estimator for the Poisson model (7.7.15) with loss
(7.7.16). Using the distribution (5.6.27) for the hyperparameter b, show that the Bayes
estimator is


px̄ + α − k
(a + xi − k).
px̄ + pa + α + β − k
[Hint: Show that the Bayes estimator is E(λ1−k |x)/E(λ−k |x) and that



H(px̄ + pa + α + β)H(px̄ + α + r) H(a + xi + r)
E(λ |x) =
.
H(px̄ + α)H(px̄ + pa + α + β + r) H(a + xi )
r

7.13 Prove the following: Two matrix results that are useful in calculating estimators
from multivariate hierarchical models are
(a) For any vector a of the form a = (I − 1s J )b, 1 a = ai = 0.
(b) If B is an idempotent matrix (that is, B 2 = I ) and a is a scalar, then
a
(I + aB)−1 = I −
B.
1+a
7.14 For the situation of Example 7.7:
(a) Show how to derive the empirical Bayes estimator δ L of (7.7.28).
(b) Verify the Bayes risk of δ L of (7.7.29).
For the situation of Example 7.8:
(c) Show how to derive the empirical Bayes estimator δ EB2 of (7.7.33).
(d) Verify the Bayes risk of δ EB2 , (7.7.34).
7.15 The empirical Bayes estimator (7.7.27) can also be derived as a hierarchical Bayes
estimator. Consider the hierarchical model
Xij |ξi ∼ N(ξi , σ 2 ), j = 1, . . . , n, i = 1, . . . , s,
ξi |µ ∼ N(µ, τ 2 ), i = 1, . . . , s,
µ ∼ Uniform(−∞, ∞)
where σ and τ are known.
2

2

(a) Show that the Bayes estimator, with respect to squared error loss, is
σ2
nτ 2
E(µ|x) + 2
x̄i
2
σ + nτ 2
+ nτ
where E(µ|x) is the posterior mean of µ.
E(ξi |x) =

σ2

(b) Establish that E(µ|x) = x̄ = xij /ns. [This can be done by evaluating the expectation directly, or by showing that the posterior distribution of ξi |x is



σ2
nτ 2
σ2
σ2
2
ξi |x ∼ N
.
x̄
+
x̄
,
+
nτ
i
σ 2 + nτ 2
σ 2 + nτ 2
σ 2 + nτ 2
s
Note that the ξi ’s are not independent a posteriori. In fact,


nσ 2 τ 2
nτ 2
ξ |x ∼ Ns
M,
M
,
σ 2 + nτ 2
σ 2 + nτ 2
where M = I + (σ 2 /nτ 2 )J ].
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(c) Show that the empirical Bayes estimator (7.7.32) can also be derived as a hierarchical Bayes estimator, by appending the specification (α, β) ∼ Uniform(2 ) [that
is, π(α, β) = dα dβ, −∞ < α, β < ∞] to the hierarchy (7.7.30).
7.16 Generalization of model (7.7.23) to the case of unequal ni is, perhaps, not as straightforward as one might expect. Consider the generalization
Xij |ξi ∼ N(ξi , σ 2 ), j = 1, . . . , ni , i = 1, . . . , s,
ξi |µ ∼ N (µ, τi2 ), i = 1, . . . , s.
We also make the assumption that τi2 = τ 2 /ni . Show that:
(a) The above model is equivalent to
Y ∼ Ns (λ , σ 2 I ),
λ ∼ Ns (Zµ, τ 2 I )
√
√
√
√
where Yi = ni X̄i , λi = ni ξi and z = ( n1 , . . . , ns ) .
(b) The Bayes estimator of ξi , using squared error loss, is
τ2
σ2
µ+ 2
x̄i .
2
+τ
σ + τ2
(c) The marginal distribution of Yi is Yi ∼ Ns (Zµ, (σ 2 + τ 2 )I ), and an empirical Bayes
estimator of ξ is


(s − 3)σ 2
δiEB = x̄ + 1 −
(x̄i − x̄)
ni (x̄i − x̄)2
σ2

where x̄i = j xij /ni and x̄ = i ni x̄i /i ni .
[Without the assumption that τi2 = τ 2 /ni , one cannot get a simple empirical Bayes
estimator. If τi2 = τ 2 , the likelihood estimation can be used to get an estimate of τ 2 to
be used in the empirical Bayes estimator. This is discussed by Morris (1983a).]
7.17 (Empirical Bayes estimation in a general case). A general version of the hierarchical
models of Examples 7.7 and 7.8 is
X|ξ ∼ Ns (ξ , σ 2 I ),
ξ |β ∼ Ns (Zβ , τ 2 I )
where σ 2 and Zs×r , of rank r, are known and τ 2 and β r×1 are unknown. Under this
model show that:
(a) The Bayes estimator of ξ , under squared error loss, is
σ2
τ2
zβ + 2
x.
2
σ + τ2
+τ
(b) Marginally, the distribution of X|β is X|β ∼ Ns (Zβ , (σ 2 + τ 2 )I ).
(c) Under the marginal distribution in part (b),
E(ξ |x, β ) =

σ2

E[(Z Z)−1 Z x] = E β̂ = β ,


s−r −2
1
E
,
= 2
σ + τ2
|X − Zβ̂ |2
and, hence, an empirical Bayes estimator of ξ is

(s − r − 2)σ 2
δ EB = Zβ̂ + 1 −
|x − Zβ̂ |2

(x − Zβ̂ ).

4.8 ]

PROBLEMS

303

(d) The Bayes risk of δ EB is r(τ, δ τ ) + (r + 2)σ 4 /(σ 2 + τ 2 ), where r(τ, δ τ ) is the risk
of the Bayes estimator.
7.18 (Hierarchical Bayes estimation in a general case.) In a manner similar to the previous
problem, we can derive hierarchical Bayes estimators for the model
X|ξ ∼ Ns (ξ , σ 2 I ),
ξ |β ∼ Ns (Zβ , τ 2 I ),
β ∼ Uniform(r )
where σ 2 and Zs×r , of rank r, are known and τ 2 is unknown.
(a) The prior distribution of ξ , unconditional on β, is proportional to


− 1 ξ (I −H )ξ
π(ξ ) =
π(ξ |β ) dβ ∝ e 2 τ 2 ,
r



−1



where H = Z(Z Z) Z projects from s to r .
[Hint: Establish that
(ξ − Zβ ) (ξ − Zβ ) = ξ  (I − H )ξ
+[β − (Z Z)−1 Z ξ ] Z Z[β − (Z Z)−1 Z ξ ]
to perform the integration on β .]
(b) Show that

ξ |x ∼ Ns

σ 2τ 2
τ2
M,
M
σ2 + τ2
σ2 + τ2



where M = I + (σ 2 /τ 2 )H , and hence that the Bayes estimator is given by
τ2
σ2
Hx + 2
x,
2
+τ
σ + τ2

σ2
where Zβ̂ = H x.
[Hint: Establish that

1
1 
ξ (I − H )ξ + 2 (x − ξ ) (x − ξ )
τ2
σ




σ2 + τ2
τ2
τ2
−1
=
ξ
−
Mx
M
Mx
ξ
−
σ 2τ 2
σ2 + τ2
σ2 + τ2
+

1
x (I − H )x
σ2 + τ2

where M −1 = I − σ 2σ+τ 2 H .]
2
. This leads us to the empirical Bayes
(c) Marginally, X (I − H )X ∼ (σ 2 + τ 2 )χs−r
estimator


(s − r − 2)σ 2
Hx + 1 − 
(x − H x)
x (I − H )x
2

which is equal to the empirical Bayes estimator of Problem 7.17(c).
[The model in this and the previous problem can be substantially generalized. For example, both σ 2 I and τ 2 I can be replaced by full, positive definite matrices. At the cost of
an increase in the complexity of the matrix calculations and the loss of simple answers,
hierarchical and empirical Bayes estimators can be computed. The covariances, either
scalar or matrix, can also be unknown, and inverted gamma (or inverted Wishart) prior
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distributions can be accommodated. Calculations can be implemented via the Gibbs
sampler.
Note that these generalizations encompass the “unequal ni ” case (see Problem 7.16),
but there are no simple solutions for this case. Many of these estimators also possess a
minimax property, which will be discussed in Chapter 5.]
7.19 As noted by Morris (1983a), an analysis of variance-type hierarchical model, with
unequal ni , will yield closed-form empirical Bayes estimators if the prior variances are
proportional to the sampling variances. Show that, for the model
Xij |ξi ∼ N(ξi , σ 2 ), j = 1, . . . , ni , i = 1, . . . , s,
ξ |β ∼ Ns (Zβ , τ 2 D −1 )
where σ 2 and Zs×r , of full rank r, are known, τ 2 is unknown, and D = diag(n1 , . . . , ns ),
an empirical Bayes estimator is given by

(s − r − 2)σ 2
EB
(x̄ − Zβ̂ )
δ = Zβ̂ + 1 −
(x̄ − Zβ̂ ) D(x̄ − Zβ̂ )
with x̄i = j xij /ni , x̄ = {x̄i }, and β̂ = (Z DZ)−1 Z D x̄.
7.20 An entertaining (and unjustifiable) result which abuses a hierarchical Bayes calculation yields the following derivation of the James-Stein estimator. Let X ∼ Np (θ , I )
and θ |τ 2 ∼ Np (0, τ 2 I ).
(a) Verify that conditional on τ 2 , the posterior and marginal distributions are given by

 2
τ2
τ
x,
I
,
π (θ |x, τ 2 ) = Np
τ2 + 1 τ2 + 1
m(x|τ 2 ) = Np [0, (τ 2 + 1)I ].
(b) Show that, taking π(τ 2 ) = 1, −1 < τ 2 < ∞, we have

θ π(θ |x, τ 2 )m(x|τ 2 ) dθ dτ 2
p

 

x
p − 2 (p−2)/2 H(p/2)2p/2
=
2
−
H
(2π)p/2 (|x|2 )p/2−1
2
|x|2
and

 
π(θ |x, τ 2 )m(x|τ 2 )dθ dτ 2


1
p − 2 (p−2)/2
=
H
2
(2π)p/2 (|x|2 )p/2−1
2
p

and hence



p−2
x.
E(θ |x) = 1 −
|x|2

(c) Explain some implications of the result in part (b) and, why it cannot be true. [Try
to reconcile it with (3.3.12).]
(d) Why are the calculations in part (b) unjustified?

4.9 ]

NOTES

305

9 Notes
9.1 History
Following the basic paper by Bayes (published posthumously in 1763), Laplace initiated
a widespread use of Bayes procedures, particularly with noninformative priors (for
example, in his paper of 1774 and the fundamental book of 1820; see Stigler 1983,
1986). However, Laplace also employed non-Bayesian methods, without always making
a clear distinction. A systematic theory of statistical inference based on noninformative
(locally invariant) priors, generalizing and refining Laplace’s approach, was developed
by Jeffreys in his book on probability theory (1st edition 1939, 3rd edition 1961). A
corresponding subjective theory owes its modern impetus to the work of deFinetti (for
example, 1937, 1970) and that of L. J. Savage, particularly in his book on the Foundations
of Statistics (1954). The idea of selecting an appropriate prior from the conjugate family
was put forward by Raiffa and Schlaifer (1961). Interest in Bayes procedures (although
not from a Bayesian point of view) also received support from Wald’s result (for example,
1950) that all admissible procedures are either Bayes or limiting Bayes (see Section 5.8).
Bayesian attitudes and approaches are continually developing, with some of the most
influential work done by Good (1965), DeGroot(1970), Zellner (1971), deFinetti (1974),
Box and Tiao (1973), Berger (1985), and Bernardo and Smith (1994). An account of
criticisms of the Bayesian approach can be found in Rothenberg (1977), and Berger
(1985, Section 4.12). Robert (1994a, Chapter 10) provides a defense of “The Bayesian
Choice.”
9.2 Modeling
A general Bayesian treatment of linear models is given by Lindley and Smith (1972);
the linear mixed model is given a Bayesian treatment in Searle et al. (1992, Chapter
9); sampling from a finite population is discussed from a Bayesian point of view by
Ericson (1969) (see also Godambe 1982); a Bayesian approach to contingency tables
is developed by Lindley (1964), Good (1965), and Bloch and Watson (1967) (see also
Bishop, Fienberg, and Holland 1975 and Leonard 1972). The theory of Bayes estimation
in exponential families is given a detailed development by Bernardo and Smith (1994).
The fact that the resulting posterior expectations are convex combinations of sample and
prior means is a characterization of this situation (Diaconis and Ylvisaker 1979, Goel
and DeGroot 1980, MacEachern 1993).
Extensions to nonlinear and generalized linear models are given by Eaves (1983) and
Albert (1988). In particular, for the generalized linear model, Ibrahim and Laud (1991)
and Natarajan and McCulloch (1995) examine conditions for the propriety of posterior
densities resulting from improper priors.
9.3 Computing
One reason why interest in Bayesian methods has flourished is because of the great
strides in Bayesian computing. The fundamental work of Geman and Geman (1984)
(which built on that of Metropolis et al. (1953) and Hastings 1970) influenced Gelfand
and Smith (1990) to write a paper that sparked new interest in Bayesian methods, statistical computing, algorithms, and stochastic processes through the use of computing
algorithms such as the Gibbs sampler and the Metropolis-Hastings algorithm. Elementary introductions to these topics can be found in Casella and George (1992) and Chib
and Greenberg (1995). More detailed and advanced treatments are given in Tierney
(1994), Robert (1994b), Gelman et al. (1995), and Tanner (1996).
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9.4 The Ergodic Theorem
The general theorem about convergence of (5.15) in a Markov chain is known as the
Ergodic Theorem; the name was coined by Boltzmann when investigating the behavior
of gases (see
Dudley 1989, p. 217). A sequence X0 , X1 , X2 , . . . is called ergodic if
the limit of ni=1 Xi /n is independent of the initial value of X0 . The ergodic theorem
for stationary sequences, those for which (Xj1 , . . . , Xjk ) has the same distribution as
(Xj1 +r , . . . , Xjk +r ) for all r = 1, 2, . . . is an assertion of the equality of time and space
averages and holds in some generality (Dudley 1989, Section 8.4, Billingsley 1995,
Section 24).
As the importance of this theorem led it to have wider applicability, the term “ergodic”
has come to be applied in many situations and is often associated with Markov chains. In
statistical practice, the usefulness of Markov chains for computations and the importance
of the limit being independent of the starting values has brought the study of the ergodic
behavior of Markov chains into prominence for statisticians. Good entries to the classical
theory of Markov chains can be found in Feller (1968), Kemeny and Snell (1976),
Resnick (1992), Ross (1985), or the more advanced treatment by Meyn and Tweedie
(1993). In the context of estimation, the papers by Tierney (1994) and Robert (1995)
provide detailed introductions to the relevant Markov chain theory. Athreya, Doss, and
Sethuraman (1996) rigorously develop limit theorems for Markov chains arising in Gibbs
sampling-type situations.
We are mainly concerned with Markov chains X0 , X1 , . . . that have an invariant distribution, F , satisfying A dF (x) = P (Xn+1 ∈ A|Xn = x)dF (x). The chain is called
irreducible if all sets with positive probability under the invariant distribution can be
reached at some point by the chain. Such an irreducible chain is also recurrent (Tierney 1994, Section 3.1). A recurrent chain is one that visits every set infinitely often
(i.o.) or, more importantly, a recurrent chain tends not to “drift off” to infinity. Formally, an irreducible Markov chain is recurrent if for each A with A dF (x) > 0, we
have P (Xk ∈ A i.o. |X0 = x0 ) > 0 for all x0 , and equal to 1 for almost all x0 (f ). If
P (Xk ∈ A i.o. |X0 = x0 ) = 1 for all x0 , the chain is called Harris recurrent. Finally, if
the invariant distribution F has finite mass (as it will in most of the cases we consider
here), the chain is positive recurrent; otherwise it is null recurrent.
The Markov chain is periodic if for some integer m ≥ 2, there exists a collection
of disjoint sets {A1 , . . . , Am } for which P (Xk+1 ∈ Aj +1 |Xk ∈ Aj ) = 1 for all j =
1, . . . , m−1 (mod m). That is, the chain periodically travels through the sets A1 , . . . , Am .
If no such collection of sets exists, the chain is aperiodic.
The relationship between these Markov chain properties and their consequences are
summarized in the following theorem, based on Theorem 1 of Tierney (1994).
Theorem 9.1 Suppose that the Markov chain X0 , X1 , . . . is irreducible with invariant
distribution F satisfying dF (x) = 1. Then, the Markov chain is positive recurrent and
F is the unique invariant distribution. If the Markov chain is also aperiodic, then for
almost all x0 (F ),

sup |P (Xk ∈ A|X0 = x0 ) − dF (x)| → 0.
A

A

If the chain is Harris recurrent, the convergence occurs for all x0 .
It is common to call a Markov chain ergodic if it is positive Harris recurrent and aperiodic.
For such chains, we have the following version of the ergodic theorem.
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Theorem 9.2 Let X0 , X1 , X2 , . . . be an ergodic Markov chain with invariant distribution F . Then, for any function h with |h(x)|dF (x) < ∞,

n
h(Xi ) → h(x)dF (x) almost everywhere (F ).
(1/n)
i=1

9.5 Parametric and Nonparametric Empirical Bayes
The empirical Bayes analysis considered in Section 6 is sometimes referred to as parametric empirical Bayes, to distinguish it from the empirical Bayes methodology developed by Robbins (1955), which could be called nonparametric. In nonparametric
empirical Bayes analysis, no functional form is assumed for the prior distribution, but a
nonparametric estimator of the prior is built up and the resulting empirical Bayes mean
is calculated. Robbins showed that as the sample size goes to infinity, it is possible to
achieve the same Bayes risk as that achieved by the true Bayes estimator. Much research
has been done in this area (see, for example, Van Ryzin and Susarla 1977, Susarla 1982,
Robbins 1983, and Maritz and Lwin 1989). Due to the nature of this approach, its optimality properties tend to occur in large samples, with the parametric empirical Bayes
approach being more suited for estimation in finite-sample problems.
Parametric empirical Bayes methods also have a long history, with major developments
evolving in the sequence of papers by Efron and Morris (1971, 1972a, 1972b, 1973a,
1973b, 1975, 1976a, 1976b), where the connection with minimax estimation is explored.
The theory and applications of empirical Bayes methods is given by Morris (1983a);
a more comprehensive treatment is found in Carlin and Louis (1996). Less technical
introductions are given by Casella (1985a, 1992a).
9.6 Robust Bayes
Robust Bayesian methods were effectively coalesced into a practical methodology by
Berger (1984). Since then, there has been a great deal of research on this topic. (See, for
example, Berger and Berliner 1986, Wasserman 1989, 1990, Sivaganesen and Berger
1989, DasGupta 1991, Lavine 1991a, 1991b, and the review papers by Berger 1990b,
1994 and Wasserman 1994.) The idea of using a class of priors is similar to the gammaminimax approach, first developed by Robbins (1951, 1964) and Good (1952). In this
approach, the subject of robustness over the class is usually not an issue, but rather the
objective is the construction of an estimator that is minimax over the class (see Problem
5.1.2).
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CHAPTER 5

Minimaxity and Admissibility

1 Minimax Estimation
At the beginning of Chapter 4, we introduced two ways in which the risk function
R(θ, δ) can be minimized in some overall sense: minimizing a weighted-average
risk and minimizing the maximum risk. The first of these approaches was the
concern of Chapter 4; in the present chapter, we shall consider the second.
Definition 1.1 An estimator δ M of θ, which minimizes the maximum risk, that is,
which satisfies
inf sup R(θ, δ) = sup R(θ, δ M ),
(1.1)
δ

θ

θ

is called a minimax estimator.
The problem of finding the estimator δ M , which minimizes the maximum risk,
is often difficult. Thus, unlike what happened in UMVU, equivariant, and Bayes
estimations, we shall not be able to determine minimax estimators for large classes
of problems but, rather, will treat problems individually (see Section 5.4).
Example 1.2 A first example. As we will see (Example 2.17), the Bayes estimators of Example 4.1.5, given by (4.1.12), that is,
a+x
δ∧ (x) =
(1.2)
,
a+b+n
are admissible. Their risk functions are, therefore, incomparable as they all must
cross (or coincide). As an illustration, consider the group of three estimators
δ πi , i = 1, . . . , 3, Bayes estimators from beta(1, 3), beta(2, 2) and beta(3, 1) priors, respectively. Based on this construction, each δ πi will be preferred if it is
thought that the true value of the parameter is close to its prior mean (1/4, 1/2,
3/4, respectively). Alternatively, one might choose δ π2 since it can be shown that
δ π2 has the smallest maximum risk among the three estimators being considered
(see Problem 1.1). Although δ π2 is minimax among these three estimators, it is
not minimax overall. See Problems 1.2 and 1.3 for an alternative definition of
minimaxity where the class of estimators is restricted.

As pointed out in Section 4.1(i), and suggested by Example 1.2, Bayes estimators provide a tool for solving minimax problems. Thus, Bayesian considerations
are helpful when choosing an optimal frequentist estimator. Viewed in this light,
there is a synthesis of the two approaches. The Bayesian approach provides us
with a means of constructing an estimator that has optimal frequentist properties.
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This synthesis highlights important features of both the Bayesian and frequentist
approaches. The Bayesian paradigm is well suited for the construction of possibly optimal estimators, but is less well suited for their evaluation. The frequentist
paradigm is complementary, as it is well suited for risk evaluations, but less well
suited for construction. It is important to view these two approaches and hence the
contents of Chapters 4 and 5 as complementary rather than adversarial; together
they provide a rich set of tools and techniques for the statistician.
If we want to apply this idea to the determination of minimax estimators, we
must ask ourselves: For what prior distribution  is the Bayes solution δ likely to
be minimax? A minimax procedure, by minimizing the maximum risk, tries to do
as well as possible in the worst case. One might, therefore, expect that the minimax
estimator would be Bayes for the worst possible distribution. To make this concept
precise, let us denote the average risk (Bayes risk) of the Bayes solution δ by

(1.3)
r = r(, δ ) = R(θ, δ ) d(θ ).
Definition 1.3 A prior distribution  is least favorable if r ≥ r for all prior
distributions  .
This is the prior distribution which causes the statistician the greatest average
loss.
The following theorem provides a simple condition for a Bayes estimator δ to
be minimax.
Theorem 1.4 Suppose that  is a distribution on such that

(1.4)
r(, δ ) = R(θ, δ ) d(θ ) = sup R(θ, δ ).
θ

Then:
(i) δ is minimax.
(ii) If δ is the unique Bayes solution with respect to , it is the unique minimax
procedure.
(iii)  is least favorable.
Proof.
(i) Let δ be any other procedure. Then,

sup R(θ, δ) ≥ R(θ, δ) d(θ)
θ

≥ R(θ, δ ) d(θ ) = sup R(θ, δ ).
θ

(ii) This follows by replacing ≥ by > in the second equality of the proof of (i).
(iii) Let  be some other distribution of θ. Then,


R(θ, δ ) d (θ) ≤ R(θ, δ ) d (θ )
r  =
≤ sup R(θ, δ ) = r .
θ

✷
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Condition (1.4) states that the average of R(θ, δ ) is equal to its maximum. This
will be the case when the risk function is constant or, more generally, when 
assigns probability 1 to the set on which the risk function takes on its maximum
value. The following minimax characterizations are variations and simplifications
of this requirement.
Corollary 1.5 If a Bayes solution δ has constant risk, then it is minimax.
Proof. If δ has constant risk, (1.4) clearly holds.

✷

Corollary 1.6 Let ω be the set of parameter points at which the risk function of
δ takes on its maximum, that is,
(1.5)

ω = {θ : R(θ, δ ) = sup R(θ  , δ )}.
θ

Then, δ is minimax if and only if
(ω ) = 1.

(1.6)

This can be rephrased by saying that a sufficient condition for δ to be minimax
is that there exists a set ω such that
(ω) = 1
and
(1.7)

R(θ, δ ) attains its maximum at all points of ω.

Example 1.7 Binomial. Suppose that X has the binomial distribution b(p, n) and
that we wish to estimate p with squared error loss. To see whether X/n is minimax,
note that its risk function p(1 − p)/n has a unique maximum at p = 1/2. To apply
Corollary 1.6, we need to use a prior distribution  for p which assigns probability
1 to p = 1/2. The corresponding Bayes estimator is δ(X) ≡ 1/2, not X/n. Thus,
if X/n is minimax, the approach suggested by Corollary 1.6 does not work in the
present case. It is, in fact, easy to see that X/n is not minimax (Problem 1.9).
To determine a minimax estimator by the method of Theorem 1.4, let us utilize
the result of Example 4.1.5 and try a beta distribution for . If  is B(a, b), the
Bayes estimator is given by (4.1.12) and its risk function is
(1.8)

1
{np(1 − p) + [a(1 − p) − bp]2 }.
(a + b + n)2

Corollary 1.5 suggests seeing whether there exist values a and b for which the risk
function (1.8) is constant. Setting the coefficients of p 2 and p in (1.8) equal to zero
shows that (1.8) is constant if and only if
(1.9)

(a + b)2 = n

Since a and b are positive, a + b =
(1.10)

√

and 2a(a + b) = n.
n and, hence,

a=b=

1√
n.
2
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It follows that the estimator
(1.11)

√
√
X + 21 n X
n
1 1
δ=
√ +
√
√ =
n 1+ n 21+ n
n+ n

is constant risk Bayes and, hence, minimax. Because of the uniqueness of the
Bayes estimator (4.1.4), it is seen that (1.11) is the unique minimax estimator of
p.
Of course, the estimator (1.11) is biased (Problem 1.10) because X/n is the only
unbiased estimator that is a function of X. A comparison of its risk, which is
(1.12)
with the risk function
(1.13)

rn = E(δ − p)2 =

1
1
√ ,
4 (1 + n)2

Rn (p) = p(1 − p)/n

of X/n shows that (Problem 1.11) rn < Rn (p) in an interval In = (1/2 − cn <
p < 1/2 + cn ) and rn > Rn (p) outside In . For small values of n, cn is close to 1/2,
so that the minimax estimator is better (and, in fact, substantially better) for most
of the range of p. However, as n → ∞, cn → 0 and In shrinks toward the point
1/2. Furthermore, supp Rn (p)/rn = Rn (1/2)/rn → 1, so that even at p = 1/2,
where the comparison is least favorable to X/n, the improvement achieved by the
minimax estimator is negligible. Thus, for large and even moderate n, X/n is the
better of the two estimators. In the limit as n → ∞ (although not for any finite n),
X/n dominates the minimax estimator. Problems for which such a subminimax
sequence does not exist are discussed by Ghosh (1964).
The present example illustrates an asymmetry between parts (ii) and (iii) of
Theorem 1.4. Part (ii) asserts the uniqueness of the minimax estimator, whereas
no such claim is made in part (iii) for the least favorable . In the present case, it
follows from (4.1.4) that for any , the Bayes estimator of p is
(1.14)

δ (x) =

1
0

p x+1 (1 − p)n−x d(p)

1
0

p x (1 − p)n−x d(p)

.

Expansion of (1 − p)n−x in powers of p shows that δ (x) depends on  only
through the first n + 1 moments of . This shows, in particular, that the least
favorable distribution is not unique in the present case. Any prior distribution with
the same first n+1 moments gives the same Bayes solution and, hence, by Theorem
1.4 is least favorable (Problem 1.13).
Viewed as a loss function, squared error may be unrealistic when estimating p
since in many situations an error of fixed size seems much more serious for values
of p close to 0 or 1 than for values near 1/2. To take account of this difficulty, let
(1.15)

L(p, d) =

(d − p)2
.
p(1 − p)

With this loss function, X/n becomes a constant risk estimator and is seen to be
a Bayes estimator with respect to the uniform distribution on (0, 1) and hence a
minimax estimator. It is interesting to note that with (1.15), the risk function of the
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estimator (1.11) is unbounded. This indicates how strongly the minimax property
can depend on the loss function.

When the loss function is convex in d, as was the case in Example 1.7, it follows
from Corollary 1.7.9 that attention may be restricted to nonrandomized estimators.
The next example shows that this is no longer true when the convexity assumption
is dropped.
Example 1.8 Randomized minimax estimator. In the preceding example, suppose that the loss is zero when |d − p| ≤ α and is one otherwise, where α <
1/2(n + 1). Since any nonrandomized δ(X) can take on at most n + 1 distinct values, the maximum risk of any such δ is then equal to 1. To exhibit a randomized
estimator with a smaller maximum risk, consider the extreme case in which the
estimator of p does not depend on the data at all but is a random variable U , which
is uniformly distributed on (0, 1). The resulting risk function is
(1.16)

R(p, U ) = 1 − P (|U − p| ≤ α)

and it is easily seen that the maximum of (1.16) is 1 − α < 1 (Problem 1.14). 
The loss function in this example was chosen to make the calculations easy, but
the possibility of reducing the maximum risk through randomization exists also
for other nonconvex loss functions. In particular, for the problem of Example 1.7
with loss function |d − p|r (0 < r < 1), it can be proved that no nonrandomized
estimator can be minimax (Hodges and Lehmann 1950).
Example 1.9 Difference of two binomials. Consider the case of two independent
variables X and Y with distributions b(p1 , m) and b(p2 , n), respectively, and the
problem of estimating p2 − p1 with squared error loss. We shall now obtain the
minimax estimator when m = n; no solution is known when m = n.
The derivation of the estimator in Example 4.1.5 suggests that in the present
case, too, the minimax estimator might be a linear estimator aX + bY + k with
constant risk. However, it is easy to see (Problem 1.18) that such a minimax
estimator does not exist. Still hoping for a linear estimator, we shall therefore try
to apply Corollary 1.6. Before doing so, let us simplify the hoped-for solutions by
an invariance consideration.
The problem remains invariant under the transformation
(1.17)

(X  , Y  ) = (Y, X),

(p1 , p2 ) = (p2 , p1 ),

d  = −d,

and an estimator δ(X, Y ) is equivariant under this transformation provided δ(Y, X) =
−δ(X, Y ) and hence if
(a + b)(x + y) + 2k = 0

for all x, y.

This leads to the condition a + b = k = 0 and, therefore, to an estimator of the form
(1.18)

δ(X, Y ) = c(Y − X).

As will be seen in Section 5.4 (see Theorem 4.1 and the discussion following it),
if a problem remains invariant under a finite group G and if a minimax estimator
exists, then there exists an equivariant minimax estimator. In our search for a linear
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minimax estimator, we may therefore restrict attention to estimators of the form
(1.18).
Application of Corollary 1.6 requires determination of the set ω of pairs (p1 , p2 )
for which the risk of (1.18) takes on its maximum. The risk of (1.18) is
Rc (p1 , p2 ) = E[c(Y − X) − (p2 − p1 )]2
= c2 n(p1 (1 − p1 ) + p2 (1 − p2 )) + (cn − 1)2 (p2 − p1 )2 .
Taking partial derivatives with respect to p1 and p2 and setting the resulting expressions equal to 0 leads to the two equations

(1.19)

[2(cn − 1)2 − 2c2 n]p1 − 2(cn − 1)2 p2 = −c2 n,
−2(cn − 1)2 p1 + [2(cn − 1)2 − 2c2 n]p2 = −c2 n.

Typically, these equations have a unique solution, say (p10 , p20 ), which is the point of
maximum risk. Application of Corollary 1.6 would then have  assign probability
1 to the point (p10 , p20 ) and the associated Bayes estimator would be δ(X, Y ) ≡
p20 − p10 , whose risk does not have a maximum at (p10 , p20 ).
This impasse does not occur if the two equations (1.19) are linearly dependent.
This will be the case only if
c2 n = 2(cn − 1)2
and hence if
(1.20)

√
2n
1
2.
c=
√
n 2n ± 1

Now, a Bayes estimator (4.1.4) does not take on values outside the convex hull
of the range of the estimand, which in the present case is (−1, 1). This rules out
the minus sign in the denominator of c. Substituting (1.20) with the plus sign into
(1.19) reduces these two equations to the single equation
(1.21)

p1 + p2 = 1.

The hoped-for minimax estimator is thus
√
2n
 (Y − X).
δ(X, Y ) = √
(1.22)
n
2n + 1
We have shown (and it is easily verified directly, see Problem 1.19) that in the
(p1 , p2 ) plane, the risk of this estimator takes on its maximum value at all points
of the line segment (1.21), with 0 < p1 < 1, which therefore is the conjectured ω
of Corollary 1.6.
It remains to show that (1.22) is the Bayes estimator of a prior distribution ,
which assigns probability 1 to the set (1.21).
Let us now confine attention to this subset and note that p1 + p2 = 1 implies
p2 −p1 = 2p2 −1. The following lemma reduces the problem of estimating 2p2 −1
to that of estimating p2 .
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Lemma 1.10 Let δ be a Bayes (respectively, UMVU, minimax, admissible) estimator of g(θ ) for squared error loss. Then, aδ + b is Bayes (respectively, UMVU,
minimax, admissible) for ag(θ ) + b.
Proof. This follows immediately from the fact that
R(ag(θ) + b, aδ + b) = a 2 R(g(θ), δ).
✷
For estimating p2 , we have, in the present case, n binomial trials with parameter
p = p2 and n binomial trials with parameter p = p1 = 1 − p2 . If we interchange
the meanings of “success” and “failure” in the latter n trials, we have 2n binomial
trials with success probability p2 , resulting in Y + (n − X) successes. According
to Example 1.7, the estimator
√
Y +n−X
1
2n
1
√
√ +
2n
2
1 + 2n
1 + 2n
is unique Bayes for p2 . Applying Lemma 1.10 and collecting terms, we see that
the estimator (1.22) is unique Bayes for estimating p2 − p1 = 2p2 − 1 on ω.
It now follows from the properties of this estimator and Corollary 1.5 that δ is
minimax for estimating p2 − p1 . It is interesting that δ(X, Y ) is not the difference
of the minimax estimators for p2 and p1 . This is unlike the behavior of UMVU
estimators.
That δ(X, Y ) is the unique Bayes (and hence minimax) estimator for p2 − p1 ,
even when attention is not restricted to ω, follows from the remark after Corollary
4.1.4. It is only necessary to observe that the subsets of the sample space which
have positive probability are the same whether (p1 , p2 ) is in ω or not.
The comparison of the minimax estimator (1.22) with the UMVU estimator
(Y − X)/n gives results similar to those in the case of a single p. In particular, the
UMVU estimator is again much better for large m = n (Problem 1.20).

Equation (1.4) implies that a least favorable distribution exists. When such a
distribution does not exist, Theorem 1.4 is not applicable. Consider, for example,
the problem of estimating the mean θ of a normal distribution with known variance.
Since all possible values of θ play a completely symmetrical role, in the sense that
none is easier to estimate than any other, it is natural to conjecture that the least
favorable distribution is “uniform” on the real line, that is, that the least favorable
distribution is Lebesgue measure. This is the Jeffreys prior and, in this case, is not
a proper distribution.
There are two ways in which the approach of Theorem 1.4 can be generalized
to include such improper priors.
(a) As was seen in Section 4.1, it may turn out that the posterior distribution given
x is a proper distribution. One can then compute the expectation E[g( )|x]
for this distribution, a generalized Bayes estimator, and hope that it is the
desired estimator. This approach is discussed, for example, by Sacks (1963),
Brown (1971), and Berger and Srinivasan (1978).
(b) Alternatively, one can approximate the improper prior distribution with a sequence of proper distributions; for example, Lebesgue measure by the uniform
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distributions on (−N, N), N = 1, 2, . . ., and generalize the concept of least
favorable distribution to that of least favorable sequence. We shall here follow
the second approach.
Definition 1.11 A sequence of prior distributions {n } is least favorable if for
every prior distribution  we have
r ≤ r = lim rn ,

(1.23)

n→∞

where


rn =

(1.24)

R(θ, δn ) dn (θ)

is the Bayes risk under n .
Theorem 1.12 Suppose that {n } is a sequence of prior distributions with Bayes
risks rn satisfying (1.23) and that δ is an estimator for which
sup R(θ, δ) = r.

(1.25)

θ

Then
(i) δ is minimax and
(ii) the sequence {n } is least favorable.
Proof.
(i) Suppose δ  is any other estimator. Then,


sup R(θ, δ ) ≥ R(θ, δ  ) dn (θ ) ≥ rn ,
θ

and this holds for every n. Hence,
sup R(θ, δ  ) ≥ sup R(θ, δ),
θ

θ

and δ is minimax.
(ii) If  is any distribution, then


r = R(θ, δ ) d(θ) ≤ R(θ, δ) d(θ ) ≤ sup R(θ, δ) = r.
θ

This completes the proof.

✷

This theorem is less satisfactory than Theorem 1.4 in two respects. First, even if the
Bayes estimators δn are unique, it is not possible to conclude that δ is the unique
minimax estimator. The reason for this is that the second inequality in the second
line of the proof of (i), which is strict when δn is unique Bayes, becomes weak
under the limit operation.
The other difficulty is that in order to check condition (1.25), it is necessary to
evaluate r and hence the Bayes risk rn . This evaluation is often easy when the n
are conjugate priors. Alternatively, the following lemma sometimes helps.
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Lemma 1.13 If δ is the Bayes estimator of g(θ) with respect to  and if
(1.26)

r = E[δ (X) − g( )]2

is its Bayes risk, then
(1.27)


r =

var[g( )|x] dP (x).

In particular, if the posterior variance of g( )|x is independent of x, then
(1.28)

r = var[g( )|x].

Proof. The right side of (1.26) is equal to

3
4
E [g( ) − δ (x)]2 |x dP (x)
✷

and the result follows from (4.5.2).

Example 1.14 Normal mean. Let X = (X1 , . . . , Xn ), with the Xi iid according
to N(θ, σ 2 ). Let the estimand be θ, the loss squared error, and suppose, at first, that
σ 2 is known. We shall prove that X̄ is minimax by finding a sequence of Bayes
estimators δn satisfying (1.23) with r = σ 2 /n.
As prior distribution for θ, let us try the conjugate normal distribution N (µ, b2 ).
Then, it follows from Example 4.2.2 that the Bayes estimator is
(1.29)

δ (x) =

nx̄/σ 2 + µ/b2
.
n/σ 2 + 1/b2

The posterior variance is given by (4.2.3) and is independent of x, so that
(1.30)

r =

n/σ 2

1
.
+ 1/b2

As b → ∞, r ↑ σ 2 /n, and this completes the proof of the fact that X̄ is minimax.
Suppose, now, that σ 2 is unknown. It follows from the result just proved that the
maximum risk of every estimator will be infinite unless σ 2 is bounded. We shall
therefore assume that
(1.31)
σ 2 ≤ M.
Under this restriction, the maximum risk of X̄ is
sup E(X̄ − θ)2 =
(θ,σ 2 )

M
.
n

That X̄ is minimax subject to (1.31), then, is an immediate consequence of Lemma
1.15 below.
It is interesting to note that although the boundedness condition (1.31) was
required for the minimax problem to be meaningful, the minimax estimator does
not, in fact, depend on the value of M.
An alternative modification, when σ 2 is unknown, is to consider the loss function
(1.32)

L(θ, δ) =

1
(θ − δ)2 .
σ2
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For this loss function, the risk of X̄ is bounded, and X̄ is again minimax (Problem
1.21).

We now prove a lemma which is helpful in establishing minimaxity in nonparametric situations.
Lemma 1.15 Let X be a random quantity with distribution F , and let g(F ) be a
functional defined over a set F1 of distributions F . Suppose that δ is a minimax
estimator of g(F ) when F is restricted to some subset F0 of F1 . Then, if
sup R(F, δ) = sup R(F, δ),

(1.33)

F ∈F0

F ∈F1

δ is minimax also when F is permitted to vary over F1 .
Proof. If an estimator δ  existed with smaller sup risk over F1 than δ, it would also
have smaller sup risk over F0 and thus contradict the minimax property of δ over
F0 .
✷
Example 1.16 Nonparametric mean. Let X1 , . . . , Xn be iid with distribution F
and finite expectation θ , and consider the problem of estimating θ with squared
error loss. If the maximum risk of every estimator of θ is infinite, the minimax
problem is meaningless. To rule this out, we shall consider two possible restrictions
on F :
(a) Bounded variance,
var F (Xi ) ≤ M < ∞;

(1.34)
(b) bounded range,
(1.35)

− ∞ < a < Xi < b < ∞.

Under (a), it is easy to see that X̄ is minimax by applying Lemma 1.15 with
F1 the family of all distributions F satisfying (1.34), and F0 the family of normal
distributions satisfying (1.34). Then, X̄ is minimax for F0 by Example 1.14. Since
(1.33) holds with δ = X̄, it follows that X̄ is minimax for F1 . We shall see in the
next section that it is, in fact, the unique minimax estimator of θ.
To find a minimax estimator of θ under (b), suppose without loss of generality
that a = 0 and b = 1, and let F1 denote the class of distributions F with F (1) −
F (0) = 1. It seems plausible in the present case that a least favorable distribution
over F1 would concentrate on those distributions F ∈ F1 which are as spread out
as possible, that is, which put all their mass on the points 0 and 1. But these are
just binomial distributions with n = 1. If this conjecture is correct, the minimax
estimator of θ should reduce to (1.11) when all the Xi are 0 or 1, with X in (1.11)
given by X = Xi . This suggests the estimator
√
n
1 1
δ(X1 , . . . , Xn ) =
(1.36)
√ X̄ +
√ ,
21+ n
1+ n
and we shall now prove that (1.36) is, indeed, a minimax estimator of θ .
Let F0 denote the set of distributions F according to which
P (Xi = 0) = 1 − p,

P (Xi = 1) = p,

0 < p < 1.
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Then, it was seen in Example 1.7 that (1.36) is the minimax estimator of p = E(Xi )
as F varies over F0 . To prove that (1.36) is minimax with respect to F1 , it is, by
Lemma 1.15, enough to prove that the risk function of the estimator (1.36) takes
on its maximum over F0 .
Let R(F, δ) denote the risk of (1.36). Then,
 √
2
n
1
R(F, δ) = E
√ X̄ +
√ −θ .
1+ n
2(1 + n)
√
√
By adding and subtracting [ n/(1 + n)]θ inside the square brackets, this is seen
to simplify to


2 
1
1
var F (X) +
(1.37)
.
−θ
R(F, δ) =
√
2
(1 + n)2
Now,
var F (X) = E(X − θ)2 = E(X 2 ) − θ 2 ≤ E(X) − θ 2
since 0 ≤ X ≤ 1 implies X 2 ≤ X. Thus,
(1.38)

var F (X) ≤ θ − θ 2 .

Substitution of (1.38) into (1.37) shows, after some simplification, that
(1.39)

R(F, δ) ≤

1
√ .
4(1 + n)2

Since the right side of (1.39) is the (constant) risk of δ over F0 , the minimax
property of δ follows.

Let us next return to the situation, considered at the beginning of Section 3.7, of
estimating the mean ā of a population {a1 , . . . , aN } from a simple random sample
Y1 , . . . , Yn drawn from this population. To make the minimax estimation of ā
meaningful, restrictions on the a’s are needed. In analogy to (1.34) and (1.35), we
shall consider the following cases:
(a) Bounded population variance
(1.40)

1
(ai − ā)2 ≤ M;
N

(b) Bounded range,
(1.41)

0 ≤ ai ≤ 1,

to which the more general case a ≤ ai ≤ b can always be reduced. The loss
function will be squared error, and for the time being, we shall ignore the labels. It
will be seen in Section 5.4 that the minimax results remain valid when the labels
are included in the data.
Example 1.17 Simple random sampling. We begin with case (b) and consider
first the special case in which all the values of a are either 1 or 0, say D equal to
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1, N − D equal to 0. The total number X of 1’s in the sample is then a sufficient
statistic and has the hypergeometric distribution
 
 ) 
D
N −D
N
(1.42)
P (X = x) =
x
n−x
n
where max[0, n − (N − D)] ≤ x ≤ min(n, D) (Problem 1.28) and where D can
take on the values 0, 1, . . . , N. The estimand is ā = D/N , and, following the
method of Example 4.1.5, one finds that αX/n + β with
(1.43)

1
*

α=
1+

N −n
n(N −1)

,

β=

1
(1 − α)
2

is a linear estimator with constant risk (Problem 1.29). That (1.43) is minimax is
then a consequence of the fact that it is the Bayes estimator of D/N with respect
to the prior distribution
 1 
H(a + b) a−1 b−1
N
pd q N −d
p q dp,
(1.44)
P (D = d) =
d
H(a)H(b)
0
where

β
.
α/n − 1/N
√
It is easily checked that as N → ∞, (1.43) → (1.11) and (1.45) → 1/2 n,
as one would expect since the hypergeometric distribution then tends toward the
binomial.
The special case just treated plays the same role as a tool for the problem of
estimating ā subject to (1.41) that the binomial case played in Example 1.16. To
show that
(1.46)
δ = α Ȳ + β
(1.45)

a=b=

is minimax, it is only necessary to check that
(1.47)

E(δ − ā)2 = α 2 var(Ȳ ) + [β + (α − 1)ā]2

takes on its maximum when all the values of a are 0 or 1, and this is seen as in
Example 1.16 (Problem 1.31). Unfortunately, δ shares the poor risk properties of
the binomial minimax estimator for all but very small n.
The minimax estimator of ā subject to (1.40), as might be expected from Example 1.16, is Ȳ . For a proof of this result, which will not be given here, see Bickel
and Lehmann (1981) or Hodges and Lehmann (1981).

As was seen in Examples 1.7 and 1.8, minimax estimators can be quite unsatisfactory over a large part of the parameter space. This is perhaps not surprising
since, as a Bayes estimator with respect to a least favorable prior, a minimax estimator takes the most pessimistic view possible. This is illustrated
√ by Example 1.7,
in which the least favorable prior, B(an , bn ) with an = bn = n/2, concentrates
nearly its entire attention on the neighborhood of p = 1/2 for which accurate estimation of p is most difficult. On the other hand, a Bayes estimator corresponding
to a personal prior may expose the investigator to a very high maximum risk, which
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may well be realized if the prior has badly misjudged the situation. It is possible
to avoid the worst consequences of both these approaches through a compromise
which permits the use of personal judgment and yet provides adequate protection
against unacceptably high risks.
Suppose that M is the maximum risk of the minimax estimator. Then, one may
be willing to consider estimators whose maximum risk exceeds M, if the excess
is controlled, say, if
(1.48)
R(θ, δ) ≤ M(1 + ε) for all θ
where ε is the proportional increase in risk that one is willing to tolerate. A restricted Bayes estimator is then obtained by minimizing, subject to (1.48), the
average risk (4.1.1) for the prior  of one’s choice.
Such restricted Bayes estimators are typically quite difficult to calculate. There
is, however, one class of situations in which the evaluation is trivial: If the maximum
risk of the unrestricted Bayes estimator satisfies (1.48), it, of course, coincides
with the restricted Bayes estimator. This possibility is illustrated by the following
example.
Example 1.18 Binomial restricted Bayes estimator. In Example
4.1.5, suppose we believe p to be near zero (it may, for instance, be the probability of a rarely occurring disease or accident). As a prior distribution for p, we
therefore take B(1, b) with a fairly high value of b. The Bayes estimator (4.11.12)
is then δ = (X + 1)/(n + b + 1) and its risk is
(1.49)

E(δ − p)2 =

np(1 − p) + [(1 − p) − bp]2
.
[n + b + 1]2

At p = 1, the risk is [b/(n + b + 1)]2 , which for fixed n and sufficiently large b
can be arbitrarily
√ close to 1, while the constant risk of the minimax estimator is
only 1/4(1 + n)2 . On the other hand, for fixed b, an easy calculation shows that
(Problem 1.32).
√
4(1 + n)2 sup R(p, δ) → 1 as n → ∞.
For any given b and ε > 0, δ will therefore satisfy (1.48) for sufficiently large
values of n.

A quite different, and perhaps more typical, situation is illustrated by the normal
case.
Example 1.19 Normal. If in the situation of Example 4.2.2, without loss of generality, we put σ = 1 and µ = 0, the Bayes estimator (4.2.2) reduces to cX̄ with
c = nb2 /(1+nb2 ). Since its risk function is unbounded for all n, while the minimax
risk is 1/n, no such Bayes estimator can be restricted Bayes.
As a compromise, Efron and Morris (1971) propose an estimator of the form

 x̄ + M if x̄ < −M/(1 − c)
if |x̄| ≤ M/(1 − c)
(1.50)
δ = cx̄

x̄ − M if x̄ > M/(1 − c)
for 0 ≤ c ≤ 1. The risk of these estimators is bounded (Problem 1.33) with
maximum risk tending toward 1/n as M → 0. On the other hand, for large M
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values, (1.50) is close to the Bayes estimator. Although (1.50) is not the exact
optimum solution of the restricted Bayes problem, Efron and Morris (1971) and
Marazzi (1980) show it to be close to optimal.

2 Admissibility and Minimaxity in Exponential Families
It was seen in Example 2.2.6 that a UMVU estimator δ need not be admissible. If
a biased estimator δ  has uniformly smaller risk, the choice between δ and δ  is not
clear-cut: One must balance the advantage of unbiasedness against the drawback
of larger risk. The situation is, however, different for minimax estimators. If δ 
dominates a minimax estimator δ, then δ  is also minimax and, thus, definitely
preferred. It is, therefore, particularly important to ascertain whether a proposed
minimax estimator is admissible. In the present section, we shall obtain some
admissibility results (and in the process, some minimax results) for exponential
families, and in the next section, we shall consider the corresponding problem for
group families.
To prove inadmissibility of an estimator δ, it is sufficient to produce an estimator
δ  which dominates it. An example was given in Lemma 2.2.7. The following is
another instance.
Lemma 2.1 Let the range of the estimand g(θ) be an interval with end-points a
and b, and suppose that the loss function L(θ, d) is positive when d = g(θ ) and
zero when d = g(θ ), and that for any fixed θ, L(θ, d) is increasing as d moves
away from g(θ ) in either direction. Then, any estimator δ taking on values outside
the closed interval [a, b] with positive probability is inadmissible.
Proof. δ is dominated by the estimator δ  , which is a or b when δ < a or > b, and
which otherwise is equal to δ.
✷
Example 2.2 Randomized response. The following is a survey technique sometimes used when delicate questions are being asked. Suppose, for example, that
the purpose of a survey is to estimate the proportion p of students who have ever
cheated on an exam. Then, the following strategy may be used. With probability a
(known), the student is asked the question “Have you ever cheated on an exam?”,
and with probability (1 − a), the question “Have you always been honest on exams?” The survey taker does not know which question the student answers, so
the answer cannot incriminate the respondent (hence, honesty is encouraged). If a
sample of n students is questioned in this way, the number of positive responses
is a binomial random variable X ∗ ∼ b(p ∗ , n) with
(2.1)

p ∗ = ap + (1 − a)(1 − p),

where p is the probability of cheating, and
(2.2)

min{a, 1 − a} < p ∗ < max{a, 1 − a}.

For estimating the probability p = [p∗ −(1−a)]/(1−2a), the method of moments
estimator p̃ = [p̂∗ − (1 − a)]/(1 − 2a) is inadmissible by Lemma 2.1. The MLE
of p, which is equal to p̃ if it falls in the interval specified in (2.2) and takes on
the endpoint values if p̃ is not in the interval, is also inadmissible, although this
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fact does not follow directly from Lemma 2.1. (Inadmissibility of the MLE of p
follows from Moors (1981); see also Hoeffding 1982 and Chaudhuri and Mukerjee
1988).

Example 2.3 Variance components. Another application of Lemma 2.1 occurs
in the estimation of variance components. In the one-way layout with random
effects (see Example 3.5.1 or 4.2.7), let
(2.3)

Xij = µ + Ai + µij ,

j = 1, . . . , ni , i = 1, . . . , s,

where the variables Ai ∼
and Uij ∼ N (0, σ 2 ) are independent. The
2
parameter σA has range [0, ∞); hence, any estimator δ taking on negative values
is an inadmissible estimator of σA2 (against any loss function for which the risk
function exists). The UMVU estimator of σA2 [see (3.5.4)] has this property and
hence is inadmissible.

N (0, σA2 )

A principal method for proving admissibility is the following result.
Theorem 2.4 Any unique1 Bayes estimator is admissible.
Proof. If δ is unique Bayes with respect to the prior distribution  and is dominated
by δ  , then


R(θ, δ  ) d(θ) ≤

R(θ, δ) d(θ ),
✷

which contradicts uniqueness.

An example is provided by the binomial minimax estimator (1.11) of Example
1.7. For the corresponding nonparametric minimax estimator (1.36) of Example
1.16, admissibility was proved by Hjort (1976) who showed that it is the essentially unique minimax estimator with respect to a class of Dirichlet-process priors
described by Ferguson (1973).
We shall, in the present section, illustrate a number of ideas and results concerning admissibility on the estimation of the mean and variance of a normal distribution
and then indicate some of their generalizations. Unless stated otherwise, the loss
function will be assumed to be squared error.
Example 2.5 Admissibility of linear estimators. Let X1 , . . . , Xn be independent, each distributed according to a N (θ, σ 2 ), with σ 2 known. In the preceding
section, X̄ was seen to be minimax for estimating θ. Is it admissible? Instead of
attacking this question directly, we shall consider the admissibility of an arbitrary
linear function a X̄ + b.
From Example 2.2, it follows that the unique Bayes estimator with respect to
the normal prior for θ with mean µ and variance τ 2 is
(2.4)

σ2

nτ 2
σ2
X̄ + 2
µ
2
+ nτ
σ + nτ 2

and that the associated Bayes risk is finite (Problem 2.2). It follows that a X̄ + b is
unique Bayes and hence admissible whenever
1

Uniqueness here means that any two Bayes estimators differ only on a set N with Pθ (N ) = 0 for
all θ .

324

MINIMAXITY AND ADMISSIBILITY

[ 5.2

0 < a < 1.

(2.5)


To see what can be said about other values of a, we shall now prove an inadmissibility result for linear estimators, which is quite general and in particular does
not require the assumption of normality.
Theorem 2.6 Let X be a random variable with mean θ and variance σ 2 . Then,
aX + b is an inadmissible estimator of θ under squared error loss whenever
(i) a > 1, or
(ii) a < 0, or
(iii) a = 1 and b = 0.
Proof. The risk of aX + b is
(2.6)

ρ(a, b) = E(aX + b − θ )2 = a 2 σ 2 + [(a − 1)θ + b]2 .

(i) If a > 1, then

ρ(a, b) ≥ a 2 σ 2 > σ 2 = ρ(1, 0)
so that aX + b is dominated by X.
(ii) If a < 0, then (a − 1)2 > 1 and hence

2
2
ρ(a, b) ≥ [(a − 1)θ + b] = (a − 1) θ +

> θ+

b
a−1

2


b
= ρ 0, −
a−1

b
a−1

.

2

Thus, aX + b is dominated by the constant estimator δ ≡ −b/(a − 1).
(iii) In this case, aX + b = X + b is dominated by X (see Lemma 2.2.7).

✷

Example 2.7 Continuation of Example 2.5. Combining the results of Example
2.5 and Theorem 2.6, we see that the estimator a X̄ + b is admissible in the strip
0 < a < 1 in the (a, b) plane, that it is inadmissible to the left (a < 0) and to the
right (a > 1).
The left boundary a = 0 corresponds to the constant estimators δ = b which are
admissible since δ = b is the only estimator with zero risk at θ = b. Finally, the
right boundary a = 1 is inadmissible by (iii) of Theorem 2.6, with the possible
exception of the point a = 1, b = 0.

We have thus settled the admissibility of a X̄ + b for all cases except X̄ itself,
which was the estimator of primary interest. In the next example, we shall prove
that X̄ is indeed admissible.
Example 2.8 Admissibility of X̄. The admissibility of X̄ for estimating the mean
of a normal distribution is not only of great interest in itself but can also be regarded
as the starting point of many other admissibility investigations. For this reason, we
shall now give two proofs of this fact—they represent two principal methods for
proving admissibility and are seen particularly clearly in this example because of
its great simplicity.
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First Proof of Admissibility (the Limiting Bayes Method). Suppose that X̄ is not
admissible, and without loss of generality, assume that σ = 1. Then, there exists
δ ∗ such that
1
R(θ, δ ∗ ) ≤
for all θ,
n
1
R(θ, δ ∗ ) <
for at least some θ.
n
Now, R(θ, δ) is a continuous function of θ for every δ so that there exists ε > 0
and θ0 < θ1 such that
R(θ, δ ∗ ) <

1
−ε
n

for all θ0 < θ < θ1 .

Let rτ∗ be the average risk of δ ∗ with respect to the prior distribution τ = N (0, τ 2 ),
and let rτ be the Bayes risk, that is, the average risk of the Bayes solution with
respect to τ . Then, by (1.30) with σ = 1 and τ in place of b,
!
2
2
∞
1
1
√1
− R(θ, δ ∗ ) e−θ /2τ dθ
− rτ∗
2π τ −∞ n
n
=
1
1
τ2
− rτ
− 1+nτ
2
n
n
 θ1
2
n(1 + nτ )ε
2
2
≥
e−θ /2τ dθ.
√
τ 2π
θ0
The integrand converges monotonically to 1 as τ → ∞. By the Lebesgue monotone convergence theorem (TSH2, Theorem 2.2.1), the integral therefore converges
to θ1 − θ0 , and, hence, as τ 2 → ∞,
1/n − rτ∗
→ ∞.
1/n − rτ
Thus, there exists τ0 such that rτ∗0 < rτ0 , which contradicts the fact that rτ0 is the
Bayes risk for τ0 . This completes the proof.
A more general version of this approach, known as Blyth’s method, will be given
in Theorem 7.13.
Second Proof of Admissibility (the Information Inequality Method). Another useful tool for establishing admissibility is based on the information inequality and
solutions to a differential inequality, a method due to Hodges and Lehmann (1951).
It follows from the information inequality (2.5.33) and the fact that
R(θ, δ) = E(δ − θ)2 = var θ (δ) + b2 (θ ),
where b(θ ) is the bias of δ, that
(2.7)

R(θ, δ) ≥

[1 + b (θ)]2
+ b2 (θ),
nI (θ)

where the first term on the right is the information inequality variance bound for
estimators with expected value θ + b(θ). Note that, in the present case with σ 2 = 1,
I (θ ) = 1 from Table 2.5.1.
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Suppose, now, that δ is any estimator satisfying
R(θ, δ) ≤

(2.8)

1
n

for all θ

and hence

1
[1 + b (θ)]2
+ b2 (θ) ≤ R(θ, δ) ≤
n
n
We shall then show that (2.9) implies
(2.9)

for all θ.

b(θ) ≡ 0,

(2.10)

that is, that δ is unbiased.
√
(i) Since |b(θ )| ≤ 1/ n, the function b is bounded.
(ii) From the fact that
1 + 2b (θ) + [b (θ)]2 ≤ 1,
it follows that b (θ) ≤ 0, so that b is nonincreasing.
(iii) We shall show, next, that there exists a sequence of values θi tending to ∞
and such that b (θi ) → 0. Suppose that b (θ) were bounded away from 0 as
θ → ∞, say b (θ) ≤ −ε for all θ > θ0 . Then b(θ ) cannot be bounded as
θ → ∞, which contradicts (i).
(iv) Analogously, it is seen that there exists a sequence of values θi → −∞ and
such that b (θi ) → 0 (Problem 2.3).
Inequality (2.9) together with (iii) and (iv) shows that b(θ ) → 0 as θ → ±∞,
and (2.10) now follows from (ii).
Since (2.10) implies that b(θ) = b (θ) = 0 for all θ, it implies by (2.7) that
R(θ, δ) ≥

1
n

for all θ

and hence that

1
.
n
This proves that X̄ is admissible and minimax. That it is, in fact, the only minimax
estimator is an immediate consequence of Theorem 1.7.10.
For another application of this second method of proof, see Problem 2.7.

R(θ, δ) ≡

Admissibility (hence, minimaxity) of X̄ holds not only for squared error loss
but for large classes of loss functions L(θ, d) = ρ(d − θ ). In particular, it holds if
ρ(t) is nondecreasing as t moves away from 0 in either direction and satisfies the
growth condition

|t|ρ(2|t|)φ(t) dt < ∞,
with the only exceptions being the loss functions
ρ(0) = a,

ρ(t) = b

for

|t| = 0,

a < b.

This result2 follows from Brown (1966, Theorem 2.1.1); it is also proved under
somewhat stronger conditions in Hájek (1972).
2

Communicated by L. Brown.
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Example 2.9 Truncated normal mean. In Example 2.8, suppose it is known that
θ > θ0 . Then, it follows from Lemma 2.1 that X̄ is no longer admissible. However,
assuming that σ 2 = 1 and using the method of the second proof of Example 2.8, it
is easy to show that X̄ continues to be minimax. If it were not, there would exist
an estimator δ and an ε > 0 such that
1
R(θ, δ) ≤ − ε for all θ > θ0
n
and hence
1
[1 + b (θ)]2
+ b2 (θ) ≤ − ε for all θ > θ0 .
n
n
As a consequence, b(θ) would be bounded and satisfy b (θ ) ≤ −εn/2 for all
θ > θ0 , and these two statements are contradictory.
This example provides an instance in which the minimax estimator is not unique
and the constant risk estimator X̄ is inadmissible. A uniformly better estimator
which a fortiori is also minimax is max(θ0 , X̄), but it, too, is inadmissible [see
Sacks (1963), in which a characterization of all admissible estimators is given].
Admissible minimax estimators in this case were found by Katz (1961) and Sacks
(1963); see also Gupta and Rohatgi 1980.
If θ is further restricted to satisfy a ≤ θ ≤ b, X̄ is not only inadmissible but also
no longer minimax. If X̄ were minimax, the same would be true of its improvement,
the MLE

if X̄ < a
a
δ ∗ (X) = X̄ if a ≤ X̄ ≤ b

b
if X̄ > b,
so that
1
sup R(θ, δ ∗ ) = sup R(θ, X̄) = .
n
a≤θ≤b
a≤θ≤b
However, R(θ, δ ∗ ) < R(θ, X̄) = 1/n for all a ≤ θ ≤ b. Furthermore, R(θ, δ ∗ )
is a continuous function of θ and hence takes on its maximum at some point
a ≤ θ0 ≤ b. Thus,
1
sup R(θ, δ ∗ ) = R(θ0 , δ ∗ ) < ,
n
a≤θ≤b
which provides a contradiction.
It follows from Wald’s general decision theory (see Section 5.8) that in the
present situation, there exists a probability distribution  over [a, b] which satisfies
(1.4) and (1.6). We shall now prove that the associated set ω of (1.5) consists of
a finite number of points. Suppose the contrary were true. Then, ω contains an
infinite sequence of points with a limit point. Since R(θ, δ ) is constant over these
points and since it is an analytic function of θ , it follows that R(θ, δ ) is constant,
not only in [a, b] but for all θ. Example 2.8 then shows that δ = X̄, which is in
contradiction to the fact that X̄ is not minimax for the present problem.
To simplify matters, and without losing generality [Problem 2.9(a)], we can take
a = −m and b = m, and, thus, consider θ to be restricted to the interval [−m, m]. To
determine a minimax estimator, let us consider the form of a least favorable prior.
Since  is concentrated on a finite number of points, it is reasonable to suspect
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Figure 2.1. Risk functions of bounded mean estimators for m = 1.056742, n = 1.

that these points would be placed at a distances neither too close together nor too
far apart, where “close” is relative to the standard deviation of the density of X.
(If the points are either much closer together or much further apart, then the prior
might be giving us information.) One might therefore conjecture that the number
of points in ω increases with m, and for small m, look at the Bayes estimator for
the two-point prior  that puts mass 1/2 at ±m.
The Bayes estimator, against squared error loss, is [Problem 2.9(b)]
(2.11)

δ  (x̄) = m tanh(mnx̄)

√
where tanh(·) is the hyperbolic tangent function. For m ≤ 1.05/ n, Corollary
1.6 can be used to show that δ √
is minimax and provides a substantial risk decrease
over x̄. Moreover, for m < 1/ n, δ also dominates the MLE δ ∗ [Problem 2.9(c)].
This is illustrated in Figure 2.1, where we have taken m to be the largest value for
which (2.11) is minimax. Note that the risk of δ  is equal at θ = 0 and θ = m.
As m increases, so does the number of points in ω . The range of values of m,
for which the associated Bayes estimators is minimax, was established by Casella
and Strawderman (1981) for 2- and 3-point priors and Kempthorne (1988a, 1988b)
for 4-point priors. Some interesting results concerning  and δ  , for large m, are
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given by Bickel (1981). An alternative estimator, the Bayes estimator against a
uniform prior on [−m, m], was studied by Gatsonis et al. (1987) and shown
√to
perform reasonably when compared to δ  and to dominate δ ∗ for |θ| ≤ m/ n.
Many of these results were discovered independently by Zinzius (1981, 1982),
who derived minimax estimators for θ restricted to the interval [0, c], where c is
known and small.

Example 2.10 Linear minimax risk. Suppose that in Example 2.9 we decide to
restrict attention to linear estimators δ (a,b) = a X̄ + b because of their simplicity.
With σ 2 = 1, from the proof of Theorem 2.6 [see also Problem 4.3.12(a)],
R(θ, a X̄ + b) = a 2 var X̄ + [(a − 1)θ + b]2
= a 2 /n + [(a − 1)θ + b]2 ,
and from Theorem 2.6, we only need consider 0 ≤ a ≤ 1. It is straightforward to
establish (Problem 2.10) that
max R(θ, a X̄ + b) = max{R(−m, a X̄ + b), R(m, a X̄ + b)}

θ∈[−m,m]

and that δ ∗ = a ∗ X̄, with a ∗ = m2 /( n1 + m2 ) is minimax among linear estimators.
Donoho et al. (1990) provide bounds on the ratio of the linear minimax risk to the
minimax risk. They show that, surprisingly, this ratio is approximately 1.25 and,
hence, that the linear minimax estimators may sometimes be reasonable substitutes
for the full minimax estimators.

Example 2.11 Linear model. Consider the general linear model of Section 3.4
and suppose we wish to estimate some linear function of the ξ ’s. Without loss
of generality, we can assume that the model is expressed in the canonical form
(4.8) so that Y1 , . . . , Yn are independent, normal, with common variance σ 2 , and
E(Yi ) = ηi (i = 1, . . . , s); E(Ys+1 ) = · · · = E(Yn ) = 0. The estimand can be taken
to be η1 . If Y2 , . . . , Yn were not present, it would follow from Example 2.8 that
Y1 is admissible for estimating η1 . It is obvious from the Rao-Blackwell theorem
(Theorem 1.7.8 ) that the presence of Ys+1 , . . . , Yn cannot affect this result. The
following lemma shows that, as one would expect, the same is true for Y2 , . . . , Ys .

Lemma 2.12 Let X and Y be independent (possibly vector-valued) with distributions Fξ and Gη , respectively, where ξ and η vary independently. Then, if δ(X)
is admissible for estimating ξ when Y is not present, it continues to be so in the
presence of Y .
Proof. Suppose, to the contrary, that there exists an estimator T (X, Y ) satisfying
R(ξ, η; T ) ≤ R(ξ ; δ) for all ξ, η,
R(ξ0 , η0 ; T ) < R(ξ0 ; δ) for some ξ0 , η0 .
Consider the case in which it is known that η = η0 . Then, δ(X) is admissible on
the basis of X and Y (Problem 2.11). On the other hand,
R(ξ, η0 ; T ) ≤ R(ξ ; δ)
R(ξ0 , η0 ; T ) < R(ξ0 ; δ)

for all ξ,
for some ξ0 ,
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✷

and this is a contradiction.

The examples so far have been concerned with normal means. Let us now turn
to the estimation of a normal variance.
Example 2.13 Normal variance. Under the assumptions of Example 4.2.5, let
us consider the admissibility, using squared error loss, of linear estimators aY + b
of 1/τ = 2σ 2 . The Bayes solutions
(2.12)

α+Y
,
r +g−1

derived there for the prior distributions H(g, 1/α), appear to prove admissibility
of aY + b with
1
0<a<
(2.13)
, 0 < b.
r −1
In particular, this includes the estimators (1/r)Y + b for any b > 0. On the other
hand, it follows from (2.7) that E(Y ) = r/τ , so that (1/r)Y is an unbiased estimator
of 1/τ , and hence from Lemma 2.2.7, that (1/r)Y +b is inadmissible for any b > 0.
What went wrong?
Conditions (i) and (ii) of Corollary 4.1.4 indicate two ways in which the uniqueness (hence, admissibility) of a Bayes estimator may be violated. The second of
these clearly does not apply here since the gamma prior assigns positive density
to all values τ > 0. This leaves the first possibility as the only visible suspect. Let
us, therefore, consider the Bayes risk of the estimator (2.12).
Given τ , we find [by adding and subtracting the expectation of Y /(g + r − 1)],
that




 
Y +α
1
1 2
1
g−1 2
E
=
−
− α−
.
g+r −1 τ
(g + r − 1)2 τ 2
τ
The Bayes risk will therefore be finite if and only if E(1/τ 2 ) < ∞, where the
expectation is taken with respect to the prior and, hence, if and only if g > 2.
Applying this condition to (2.12), we see that admissibility has not been proved
for the region (2.13), as seemed the case originally, but only for the smaller region
1
, 0 < b.
r +1
In fact, it is not difficult to prove inadmissibility for all a > 1/(r + 1) (Problem
2.12), whereas for a < 0 and for b < 0, it, of course, follows from Lemma 2.1.
The left boundary a = 0 of the strip (2.14) is admissible as it was in Example
2.5; the bottom boundary b = 0 was seen to be inadmissible for any positive
a = 1/(r + 1) in Example 2.2.6. This leaves in doubt only the point a = b = 0,
which is inadmissible (Problem 2.13), and the right boundary, corresponding to
the estimators
1
(2.15)
Y + b, 0 ≤ b < ∞.
r +1
Admissibility of (2.15) for b = 0 was first proved by Karlin (1958), who considered
the case of general one-parameter exponential families. His proof was extended to
other values of b by Ping (1964) and Gupta (1966). We shall follow Ping’s proof,
(2.14)

0<a<
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which uses the second method of Example 2.3, whereas Karlin (1958) and Stone
(1967) employed the first method.

Let X have probability density
(2.16)

pθ (x) = β(θ)eθT (x)

(θ, T real-valued)

with respect to µ and let be the natural parameter space. Then, is an interval,
with endpoints, say, θ and θ̄ (−∞ ≤ θ ≤ θ̄ ≤ ∞) (see Section 1.5). For estimating
Eθ (T ), the estimator aT + b is inadmissible if a < 0 or a > 1 and is a constant for
a = 0. To state Karlin’s sufficient condition in the remaining cases, it is convenient
to write the estimator as
γλ
1
T +
(2.17)
,
δλ,γ (x) =
1+λ
1+λ
with 0 ≤ λ < ∞ corresponding to 0 < a ≤ 1.
Theorem 2.14 (Karlin’s Theorem) Under the above assumptions, a sufficient
condition for the admissibility of the estimator (2.17) for estimating g(θ ) = Eθ (T )
with squared error loss is that the integral of e−γ λθ [β(θ)]−λ diverges at θ and θ̄ ;
that is, that for some (and hence for all) θ < θ0 < θ̄ , the two integrals
 θ ∗ −γ λθ
 θ0 −γ λθ
e
e
(2.18)
dθ
and
dθ
λ
λ
θ0 [β(θ )]
θ ∗ [β(θ)]
tend to infinity as θ ∗ tends to θ̄ and θ , respectively.
Proof. It is seen from (1.5.14) and (1.5.15) that
(2.19)

g(θ) = Eθ (T ) =

−β  (θ)
β(θ)

and
(2.20)

g  (θ) = var θ (T ) = I (θ ),

where I (θ ) is the Fisher information defined in (2.5.10). For any estimator δ(X),
we have
Eθ [δ(X) − g(θ )]2 = var θ [δ(X)] + b2 (θ)
[g  (θ ) + b (θ)]2
≥
(2.21)
+ b2 (θ)
I (θ )
[I (θ) + b (θ)]2
=
+ b2 (θ)
I (θ)

[information inequality]

where b(θ) = Eθ [δ(X)] − g(θ) is the bias of δ(x). If δ = δλ,γ of (2.17), then its
λ
λ
bias is bλ,γ (θ ) = 1+λ
[γ − g(θ)] with b (θ) = − 1+λ
g  (θ ) and
2

T + γλ
2
− g(θ )
Eθ [δλ,γ (X) − g(θ)] = Eθ
1+λ
I (θ)
λ2 [g(θ ) − γ ]2
=
(2.22)
+
(1 + λ)2
(1 + λ)2
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2
+ bλ,γ
(θ).

Thus, for estimators (2.17), the information inequality risk bound is an equality.
Now, suppose that δ0 satisfies
(2.23)

Eθ [δλ,γ (X) − g(θ )]2 ≥ Eθ [δ0 (X) − g(θ)]2

for all θ.

Denote the bias of δ0 by b0 (θ), apply inequality (2.21) to the right side of (2.23),
and apply Equation (2.22) to the left side of (2.23) to get
(2.24)

2
bλ,γ
(θ ) +


[I (θ ) + bλ,γ
(θ)]2

I (θ)

≥ b02 (θ) +

[I (θ ) + b0 (θ)]2
.
I (θ )

If h(θ) = b0 (θ ) − bλ,γ (θ ), (2.24) reduces to
(2.25)

h2 (θ ) −

2λ
2 
[h (θ )]2
h(θ )[g(θ) − γ ] +
h (θ) +
≤ 0,
1+λ
1+λ
I (θ)

which implies
(2.26)

h2 (θ ) −

2 
2λ
h(θ)[g(θ) − γ ] +
h (θ ) ≤ 0.
1+λ
1+λ

Finally, let

κ(θ) = h(θ )β λ (θ)eγ λθ .
Differentiation of κ(θ ) and use of (2.19) reduces (2.26) to (Problem 2.7)
2 
κ (θ) ≤ 0.
1+λ
We shall now show that (2.27) with λ ≥ 0 implies that κ(θ ) ≥ 0 for all θ .
Suppose to the contrary that κ(θ0 ) < 0 for some θ0 . Then, κ(θ) < 0 for all θ ≥ θ0
since κ  (θ ) < 0, and for θ > θ0 , we can write (2.27) as


d
1
1 + λ −λ
≥
β (θ)e−γ λθ .
dθ κ(θ)
2
(2.27)

κ 2 (θ )β −λ (θ)e−γ λθ +

Integrating both sides from θ0 to θ ∗ leads to
 ∗
1
1
1 + λ θ −λ
−
≥
β (θ)e−γ λθ dθ.
κ(θ ) κ(θ0 )
2
θ0
As θ ∗ → θ̄ , the right side tends to infinity, and this provides a contradiction since
the left side is < −1/κ(θ0 ).
Similarly, κ(θ ) ≤ 0 for all θ . It follows that κ(θ) and, hence, h(θ ) is zero for all
θ. This shows that for all θ equality holds in (2.25), (2.24), and, thus, (2.23). This
proves the admissibility of (2.17).
✷
Under some additional restrictions, it is shown by Diaconis and Ylvisaker (1979)
that when the sufficient condition of Theorem 2.14 holds, aX + b is Bayes with
respect to a proper prior distribution (a member of the conjugate family) and has
finite risk. This, of course, implies that it is admissible.
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Karlin (1958) conjectured that the sufficient condition of Theorem 2.14 is also
necessary for the admissibility of (2.17). Despite further work on this problem
(Morton and Raghavachari 1966, Stone 1967, Joshi 1969a), this conjecture has
not yet been settled. See Brown (1986a) for further discussion.
Let us now see whether Theorem 2.14 settles the admissibility of Y /(r + 1),
which was left open in Example 2.13.
Example 2.15 Continuation of Example 2.13. The density of Example 4.2.5 is
of the form (2.16) with


−θ r
Y
θ = −rτ, β(θ) =
= T (X), θ = −∞, θ̄ = 0.
,
r
r
Here, the parameterization is chosen so that
1
τ
coincides with the estimand of Example 2.13. An estimator
Eθ [T (X)] =

γλ
1 Y
+
1+λ r 1+λ
is therefore admissible, provided the integrals


 ∞
 −c
−θ −rγ
−γ λθ
e
dθ = C
eγ λθ θ −rλ dθ
r
−∞
c
(2.28)



and

c

eγ λθ θ −rλ dθ

0

are both infinite.
The conditions for the first integral to be infinite are that either
γ =0

and rλ ≤ 1,

For the second integral, the factor e

γ λθ

or

γ λ > 0.

plays no role, and the condition is simply

rλ ≥ 1.
Combining these conditions, we see that the estimator (2.28) is admissible if either
(a)
or

γ =0

and λ =

1
r

1
and γ > 0 (since r > 0).
r
If we put a = 1/(1 + λ)r and b = γ λ/(1 + λ), it follows that aY + b is admissible
if either
1
(a’)
b = 0 and a =
1+r
or
1
(b’)
b > 0 and 0 < a ≤
.
1+r
(b)

λ≥
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The first of these results settles the one case that was left in doubt in Example
2.13; the second confirms the admissibility of the interior of the strip (2.14), which
had already been established in that example. The admissibility of Y /(r + 1) for
estimating 1/τ = 2σ 2 means that
(2.29)

1
1
Y =
Y
2r + 2
n+2

is admissible for estimating σ 2 . The estimator (2.29) is the MRE estimator for σ 2
found in Section 3.3 (Example 3.3.7).

Example 2.16 Normal variance, unknown mean. Admissibility of the estimator
Xi2 /(n + 2) when the X’s are from N (0, σ 2 ) naturally raises the corresponding
question for
(2.30)
(Xi − X̄)2 /(n + 1),
the MRE estimator of σ 2 when the X’s are from N (ξ, σ 2 ) with ξ unknown (Example 3.3.11). The surprising answer, due to Stein (1964), is that (2.30) is not
admissible (see Examples 3.3.13 and 5.2.15). An estimator with uniformly smaller
risk is


(Xi − X̄)2 Xi2
s
δ = min
(2.31)
,
.
n+1
n+2
The estimator (2.30) is MRE under the location-scale group, that is, among
estimators that satisfy
(2.32)

δ(ax1 + b, . . . , axn + b) = aδ(x1 , . . . , xn ).

To search for a better estimator of σ 2 than (2.30), consider the larger class of
estimators that are only scale invariant. These are the estimators of σ 2 that satisfy
(2.32) with b = 0, and are of the form
(2.33)

δ(x̄, s) = ϕ(x̄/s)s 2 .

The estimator δ s is of this form.
As a motivation of δ s , suppose that it is thought a priori likely but by no means
certain that ξ = 0. One might then wish to test the hypothesis H : ξ = 0 by the
usual t-test. If
√
| nX̄|
* 
(2.34)
< c,
2
 Xi − X̄ /(n − 1)
one would accept H and correspondingly estimate σ 2 by Xi2 /(n + 2); in the
2
contrary
√ case, H would be rejected and σ estimated by (2.30). For the value
c = (n − 1)/(n + 1), it is easily checked that (2.34) is equivalent to
1
1
Xi2 <
(Xi − X̄)2 ,
n+2
n+1
and the resulting estimator then reduces to (2.31).
While (2.30) is inadmissible, it is clear that no substantial improvement is possible, since (Xi − X̄)2 /σ 2 has the same distribution as (Xi − ξ )2 /σ 2 with n
replaced by n−1 so that ignorance of σ 2 can be compensated for by one additional
(2.35)

5.2 ]

ADMISSIBILITY AND MINIMAXITY IN EXPONENTIAL FAMILIES

335

observation. Rukhin (1987) shows that the maximum relative risk improvement is
approximately 4%.

Let us now return to Theorem 2.14 and apply it to the binomial case as another
illustration.
Example 2.17 Binomial. Let X have the binomial distribution b(p, n), which we
shall write as
 
n
P (X = x) =
(1 − p)n e(x/n)n log(p/(1−p)) .
(2.36)
x
Putting θ = n log(p/(1 − p)), we have
β(θ ) = (1 − p)n = [1 + eθ/n ]−n


and
g(θ) = Eθ

X
n


=p=

eθ/n
.
1 + eθ/n

Furthermore, as p ranges from 0 to 1, θ ranges from θ = −∞ to θ̄ = +∞.
The integral in question is then

(2.37)
e−γ λθ (1 + eθ/n )λn dθ
and the estimator X/[n(1 + λ)] + γ λ/(1 + λ) is admissible, provided this integral
diverges at both −∞ and +∞. If λ < 0, the integrand is ≤ e−γ λθ and the integral
cannot diverge at both limits, whereas for λ = 0, the integral does diverge at both
limits. Suppose, therefore, that λ > 0. Near infinity, the dominating term (which
is also a lower bound) is

e−γ λθ +λθ dθ,
which diverges provided γ ≤ 1. At the other end, we have


 ∞
 −c
1 λn
−γ λθ
θ/n λn
γ λθ
e
(1 + e ) dθ =
1 + θ/n
e
dθ.
e
−∞
c
The factor in parentheses does not affect the convergence or divergence of this
integral, which therefore diverges if and only if γ λ ≥ 0. The integral will therefore
diverge at both limits, provided
(2.38)

λ>0

and 0 ≤ γ ≤ 1,

or

λ = 0.

With a = 1/(1 + λ) and b = γ λ/(1 + λ), this condition is seen to be equivalent
(Problem 2.7) to
(2.39)
0 < a ≤ 1, 0 ≤ b, a + b ≤ 1.
The estimator, of course, is also admissible when a = 0 and 0 ≤ b ≤ 1, and it is
easy to see that it is inadmissible for the remaining values of a and b (Problem
2.8). The region of admissibility is, therefore, the closed triangle {(a, b) : a ≥ 0,
b ≥ 0, a + b ≤ 1}.

Theorem 2.14 provides a simple condition for the admissibility of T as an
estimator of Eθ (T ).
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Corollary 2.18 If the natural parameter space of (2.16) is the whole real line so
that θ = −∞, θ̄ = ∞, then T is admissible for estimating Eθ (T ) with squared
error loss.
Proof. With λ = 0 and γ = 1, the two integrals (2.18) clearly tend toward infinity
as θ → ±∞.
✷
The condition of this corollary is satisfied by the normal (variance known),
binomial, and Poisson distributions, but not in the gamma or negative binomial
case (Problem 2.25).
The starting point of this section was the question of admissibility of some
minimax estimators. In the opposite direction, it is sometimes possible to use the
admissibility of an estimator to prove that it is minimax.
Lemma 2.19 If an estimator has constant risk and is admissible, it is minimax.
Proof. If it were not, another estimator would have smaller maximum risk and,
hence, uniformly smaller risk.
✷
This lemma together with Corollary 2.18 yields the following minimax result.
Corollary 2.20 Under the assumptions of Corollary 2.18, T is the unique minimax
estimator of g(θ ) = Eθ (T ) for the loss function [d − g(θ )]2 /var θ (T ).
Proof. For this loss function, T is a constant risk estimator which is admissible
by Corollary 2.18 and unique by Theorem 1.7.10.
✷
A companion to Lemma 2.19 allows us to deduce admissibility from unique
minimaxity.
Lemma 2.21 If an estimator is unique minimax, it is admissible.
Proof. If it were not admissible, another estimator would dominate it in risk and,
hence, would be minimax.
✷
Example 2.22 Binomial admissible minimax estimator. If X has the binomial
distribution b(p, n), then, by Corollary 2.20, X/n is the unique minimax estimator
of p for the loss function (d − p)2 /pq (which was seen in Example 1.7). By
Lemma 2.21, X/n is admissible for this loss function.

The estimation of a normal variance with unknown mean provided a surprising
example of a reasonable estimator which is inadmissible. We shall conclude this
section with an example of a totally unreasonable estimator that is admissible.
Example 2.23 Two binomials. Let X and Y be independent binomial random
variables with distributions b(p, m) and b(π, n), respectively. It was shown by
Makani (1977) that a necessary and sufficient condition for
X
Y
+b +c
m
n
to be admissible for estimating p with squared error loss is that either
(2.40)

(2.41)

a

0 ≤ a < 1, 0 ≤ c ≤ 1, 0 ≤ a + c ≤ 1,
0 ≤ b + c ≤ 1, 0 ≤ a + b + c ≤ 1,
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or
(2.42)
a = 1 and b = c = 0.
We shall now prove the sufficiency part, which is the result of interest; for
necessity, see Problem 2.21.
Suppose there exists another estimator δ(X, Y ) with risk uniformly at least as
small as that of (2.40), so that

2
X
Y
E a + b + c − p ≥ E[δ(X, Y ) − p]2 for all p.
m
n
Then
m

n

(2.43)
x=0 k=0
m

≥



x
k
a +b +c−p
m
n

n

2
P (X = x, Y = k)

[δ(x, k) − p]2 P (X = x, Y = k).

x=0 k=0

Letting π → 0, this leads to
m 
2
x
a + c − p P (X = x) ≥
m
x=0

m

[δ(x, 0) − p]2 P (X = x)

x=0

for all p. However, a(X/m) + c is admissible by Example 2.17; hence δ(x, 0) =
a(x/m) + c for all x = 0, 1, . . . , m.
The terms in (2.43) with k = 0, therefore, cancel. The remaining terms contain a
common factor π which can also be canceled and one can now proceed as before.
Continuing in this way by induction over k, one finds at the (k + 1)st stage that
2
m 
m
x
k
a + b + c − p P (X = x) ≥
[δ(x, k) − p]2 P (X = x)
m
n
x=0
x=0
for all p. However, aX/m + bk/n + c is admissible by Example 2.17 since
a+b
and, hence,
δ(x, k) = a

k
+c ≤1
n

x
k
+b +c
m
n

for all x.

This shows that (2.43) implies
x
y
+ b + c for all x and y
m
n
and, hence, that (2.40) is admissible.
Putting a = 0 in (2.40), we see that estimates of the form b(Y /n) + c (0 ≤
c ≤ 1, 0 ≤ b + c ≤ 1) are admissible for estimating p despite the fact that
only the distribution of X depends on p and that X and Y are independent. This
paradoxical result suggests that admissibility is an extremely weak property. While
it is somewhat embarrassing for an estimator to be inadmissible, the fact that it
is admissible in no way guarantees that it is a good or even halfway reasonable
estimator.

δ(x, y) = a
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The result of Example 2.23 is not isolated. An exactly analogous result holds in
the Poisson case (Problem 2.22) and a very similar one due to Brown for normal
distributions (see Example 7.2); that an exactly analogous example is not possible
in the normal case follows from Cohen (1965a).
3 Admissibility and Minimaxity in Group Families
The two preceding sections dealt with minimax estimators and their admissibility
in exponential families. Let us now consider the corresponding problems for group
families. As was seen in Section 3.2, in these families there typically exists an MRE
estimator δ0 for any invariant loss function, and it is a constant risk estimator. If
δ0 is also a Bayes estimator, it is minimax by Corollary 1.5 and admissible if it is
unique Bayes.
Recall Theorem 4.4.1, where it was shown that a Bayes estimator under an
invariant prior is (almost) equivariant. It follows that under the assumptions of
that theorem, there exists an almost equivariant estimator which is admissible.
Furthermore, it turns out that under very weak additional assumptions, given any
almost equivariant estimator δ, there exists an equivariant estimator δ  which differs
from δ only on a fixed null set N . The existence of such a δ  is obvious in the
simplest case, that of a finite group. We shall not prove it here for more general
groups (a precise statement and proof can be found in TSH2, Section 6.5, Theorem
4). Since δ and δ  then have the same risk function, this establishes the existence
of an equivariant estimator that is admissible.
Theorem 4.4.1 does not require Ḡ to be transitive over . If we add the assumption of transitivity, we get a stronger result.
Theorem 3.1 Under the conditions of Theorem 4.4.1, if Ḡ is transitive over
then the MRE estimator is admissible and minimax.

,

The crucial assumption in this approach is the existence of an invariant prior
distribution. The following example illustrates the rather trivial case in which the
group is finite.
Example 3.2 Finite group. Let X1 , . . . , Xn be iid according to the normal distribution N(ξ, 1). Then, the problem of estimating ξ with squared error loss remains
invariant under the two-element group G, which consists of the identity transformation e and the transformation
g(x1 , . . . , xn ) = (−x1 , . . . , −xn );

ḡξ = −ξ ;

g ∗ d = −d.

In the present case, any distribution  for ξ which is symmetric with respect to
the origin is invariant. Under the conditions of Theorem 4.4.1, it follows that for
any such , there is a version of the Bayes solution which is equivariant, that is,
which satisfies δ(−x1 , . . . , −xn ) = −δ(x1 , . . . xn ). The group Ḡ in this case is, of
course, not transitive over .

As an example in which G is not finite, we shall consider the following version
of the location problem on the circle.
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Example 3.3 Circular location family. Let U1 , . . . , Un be iid on (0, 2π ) according to a distribution F with density f . We shall interpret these variables as n
points chosen at random on the unit circle according to F . Suppose that each point
is translated on the circle by an amount θ (0 ≤ θ < 2π ) (i.e., the new positions
are those obtained by rotating the circle by an amount, θ ). When a value Ui + θ
exceeds 2π, it is, of course, replaced by Ui + θ − 2π. The resulting values are the
observations X1 , . . . , Xn . It is then easily seen (Problem 3.2) that the density of
Xi is
(3.1)

f (xi − θ + 2π) when 0 < xi < θ,
f (xi − θ) when θ < xi < 2π.

This can also be written as
(3.2)

f (xi − θ)I (θ < xi ) + f (xi − θ + 2π )I (xi < θ )

where I (a < b) is 1 when a < b, and 0 otherwise.
If we straighten the circle to a straight-line segment of length 2π , we can also
represent this family of distributions in the following form. Select n points at
random on (0, 2π) according to F . Cut the line segment at an arbitrary point θ
(0 < θ < 2π). Place the upper segment so that its endpoints are (0, 2π −θ ) and the
lower segment so that its endpoints are (2π − θ, 2π), and denote the coordinates
of the n points in their new positions by X1 , . . . , Xn . Then, the density of Xi is
given by (3.1).
As an illustration of how such a family of distributions might arise, suppose
that in a study of gestation in rats, n rats are impregnated by artificial insemination
at a given time, say at midnight on day zero. The observations are the n times
Y1 , . . . , Yn to birth, recorded as the number of days plus a fractional day. It is
assumed that the Y ’s are iid according to G(y − η) where G is known and η is
an unknown location parameter. A scientist who is interested in the time of day at
which births occur abstracts from the data the fractional parts Xi = Yi − [Yi ]. The
variables Xi = 2πXi have a distribution of the form (3.1) where θ is 2π times the
fractional part of η.
Let us now return to (3.2) and consider the problem of estimating θ . The model as
originally formulated remains invariant under rotations of the circle. To represent
these transformations formally, consider for any real number a the unique number
a ∗ , 0 ≤ a ∗ < 2π, for which a = 2κπ + a ∗ (κ an integer). Then, the group G of
rotations can be represented by
xi = (xi + c)∗ ,

θ  = (θ + c)∗ ,

d  = (d + c)∗ .

A loss function L(θ, d) remains invariant under G if and only if it is of the form
L(θ, d) = ρ[(d − θ)∗ ] (Problem 3.3.). Typically, one would want it to depend only
on (d − θ )∗∗ = min{(d − θ)∗ , (2π − (d − θ))∗ }, which is the difference between d
and θ along the smaller of the two arcs connecting them. Thus, the loss might be
((d − θ )∗∗ )2 or |(d − θ)∗∗ |. It is important to notice that neither of these is convex
(Problem 3.4).
The group G is transitive over and an invariant distribution for θ is the uniform
distribution over (0, 2π). By applying an obvious extension of the construction
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(3.20) or (3.21) below, one obtains an admissible equivariant (and, hence, constant
risk) Bayes estimator, which a fortiori is also minimax. If the loss function is not
convex in d, only the extension of (3.20) is available and the equivariant Bayes
procedure may be randomized.

Let us next turn to the question of the admissibility and minimaxity of MRE
estimators which are Bayes solutions with respect to improper priors. We begin
with the location parameter case.
Example 3.4 Location family on the line. Suppose that X = (X1 , . . ., Xn ) has
density
f (x − θ) = f (x1 − θ, . . . , xn − θ ),
(3.3)
and let G and Ḡ be the groups of translations xi = xi + a and θ  = θ + a. The
parameter space is the real line, and from Example 4.4.3, the invariant measure
on is the measure ν which to any interval I assigns its length, that is, Lebesgue
measure.
Since the measure ν is improper, we proceed as in Section 4.3 and look for a
generalized Bayes estimator. The posterior density of θ given x is given by
(3.4)

f (x − θ )
.
f (x − θ) dθ

This quantity is non-negative and its integral, with respect to θ , is equal to 1. It
therefore defines a proper distribution for θ , and by Section 4.3, the generalized
Bayes estimator of θ, with loss function L, is obtained by minimizing the posterior
expected loss


(3.5)

L[θ, δ(x)]f (x − θ) dθ/ f (x − θ ) dθ.

For the case that L is squared error, the minimizing value of δ(x) is the expectation
of θ under (3.4), which was seen to be the Pitman estimator (3.1.28) in Example 4.4.7. The agreement of the estimator minimizing (3.5) with that obtained in
Section 3.1 of course holds also for all other invariant loss functions.
Up to this point, the development here is completely analogous to that of Example 3.3. However, since ν is not a probability distribution, Theorem 4.4.1 is not
applicable and we cannot conclude that the Pitman estimator is admissible or even
minimax.

The minimax character of the Pitman estimator was established in the normal
case in Example 1.14 by the use of a least favorable sequence of prior distributions.
We shall now consider the minimax and admissibility properties of MRE estimators
more generally in group families, beginning with the case of a general location
family.
Theorem 3.5 Suppose X = (X1 , . . . , Xn ) is distributed according to the density
(3.3) and that the Pitman estimator δ ∗ given by (1.28) has finite variance. Then,
δ ∗ is minimax for squared error loss.
Proof. As in Example 1.14, we shall utilize Theorem 1.12, and for this purpose,
we require a least favorable sequence of prior distributions. In view of the discussion at the beginning of Example 3.4, one would expect a sequence of priors that
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approximates Lebesgue measure to be suitable. The sequence of normal distributions with variance tending toward infinity used in Example 1.14 was of this kind.
Here, it will be more convenient to use instead a sequence of uniform densities.
(3.6)

πT (u) =

if |u| < T
otherwise,

1/2T
0

with T tending to infinity. If δT is the Bayes estimator with respect to (3.6) and rT
its Bayes risk, the minimax character of δ ∗ will follow if it can be shown that rT
tends to the constant risk r ∗ = E0 δ ∗2 (X) of δ ∗ as T → ∞. Since rT ≤ r ∗ for all
T , it is enough to show
lim inf rT ≥ r ∗ .
(3.7)
We begin by establishing the lower bound for rT
(3.8)

2
rT ≥ (1 − ε) inf E0 δa,b
(X),
a≤−εT

b≥εT

where ε is any number between 0 and 1, and δa,b is the Bayes estimator with respect
to the uniform prior on (a, b) so that, in particular, δT = δ−T ,T . Then, for any c
(Problem 3.7),
δa,b (x + c) = δa−c,b−c (x) + c
(3.9)
and hence
Eθ [δ−T ,T (X) − θ]2 = E0 [δ−T −θ,T −θ (X)]2 .
It follows that for any 0 < ε < 1,
 T
1
rT =
E0 [δ−T −θ,T −θ (X)]2 dθ
2T −T
≥ (1 − ε)

inf

|θ|≤(1−ε)T

E0 [δ−T −θ,T −θ (X)]2 .

Since −T − θ ≤ −εT and T − θ ≥ εT when |θ | ≤ (1 − ε)T , this implies (3.8).
Next, we show that


(3.10)

2
lim inf rT ≥ E0 lim inf δa,b
(X)
T →∞

a→−∞

b→∞

where the lim inf on the right side is defined as the smallest limit point of all
sequences δa2n ,bn (X) with an → −∞ and bn → ∞. To see this, note that for any
function h of two real arguments, one has (Problem 3.8).


(3.11)

lim inf  inf h(a, b) = lim inf h(a, b).
T →∞

a≤−T

b≥T

a→−∞

b→∞

Taking the lim inf of both sides of (3.8), and using (3.11) and Fatou’s Lemma
(Lemma 1.2.6) proves (3.10).
We shall, finally, show that as a → −∞ and b → ∞,
(3.12)

δa,b (X) → δ ∗ (X)

with probability 1.
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From this, it follows that the right side of (3.10) is r ∗ , which will complete the
proof. The limit (3.12) is seen from the fact that
 b
 b
δa,b (x) =
uf (x − u) du/
f (x − u) du
a

a

and that, by Problems 3.1.20, and 3.1.21 the set of points x for which
 ∞
 ∞
0<
f (x − u) du < ∞ and
|u|f (x − u) du < ∞
−∞

has probability 1.

−∞

✷

Theorem 3.5 is due to Girshick and Savage (1951), who proved it somewhat more
generally without assuming a probability density and under the sole assumption
that there exists an estimator (not necessarily equivariant) with finite risk. The
streamlined proof given here is due to Peter Bickel.
Of course, one would like to know whether the constant risk minimax estimator
δ ∗ is admissible. This question was essentially settled by Stein (1959). We state
without proof the following special case of his result.
Theorem 3.6 If X1 , . . . , Xn are independently distributed with common probability density f (x − θ), and if there exists an equivariant estimator δ0 of θ for
which E0 |δ0 (X)|3 < ∞, then the Pitman estimator δ ∗ is admissible under squared
error loss.
It was shown by Perng (1970) that this admissibility result need not hold when
the third-moment condition is dropped.
In Example 3.4, we have, so far, restricted attention to squared error loss. Admissibility of the MRE estimator has been proved for large classes of loss functions
by Farrell (1964), Brown (1966), and Brown and Fox (1974b). A key assumption
is the uniqueness of the MRE estimator. An early counterexample when that assumption does not hold was given by Blackwell (1951). A general inadmissibility
result in the case of nonuniqueness is due to Farrell (1964).
Examples 3.3 and 3.4 involved a single parameter θ. That an MRE estimator of θ
may be inadmissible in the presence of nuisance parameters, when the corresponding estimator of θ with known values of the nuisance parameters is admissible, is
illustrated by the estimator (2.30). Other examples of this type have been studied
by Brown (1968), Zidek (1973), and Berger (1976bc), among others. An important illustration of the inadmissibility of the MRE estimator of a vector-valued
parameter constitutes the principal subject of the next two sections.
Even when the best equivariant estimator is not admissible, it may still be—
and frequently is—minimax. Conditions for an MRE estimator to be minimax are
given by Kiefer (1957) or Robert (1994a, Section 7.5). (See Note 9.3.) The general
treatment of admissibility and minimaxity of MRE estimators is beyond the scope
of this book. However, roughly speaking, MRE estimators will typically not be
admissible except in the simplest situations, but they have a much better chance
of being minimax.
The difference can be seen by comparing Example 1.14 and the proof of Theorem 3.5 with the first admissibility proof of Example 2.8. If there exists an invariant
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measure over the parameter space of the group family (or equivalently over the
group, see Section 3.2 ) which can be suitably approximated by a sequence of
probability distributions, one may hope that the corresponding Bayes estimators
will tend to the MRE estimator and Theorem 3.5 will become applicable. In comparison, the corresponding proof in Example 2.8 is much more delicate because
it depends on the rate of convergence of the risks (this is well illustrated by the
attempted admissibility proof at the beginning of the next section).
As a contrast to Theorem 3.5, we shall now give some examples in which the
MRE estimator is not minimax.
Example 3.7 MRE not minimax. Consider once more the estimation of W in
Example 3.2.12 with loss 1 when |d − W|/W > 1/2, and 0 otherwise. The problem
remains invariant under the group G of transformations
X1 = a1 X1 + a2 X2 ,
X2 = b1 X1 + b2 X2 ,

Y1 = c(a1 Y1 + a2 Y2 ),
Y2 = c(b1 Y1 + b2 Y2 )

with a1 b2 = a2 b1 and c > 0. The only equivariant estimator is δ(x, y) ≡ 0 and its
risk is 1 for all values of W. On the other hand, the risk of the estimator k ∗ Y22 /X22
obtained in Example 3.2.12 is clearly less than 1.

Example 3.8 A random walk.3 Consider a walk in the plane. The walker at each
step goes one unit either right, left, up, or down and these possibilities will be
denoted by a, a − , b, and b− , respectively. Such a walk can be represented by a
finite “path” such as
bba − b− a − a − a − a − .
In reporting a path, we shall, however, cancel any pair of successive steps which reverse each other, such as a − a or bb− . The resulting set of all finite paths constitutes
the parameter space . A typical element of will be denoted by
θ = π 1 · · · πm ,
its length by l(θ) = m. Being a parameter, θ (as well as m) is assumed to be
unknown. What is observed is the path X obtained from θ by adding one more
step, which is taken in one of the four possible directions at random, that is, with
probability 1/4 each. If this last step is πm+1 , we have
X=

θ πm+1
π1 · · · πm−1

if πm and πm+1 do not cancel each other,
otherwise.

A special case occurs if θ or X, after cancellation, reduce to a path of length 0;
this happens, for example, if θ = a − and the random step leading to X is a. The
resulting path will then be denoted by e.
The problem is to estimate θ , having observed X = x; the loss will be 1 if the
estimated path δ(x) is = θ , and 0 if δ(x) = θ .
If we observe X to be
x = π1 · · · πk ,
3

A more formal description of this example is given in TSH2 [Chapter 1, Problem 11(ii)]. See also
Diaconis (1988) for a general treatment of random walks on groups.
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the natural estimate is
δ0 (x) = π1 · · · πk−1 .
An exception occurs when x = e. In that case, which can arise only when l(θ ) = 1,
let us arbitrarily put δ0 (e) = a. The estimator defined in this way clearly satisfies
1
for all θ.
4
Now, consider the transformations that modify the paths θ, x, and δ(x) by having
each preceded by an initial segment π−r · · · π−1 on the left, so that, for example,
θ = π1 · · · πm is transformed into
R(θ, δ0 ) ≤

ḡθ = π−r · · · π−1 π1 · · · πm
where, of course, some cancellations may occur. The group G is obtained by considering the addition in this manner of all possible initial path segments. Equivariance of an estimator δ under this group is expressed by the condition
(3.13)

δ(π−r · · · π−1 x) = π−r · · · π−1 δ(x)

for all x and all π−r · · · π−1 , r = 1, 2 . . .. This implies, in particular, that
(3.14)

δ(π−r · · · π−1 ) = π−r · · · π−1 δ(e),

and this condition is sufficient as well as necessary for δ to be equivariant because
(3.14) implies that
π−r · · · π−1 δ(x) = π−r · · · π−1 xδ(e) = δ(π−r · · · π−1 x).
Since Ḡ is clearly transitive over , the risk function of any equivariant estimator is constant. Let us now determine the MRE estimator. Suppose that δ(e) =
π10 · · · πk0 , so that by (3.14),
δ(x) = xπ10 · · · πk0 .
The only possibility of δ(x) being equal to θ occurs when π10 cancels the last
element of x. The best choice for k is clearly k = 1, and the choice of π10 (fixed
or random) is then immaterial; in any case, the probability of cancellation with
the last element of X is 1/4, so that the risk of the MRE estimator (which is not
unique) is 3/4. Comparison with δ0 shows that a best equivariant estimator in this
case is not only not admissible but not even minimax.

The following example, in which the MRE estimator is again not minimax but
where G is simply the group of translations on the real line, is due to Blackwell
and Girshick (1954).
Example 3.9 Discrete location family. Let X = U + θ where U takes on the
values 1, 2, . . . with probabilities
P (U = k) = pk .
We observe x and wish to estimate θ with loss function
(3.15)

L(θ, d) = d − θ
=0

if d > θ
if d ≤ θ.
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The problem remains invariant under arbitrary translation of X, θ, and d by the
same amount. It follows from Section 3.1 that the only equivariant estimators are
those of the form X − c. The risk of such an estimator, which is constant, is given
by
(3.16)
(k − c)pk .
k>c

If the pk tend to 0 sufficiently slowly, an equivariant estimator will have infinite
risk. This is the case, for example, when
pk =

(3.17)

1
k(k + 1)

(Problem 3.11). The reason is that there is a relatively large probability of substantially overestimating θ for which there is a heavy penalty. This suggests a
deliberate policy of grossly underestimating θ, for which, by (3.15), there is no
penalty. One possible such estimator (which, of course, is not equivariant) is
δ(x) = x − M|x|,

(3.18)

M > 1,

and it is not hard to show that its maximum risk is finite (Problem 3.12).



The ideas of the present section have relevance beyond the transitive case for
which they were discussed so far. If Ḡ is not transitive, we can no longer ask
whether the uniform minimum risk equivariant (UMRE) estimator is minimax
since a UMRE estimator will then typically not exist. Instead, we can ask whether
there exists a minimax estimator which is equivariant. Similarly, the question of
the admissibility of the UMRE estimator can be rephrased by asking whether an
estimator which is admissible among equivariant estimators is also admissible
within the class of all estimators.
The conditions for affirmative answers to these two questions are essentially
the same as in the transitive case. In particular, the answer to both questions is
affirmative when G is finite. A proof along the lines of Theorem 4.1 is possible
but not very convenient because it would require a characterization of all admissible (within the class of equivariant estimators) equivariant estimators as Bayes
solutions with respect to invariant prior distributions. Instead, we shall utilize the
fact that for every estimator δ, there exists an equivariant estimator whose average
risk (to be defined below) is no worse than that of δ.
Let the elements of the finite group G be g1 , . . . , gN and consider the estimators
δi (x) = gi∗−1 δ(gi x).

(3.19)

When δ is equivariant, of course, δi (x) = δ(x) for all i. Consider the randomized
estimator δ ∗ for which
(3.20)

δ ∗ (x) = δi (x)

with probability 1/N for each i = 1, . . . , N,

and assuming the set D of possible decisions to be convex, the estimator
(3.21)

δ ∗∗ (x) =

1
N

N
i=1

δi (x)
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which, for given x, is the expected value of δ ∗ (x). Then, δ ∗∗ (x) is equivariant, and
so is δ ∗ (x) in the sense that g ∗−1 δ ∗ (gx) again is equal to δi (x) with probability
1/N for each i (Problem 3.13). For these two estimators, it is easy to prove that
(Problem 3.14):
(i) for any loss function L,
R(θ, δ ∗ ) =

(3.22)

1
R(ḡi θ, δ)
N

and
(ii) for any loss function L(θ, d) which is convex in d,
1
R(θ, δ ∗∗ ) ≤ R(ḡi θ, δ).
(3.23)
N
From (3.22) and (3.23), it follows immediately that
sup R(θ, δ ∗ ) ≤ sup R(θ, δ)

and

sup R(θ, δ ∗∗ ) ≤ sup R(θ, δ),

which proves the existence of an equivariant minimax estimator provided a minimax estimator exists.
Suppose, next, that δ0 is admissible among all equivariant estimators. If δ0 is
not admissible within the class of all estimators, it is dominated by some δ. Let δ ∗
and δ ∗∗ be as above. Then, (3.22) and (3.23) imply that δ ∗ and δ ∗∗ dominate δ0 ,
which is a contradiction.
Of the two constructions, δ ∗∗ has the advantage of not requiring randomization,
whereas δ ∗ has the advantage of greater generality since it does not require L to
be convex. Both constructions easily generalize to groups that admit an invariant
measure which is finite (Problems 4.4.12–4.4.14). Further exploration of the relationship of equivariance to admissibility and the minimax property leads to the
Hunt-Stein theorem (see Notes 9.3).
4 Simultaneous Estimation
So far, we have been concerned with the estimation of a single real-valued parameter g(θ ). However, one may wish to estimate several parameters simultaneously,
for example, several physiological constants of a patient, several quality characteristics of an industrial or agricultural product, or several dimensions of musical
ability. One is then dealing with a vector-valued estimand
g(θ ) = [g1 (θ ), . . . , gr (θ )]
and a vector-valued estimator
δ = (δ1 , . . . , δr ).
A natural generalization of squared error as a measure of accuracy is
(4.1)

[δi − gi (θ )]2 ,

a sum of squared error losses, which we shall often simply call squared error loss.
More generally, we shall consider loss functions L(θ , δ) where δ = (δ1 , . . . , δr ),
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and then denote the risk of an estimator δ by
(4.2)

R(θ , δ) = Eθ L[θ , δ(X)].

Another generalization of expected squared error loss is the matrix R(θ , δ)
whose (i, j )th element is
(4.3)

E{[δi (X) − gi (θ )][δj (X) − gj (θ )]}.

We shall say that δ is more concentrated about g(θ ) than δ  if
(4.4)

R(θ , δ  ) − R(θ , δ)

is positive semidefinite (but not identically zero). This definition differs from that
based on (4.2) by providing only a partial ordering of estimators, since (4.4) may
be neither positive nor negative semidefinite.
Lemma 4.1
(i) δ is more concentrated about g(θ ) than δ  if and only if
(4.5)

E{ki [δi (X) − gi (θ )]}2 ≤ E{ki [δi (X) − gi (θ )]}2

for all constants k1 , . . . , kr .
(ii) In particular, if δ is more concentrated about g(θ ) than δ  , then
(4.6)

E[δi (X) − gi (θ )]2 ≤ E[δi (X) − gi (θ )]2

f or all i.

(iii) If R(θ , δ) ≤ R(θ , δ  ) for all convex loss functions, then δ is more concentrated
about g(θ ) than δ  .
Proof.
(i) If E{ki [δi (X) − gi (θ )]}2 is expressed as a quadratic form in the ki , its matrix
is R(θ , δ).
(ii) This is a special case of (i).
(iii) This follows from the fact that {ki [di − gi (θ )]}2 is a convex function of
d = (d1 , . . . , dr ).
✷
Let us now consider the extension of some of the earlier theory to the case of
simultaneous estimation of several parameters.
(1) The Rao-Blackwell theorem (Theorem 1.7.8). The proof of this theorem
shows that its results remain valid when δ and g are vector-valued. In particular,
for any convex loss function, the risk of any estimator is reduced by taking its
expectation given a sufficient statistic. It follows that for such loss functions, one
can dispense with randomized estimators. Also, Lemma 4.1 shows that an estimator
δ is always less concentrated about g(θ ) than the expectation of δ(X), given a
sufficient statistic.
(2) Unbiased estimation. In the vector-valued case, an estimator δ of g(θ ) is said
to be unbiased if
Eθ [δi (X)] = gi (θ ) for all i and θ .
(4.7)
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For unbiased estimators, the concentration matrix R defined by (4.3) is just the
covariance matrix of δ.
From the Rao-Blackwell theorem, it follows, as in Theorem 2.1.11 for the case
r = 1, that if L is convex and if a complete sufficient statistic T exists, then any U estimable g has a unique unbiased estimator depending only on T . This estimator
uniformly minimizes the risk among all unbiased estimators and, thus, is also more
concentrated about g(θ ) than any other unbiased estimator.
(3) Equivariant estimation. The definitions and concepts of Section 3.2 apply
without changes. They are illustrated by the following example, which will be
considered in more detail later in the section.
Example 4.2 Several normal means. Let X = (X1 , . . . , Xr ), with the Xi independently distributed as N (θi , 1), and consider the problem of estimating the vector
mean θ = (θ1 , . . . , θr ) with squared error loss. This problem remains invariant under the group G1 of translations
(4.8)

gX = (X1 + a1 , . . . , Xr + ar ),
ḡθ = (θ1 + a1 , . . . , θr + ar ),
g ∗ d = (d1 + a1 , . . . , dr + ar ).

The only equivariant estimators are those of the form
(4.9)

δ(X) = (X1 + c1 , . . . , Xr + cr )

and an easy generalization of Example 3.1.16 shows that X is the MRE estimator
of θ .
The problem also remains invariant under the group G2 of orthogonal transformations
(4.10)
gX = XH, ḡθ = θ H, g ∗ d = dH
where H is an orthogonal r × r matrix. An estimator δ is equivariant if and only if
it is of the form (Problem 4.1)
δ(X) = u(X) · X,

(4.11)

where u(X) is any scalar satisfying
(4.12)

u(XH) = u(X)

for all orthogonal H and all X

and, hence, is an arbitrary function of Xi2 (Problem 4.2). The group Ḡ defined
by (4.10) is not transitive over the parameter space, and a UMRE estimator of θ ,
therefore, cannot be expected.

(4) Bayes estimators. The following result frequently makes it possible to reduce
Bayes estimation of a vector-valued estimand to that of its components.
Lemma 4.3 Suppose that δi∗ (X) is the Bayes estimator of gi (θ ) when θ has the
prior distribution  and the loss is squared error. Then, δ ∗ = (δ1∗ , . . . , δr∗ ) is more
concentrated about g(θ ) in the Bayes sense that it minimizes
(4.13)

E[ki (δi (X) − gi (θ ))]2 = E[ki δi (X) − ki gi (θ )]2
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for all ki , where the expectation is taken over both θ and X.
Proof. The result follows from the fact that the estimator ki δi (X) minimizing
(4.13) is
E[ki gi (θ )|X] = ki E[g(θ i )|X] = ki δi∗ (X).
✷
Example 4.4 Multinomial Bayes. Let X = (X0 , . . . , Xs ) have the multinomial
distribution M(n; p0 , . . . , ps ), and consider the Bayes estimation of the vector
p = (p0 , . . . , ps ) when the prior distribution of p is the Dirichlet distribution 
with density
(4.14)

H(a0 , . . . , as ) a0 −1
· · · psas −1
p
H(a0 ) . . . H(as ) 0

(ai > 0, 0 ≤ pi ≤ 1, pi = 1).

The Bayes estimator of pi for squared error loss is (Problem 4.3)
(4.15)

δi (X) =

ai + Xi
,
aj + n

and by Lemma 4.3, the estimator [δ0 (X), . . . , δs (X)] is then most concentrated in
the Bayes sense. As a check, note that δi (X) = 1 as, of course, it must since 
assigns probability 1 to pi = 1.

(5) Minimax estimators. In generalization of the binomial minimax problem
treated in Example 1.7, let us now determine the minimax estimator of (p0 , . . . , ps )
for the multinomial model of Example 4.4.
Example 4.5 Multinomial minimax. Suppose the loss function is
squared error. In light of Example 1.7, one might guess that a least favorable
distribution is the Dirichlet distribution (4.14) with a0 = · · · = as = a. The Bayes
estimator (4.15) reduces to
(4.16)

δi (X) =

a + Xi
.
(s + 1)a + n

The estimator δ(X) with
√ components (4.16) has constant risk over the support of
(4.14), provided a = n/(s + 1), and for this value of a, δ(X) is therefore minimax
by Corollary 1.5. [Various versions of this problem are discussed by Steinhaus
(1957), Trybula (1958), Rutkowska (1977), and Olkin and Sobel (1979).]

Example 4.6 Independent experiments. Suppose the components Xi of X =
(X1 , . . . , Xr ) are independently distributed according to distributions Pθi , where
the θi vary independently over i , so that the parameter space for θ = (θ1 , . . . , θr )
is = 1 × · · · × r . Suppose, further, that for the ith component problem of
estimating θi with squared error loss, i is least favorable for θi , and the minimax
estimator δi is the Bayes solution with respect to i , satisfying condition (1.5) with
ωi = ωi . Then, δ = (δ1 , . . . , δr ) is minimax for estimating θ with squared error
loss. This follows from the facts that (i) δ is a Bayes estimator with respect to the
prior distribution  for θ , according to which the components θi are independently
distributed with distribution i , (ii) (ω) = 1 where ω = ω1 × · · · × ωr , and (iii)
the set of points θ at which R(θ , δ) attains its maximum is exactly ω.
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The analogous result holds if the component minimax estimators δi are not Bayes
solutions with respect to least favorable priors but have been obtained through
a least favorable sequence by Theorem 1.12. As an example, suppose that Xi
(i = 1, . . . , r) are independently distributed as N (θi , 1). Then, it follows that
(X1 , . . . , Xr ) is minimax for estimating (θ1 , . . . , θr ) with squared error loss.

The extensions so far have brought no great surprises. The results for general r
were fairly straightforward generalizations of those for r = 1. This will no longer
always be the case for the last topic to be considered.
(6) Admissibility. The multinomial minimax estimator (4.16) was seen to be a
unique Bayes estimator and, hence, is admissible. To investigate the admissibility
of the minimax estimator X for the case of r normal means considered at the end
of Example 4.6, one might try the argument suggested following Theorem 4.1. It
was seen in Example 4.2 that the problem under consideration remains invariant
under the group G1 of translations and the group G2 of orthogonal transformations,
given by (4.8) and (4.10), respectively. Of these, G1 is transitive; if there existed
an invariant probability distribution over G1 , the remark following Theorem 4.1
would lead to an admissible estimator, hopefully X. However, the measures cν,
where ν is Lebesgue measure, are the only invariant measures (Problem 4.14) and
they are not finite. Let us instead consider G2 . An invariant probability distribution
over G2 does exist (TSH2, Example 6 of Chapter 9). However, the approach now
fails because Ḡ2 is not transitive. Equivariant estimators do not necessarily have
constant risk and, in fact, in the present case, a UMRE estimator does not exist
(Strawderman 1971).
Since neither of these two attempts works, let us try the limiting Bayes method
(Example 2.8, first proof) instead, which was successful in the case r = 1. For the
sake of convenience, we shall take the loss to be the average squared error,
1
(di − θi )2 .
r
If X is not admissible, there exists an estimator δ ∗ , a number ε > 0, and intervals
(θi0 , θi1 ) such that
L(θ , d) =

(4.17)

R(θ , δ ∗ )

≤1
<1−ε

for all θ
for θ satisfying θi0 < θi < θi1 for all i.

A computation analogous to that of Example 2.8 now shows that

 θr1
1 − rτ∗
ε(1 + τ 2 ) θ11
≥ √
···
(4.18)
exp(−θi2 /2τ 2 )dθ1 · · · dθr .
1 − rτ
( 2πτ )r θ10
θr0
Unfortunately, the factor preceding the integral no longer tends to infinity when
r > 1, and so this proof breaks down too.
It was shown by Stein (1956b) that X is, in fact, no longer admissible when
r ≥ 3 although admissibility continues to hold for r = 2. (A limiting Bayes proof
will work for r = 2, although not with normal priors. See Problem 4.5). For r ≥ 3,
there are many different estimators whose risk is uniformly less than that of X.
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To produce an improved estimator, Stein (1956b) gave a “large r and |θ |” argument based on the observation that with high probability, the true θ is in the
sphere {θ : |θ |2 ≤ |x|2 − r}. Since the usual estimator X is approximately the
same size as θ , it will almost certainly be outside of this sphere. Thus, we should
cut down the estimator X to bring it inside the sphere. Stein argues that X should
be cut down by a factor of (|X|2 − r)/|X|2 = 1 − r/|X|2 , and as a more general
form, he considers the class of estimators
(4.19)

δ(x) = [1 − h(|x|2 )]x,

with particular emphasis on the special case


r
δ(x) = 1 − 2 x.
(4.20)
|x|
See Problem 4.6 for details.
Later, James and Stein (1961) established the complete dominance of (4.20) over
X, and (4.20) remains the basic underlying form of almost all improved estimators.
In particular, the appearance of the squared term in the shrinkage factor is essential
for optimality (Brown 1971; Berger 1976a; Berger 1985, Section 8.9.4).
Since Stein (1956b) and James and Stein (1961), the proof of domination of the
estimator (4.20) over the maximum likelihood estimator, X, has undergone many
modifications and updates. More recent proofs are based on the representation of
Corollary 4.7.2 and can be made to apply to cases other than the normal. We defer
treatment of this topic until Section 5.6. At present, we only make some remarks
about the estimator (4.20) and the following modifications due to James and Stein
(1961). Let


r −2
δi = µi + 1 −
(xi − µi )
(4.21)
|x − µ|2
where µ = (µ1 , . . . , µr ) are given numbers and
!1/2
(4.22)
.
|x − µ| = (xi − µi )2
A motivation for the general structure of the estimator (4.21) can be obtained by
using arguments similar to the empirical Bayes arguments in Examples 4.7.7 and
4.7.8 (see also Problems 4.7.6 and 4.7.7). Suppose, a priori, it was thought likely,
though not certain, that θi = µi (i = 1, . . . , r). Then, it might be reasonable first
to test
H : θ1 = µ1 , . . . , θr = µr
and to estimate θ by µ when H is accepted and by X otherwise. The best acceptance
region has the form |x − µ| ≤ C so that the estimator becomes
(4.23)

δ=

µ
x

if |x − µ| ≤ C
if |x − µ| > C.

A smoother approach is provided by an estimator with components of the form
(4.24)

δi = ψ(|x − µ|)xi + [1 − ψ(|x − µ|)]µi
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where ψ, instead of being two-valued as in (4.23), is a function increasing continuously with ψ(0) = 0 to ψ(∞) = 1. The estimator (4.21) is of the form (4.24)
(although with ψ(0) = −∞), but the argument given above provides no explanation of the particular choice for ψ. We note, however, that many hierarchical
Bayes estimators (such as given in Example 5.2) will result in estimators of this
form. We will return to this question in Section 5.6.
For the case of unknown σ, the estimator corresponding to (4.23) has been
investigated by Sclove, Morris, and Radhakrishnan (1972). They show that it does
not provide a uniform improvement over X and that its risk is uniformly greater
than that of the corresponding James-Stein estimator. Although these so-called
pretest estimators tend not to be optimal, they have been the subject of considerable
research (see, for example, Sen and Saleh 1985, 1987).
Unlike X, the estimator δ is, of course, biased. An aspect that in some circumstances is disconcerting is the fact that the estimator of θi depends not only on Xi
but also on the other (independent) X’s. Do we save enough in risk to make up for
these drawbacks? To answer this, we take a closer look at the risk function.
Under the loss (4.17), it will be shown in Theorem 5.1 that the risk function of
the estimator (4.21) can be written as


r −2
r −2
R(θ , δ) = 1 −
(4.25)
.
Eθ
r
|X − µ|2
Thus, δ has uniformly smaller risk than the constant estimator X when r ≥ 3,
and, in particular, δ is then minimax by Example 4.6. More detailed information
can be obtained from the fact that |X − µ|2 has a noncentral χ 2 -distribution with
noncentrality parameter λ = (θi − µi )2 and that, therefore, the risk function
(4.25) is an increasing function of λ. (See TSH2 Chapter 3, Lemma 2 and Chapter
7, Problem 4 for details). The risk function tends to 1 as λ → ∞, and takes on
its minimum value at λ = 0. For this value, |X − µ|2 has a χ 2 -distribution with r
degrees of freedom, and it follows from Example 2.1 that (Problem 4.7)


1
1
E
=
2
|X − µ|
r −2
and hence R(µ, δ) = 2/r. Particularly for large values of r, the savings over the
risk of X (which is equal to 1 for all θ ) can therefore be substantial. (See Bondar
1987 for further discussion.)
We thus have the surprising result that X is not only inadmissible when r ≥ 3
but that even substantial risk savings are possible. This is the case not only for
squared error loss but also for a wide variety of loss functions which in a suitable
way combine the losses resulting from the r component problems. In particular,
Brown (1966, Theorem 3.1.1) proves that X is inadmissible for r ≥ 3 when
L(θ , d) = ρ(d − θ ), where ρ is a convex function satisfying, in addition to some
mild conditions, the requirement that the r × r matrix R with the (i, j )th element


∂
E 0 Xi
(4.26)
ρ(X)
∂Xj
is nonsingular. Here, the derivative in (4.26) is replaced by zero whenever it does
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not exist.
Example 4.7 A variety of loss functions. Consider the following loss functions
ρ1 , . . . , ρ4 :
ρ1 (t) = νi ti2

(all νi > 0);

ρ2 (t) =
ρ3 (t) =

maxi ti2 ;
t12 ,

ρ4 (t) =

1
ti
r



2
.

All four are convex, and R is nonsingular for ρ1 and ρ2 but singular for ρ3 and ρ4
(Problem 4.8). For r ≥ 3, it follows from Brown’s theorem that X is inadmissible
for ρ1 and ρ2 . On the other hand, it is admissible for ρ3 and ρ4 (Problem 4.10). 
Other ways in which the admissibility of X depends on the loss function are
indicated by the following example (Brown, 1980b) in which L(θ , d) is not of the
form ρ(d − θ ).
Example 4.8 Admissibility of X. Let Xi (i = 1, . . . , r) be independently distributed as N(θi , 1) and consider the estimation of θ with loss function
(4.27)

L(θ , d) =

r
i=1

v(θi )
(θi − di )2 .
v(θj )

Then the following results hold:
(i) When v(t) = ekt (k = 0), X is inadmissible if and only if r ≥ 2.
(ii) When v(t) = (1 + t 2 )k/2 ,
(a) X is admissible for k < 1, 1 ≤ r < (2 − k)/(1 − k) and for k ≥ 1, all r;
(b) X is inadmissible for k < 1, r > (2 − k)/(1 − k).
Parts (i) and (ii(b)) will not be proved here. For the proof of (ii(a)), see Problem
4.11.

In the formulations considered so far, the loss function in some way combines
the losses resulting from the different component problems. Suppose, however, that
the problems of estimating θ1 , . . . , θr are quite unrelated and that it is important
to control the error on each of them. It might then be of interest to minimize


2
max sup E(δi − θi ) .
(4.28)
i

θi

It is easy to see that X is the unique estimator minimizing (4.28) and is admissible
from this point of view. This follows from the fact that Xi is the unique estimator
for which
sup E(δi − θi )2 ≤ 1.
θi

[On the other hand, it follows from Example 4.7 that X is inadmissible for r ≥ 3
when L(θ , d) = maxi (di − θi )2 .]
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The performance measure (4.28) is not a risk function in the sense defined in
Chapter 1 because it is not the expected value of some loss but the maximum of a
number of such expectations. An interesting way of looking at such a criterion was
proposed by Brown (1975) [see also Bock 1975, Shinozaki 1980, 1984]. Brown
considers a family L of loss functions L, with the thought that it is not clear which
of these loss functions will be most appropriate. (It may not be clear how the data
will be used, or they may be destined for multiple uses. In this connection, see also
Rao 1977.) If
RL (θ , δ) = Eθ L[θ , δ(X)],

(4.29)

Brown defines δ to be admissible with respect to the class L if there exists no δ 
such that
RL (θ , δ  ) ≤ RL (θ , δ) for all L ∈ L and all θ
with strict inequality holding for at least one L = L0 and θ = θ 0 .
The argument following (4.28) shows that X is admissible when L contains the
r loss functions Li (θ , d) = (di − θi )2 , i = 1, . . . , r, and hence, in particular, when
L is the class of all loss functions
r

(4.30)

ci (δi − θi )2 ,

0 ≤ ci < ∞.

i=1

On the other hand, Brown shows that if the ratios of the weights ci to each other
are bounded,
(4.31)
ci /cj < K, i, j = 1, . . . , r,
then no matter how large K, the estimator X is inadmissible with respect to the
class L of loss functions (4.30) satisfying (4.31). Similar results persist in even
more general settings, such as when L is not restricted to squared error loss. See
Hwang 1985, Brown and Hwang 1989, and Problem 4.14.
The above considerations make it clear that the choice between X and competitors such as (4.21) must depend on the circumstances. (In this connection, see also
Robinson 1979a, 1979b). A more detailed discussion of some of these issues will
be given in the next section.
5 Shrinkage Estimators in the Normal Case
The simultaneous consideration of a number of similar estimation problems involving independent variables and parameters (Xi , θi ) often occurs in repetitive
situations in which it may be reasonable to view the θ ’s themselves as random
variables. This leads to the Bayesian approach of Examples 4.7.1, 4.7.7, and 4.7.8.
In the simplest normal case, we assume, as in Example 4.7.1, that the Xi are independent normal with mean θi and variance σ 2 , and that the θi ’s are also normal, say
with mean ξ and variance A (previously denoted by τ 2 ), that is, X ∼ Nr (θ , σ 2 I )
and θ ∼ Nr (ξ , AI ). This model has some similarity with the Model II version of
the one-way layout considered in Section 3.5. There, however, interest centered
on the variances σ 2 and A, while we now wish to estimate the θi ’s.
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To simplify the problem, we shall begin by assuming that σ and ξ are known,
say σ = 1 and ξ = 0, so that only A and θ are unknown. The empirical Bayes
arguments of Example 4.7.1 led to the estimator
δiπ̂ = (1 − B̂)xi ,

(5.1)

where B̂ = (r − 2)/xi2 , that is, the James-Stein estimator (4.21) with µ = 0. We
now prove that, as previously claimed, the risk function of (5.1) is given by (4.25).
However, we shall do so for the more general estimator (5.1) with B̂ = c(r−2)/xi2
where c is a positive constant. (The value c = 1 minimizes both the Bayes risk
(Problem 4.7.5) and the frequentist risk among estimators of this form.)
Theorem 5.1 Let Xi , i = 1, . . . , r (r > 2), be independent, with distributions
N(θi , 1) and let the estimator δc of θ be given by


r −2
δc (x) = 1 − c
x, |x|2 = xj2 .
(5.2)
|x|2
Then, the risk function of δc , with loss function (5.17), is


c(2 − c)
(r − 2)2
R(θ , δc ) = 1 −
Eθ
(5.3)
.
r
|X|2
Proof. From Theorem 4.7.2, using the loss function (4.17), the risk of δc is
(5.4)

1
2
R(θ , δc ) = 1 + Eθ |g(X)|2 −
r
r

r

Eθ

i=1

∂
gi (X)
∂Xi

where gi (x) = c(r − 2)xi /|x| and |g(x)| = c (r − 2)2 /|x|2 . Differentiation shows
2

2

2

∂
c(r − 2)
gi (x) =
[|x|2 − 2xi2 ]
∂xi
|x|4

(5.5)
and hence
r
i=1

∂
c(r − 2)
gi (x) =
∂xi
|x|4
=

r
i=1

[|x|2 − 2xi2 ]

c(r − 2)
(r − 2),
|x|2

and substitution into (5.4) gives

 2



2
c (r − 2)2
c(r − 2)2
1
R(θ , δc ) = 1 + Eθ
− Eθ
r
|X|2
r
|X|2


2
(r − 2)
c(2 − c)
=1−
.
Eθ
r
|X|2
✷





1
1
≤
E
,
0
|X|2
|X|2
so R(θ , δc ) < ∞ only if the latter expectation is finite, which occurs when r ≥ 3
(see Problem 5.2).
Note that

(5.6)

Eθ
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From the expression (5.3) for the risk, we immediately get the following results.
Corollary 5.2 The estimator δc defined by (5.2) dominates X (δc = X when c = 0),
provided 0 < c < 2 and r ≥ 3.
Proof. For these values, c(2 − c) > 0 and, hence, R(θ , δc ) < 1 for all θ . Note that
R(θ , δc ) = R(θ , X) for c = 2.
✷
Corollary 5.3 The James-Stein estimator δ, which equals δc with c = 1, dominates
all estimators δc with c = 1.
Proof. The factor c(2 − c) takes on its maximum value 1 if and only if c = 1.

✷

For c = 1, formula (5.3) verifies the risk formula (4.25). Since the JamesStein estimator dominates all estimators δc with c = 1, one might hope that it
is admissible. However, unfortunately, this is not the case, as is shown by the
following theorem, which strengthens Theorem 4.7.5 by extending the comparison
from the average (Bayes) risk to the risk function.
Theorem 5.4 Let δ be any estimator of the form (5.1) with B̂ any strictly decreasing function of the xi ’s and suppose that
Pθ (B̂ > 1) > 0.

(5.7)
Then,

R(θ , δ̂) < R(θ , δ)
where
(5.8)

δ̂i = max[(1 − B̂), 0]xi .

Proof. By (4.17),


2
1 
1
Eθ δi2 − δ̂i2 − 2θi Eθ δi − δ̂i .
r
To show that the expression in brackets is always > 0, calculate the expectations
by first conditioning on B̂. For any value B̂ ≤ 1, we have δi = δ̂i , so it is enough
to show that the right side is positive when conditioned on any value B̂ = b > 1.
Since in that case δ̂i = 0, it is finally enough to show that for any b > 1,
R(θ , δ) − R(θ , δ̂) =

θi Eθ [δi |B̂ = b] = θi (1 − b)Eθ (Xi |B̂ = b) ≤ 0
and hence that θi Eθ (Xi |B̂ = b) ≥ 0. Now B̂ = b is equivalent to |X|2 = c for some
c and hence to X12 = c − (X22 + · · · + Xr2 ). Conditioning further on X2 , . . . , Xr , we
find that
Eθ (θ1 X1 ||X|2 = c, x2 , . . . , xr ) = θ1 Eθ (X1 |X12 = y 2 )
θ1 y(eθ1 y − e−θ1 y )
=
eθ1 y + e−θ1 y

*
where y = c − (x22 + · · · + xr2 ). This is an increasing function of |θ1 y|, which is
zero when θ1 y = 0, and this completes the proof.
✷
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Theorem 5.4 shows in particular that the James-Stein estimator (δc with c = 1)
is dominated by another minimax estimator,


r −2 +
+
(5.9)
xi
δi = 1 −
|x|2
where (·)+ indicates that the quantity in parentheses is replaced by 0 whenever it
is negative. We shall call
(·)+ = max[(·), 0]
the positive part of (·). The risk functions of the ordinary and positive-part Stein
estimators are shown in Figure 5.1.
Figure 5.1. Risk functions of the ordinary and positive-part Stein estimators, for r=4.

Unfortunately, it can be shown that even δ + is inadmissible because it is not
smooth enough to be either Bayes or limiting Bayes, as we will see in Section
5.7. However, as suggested by Efron and Morris (1973a, Section 5), the positivepart estimator δ + is difficult to dominate, and it took another twenty years until a
dominating estimator was found by Shao and Strawderman (1994). There exist, in
fact, many admissible minimax estimators, but they are of a more general form than
(5.1) or (5.9). To obtain such an estimator, we state the following generalization
of Corollary 5.2, due to Baranchik (1970) (see also Strawderman 1971, and Efron
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and Morris 1976a). The proof is left to Problem 5.4.
Theorem 5.5 For X ∼ Nr (θ , I ), r ≥ 3, and loss L(θ , d) =
estimator of the form


r −2
δi = 1 − c(|x|)
xi
(5.10)
|x|2
is minimax provided
(i) 0 ≤ c(·) ≤ 2 and
(ii) the function c is nondecreasing.

1
(di
r

− θi )2 , an

It is interesting to note how very different the situation for r ≥ 3 is from
the one-dimensional problem discussed in Sections 5.2 and 5.3. There, minimax
estimators were unique (although recall Example 2.9); here, they constitute a rich
collection. It follows from Theorem 5.4 that the estimators (5.10) are inadmissible
whenever c(|x|)/|x|2 > 1/(r − 2) with positive probability. On the other hand, the
family (5.10) does contain some admissible members, as is shown by the following
example, due to Strawderman (1971).
Example 5.6 Proper Bayes minimax. Let Xi be independent normal with mean
θi and unit variance, and suppose that the θi ’s are themselves random variables
with the following two-stage prior distribution. For a fixed value of λ, let the θi be
iid according to N[0, λ−1 (1 − λ)]. In addition, suppose that λ itself is a random
variable, , with distribution  ∼ (1 − a)λ−a , 0 ≤ a < 1. We therefore have the
hierarchical model
(5.11)

X ∼ Nr (θ , I ),
θ ∼ Nr (0, λ−1 (1 − λ)I ),
 ∼ (1 − a)λ−a ,

0 < λ < 1,

0 < a < 1.

Here, for illustration, we take a = 0 so that  has the uniform distribution U (0, 1).
A straightforward calculation (Problem 5.5) shows that the Bayes estimator δ,
under squared error loss (4.17), is given by (5.10) with


2 exp(− 21 |x|2 )
1
c(|x|) =
(5.12)
.
r +2− 1
r −2
λr/2 exp(−λ|x|2 /2) dλ
0

It follows from Problem 5.4 that E(|x) = (r − 2)c(|x|)/|x|2 and hence that
c(|x|) ≥ 0 since λ < 1. On the other hand, c(|x|) ≤ (r + 2)/(r − 2) and hence
c(|x|) ≤ 2 provided r ≥ 6. It remains to show that c(|x|) is nondecreasing or,
equivalently, that


 1
1
λr/2 exp |x|2 (1 − λ) dλ
2
0
is nondecreasing in |x|. This is obvious since 0 < λ < 1.
Thus, the estimator (5.10) with c(|x|) given by (5.12) is a proper Bayes (and
admissible) minimax estimator for r ≥ 6.

Although neither the James-Stein estimator nor its positive-part version of (5.9)
are admissible, it appears that no substantial improvements over the latter are
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possible (see Example 7.3). We shall now turn to some generalizations of these
estimators, where we no longer require equal variances or equal weights in the
loss function.
We first look at the case where the covariance matrix is no longer σ 2 I , but may
be any positive definite matrix . Conditions for minimaxity of the estimator


c(|x|2 )
δ(x) = 1 −
(5.13)
x
|x|2
will now involve this covariance matrix.
Theorem 5.7 For X ∼ Nr (θ , ) with  known, an estimator of the form (5.13)
is minimax against the loss L(θ , δ) = |θ − δ|2 , provided
(i) 0 ≤ c(|x|2 ) ≤ 2[tr()/λmax ()] − 4,
(ii) the function c(·) is nondecreasing,
where tr() denotes the trace of the matrix  and λmax () denotes its largest
eigenvalue.
Note that the covariance matrix must satisfy tr()/λmax () > 2 for δ to be
different from X. If  = I , tr()/λmax () = r, so this is the dimensionality
restriction in another guise. Bock (1975) (see also Brown 1975) shows that X
is unique minimax among spherically symmetric estimators if tr()/λmax () <
2. (An estimator is said to be spherically symmetric if it is equivariant under
orthogonal transformations. Such estimators were characterized by (4.11), to which
(5.13) is equivalent.)
When the bound on c(·) is displayed in terms of the covariance matrix, we get
some idea of the types of problems in which we can expect improvement from
shrinkage estimators. The condition tr() > 2λmax () will be satisfied when the
eigenvalues of  are not too different (see Problem 5.10). If this condition is
not satisfied, then estimators which allow different coordinatewise shrinkage are
needed to obtain minimaxity (see Notes 9.6).
Proof of Theorem 5.7. The risk of δ(x) is
(5.14)

!
R(θ , δ) = Eθ (θ − δ(X)) (θ − δ(X))
!
= Eθ (θ − X) (θ − X)

 2


c(|X|2 ) 
c (|X|2 )
X (θ − X) + Eθ
−2Eθ
|X|2
|X|2

where Eθ (θ − X) (θ − X) = tr(), the trace of the matrix , is the minimax risk
(Problem 5.8). We can now apply integration by parts (see Problem 5.9) to write

"
c(|X|2 )
X X
2
(c(|X|
(5.15) R(θ , δ) = tr() + Eθ
)
+
4)
−
2
tr

|X|2
|X|2
c (|X|2 ) 
X X.
−4Eθ
|X|2
Since c (·) ≥ 0, an upper bound on R(θ , δ) results by dropping the last term. We
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then note [see Equation (2.6.5)]
(5.16)

x x x x
=  ≤ λmax ()
|x|2
xx
✷

and the result follows.

Theorem 5.5 can also be extended by considering more general loss functions
in which the coordinates may have different weights.
Example 5.8 Loss functions in the one-way layout. In the one-way layout we
observe
Xij ∼ N (ξi , σi2 ), j = 1, . . . , ni , i = 1, . . . , r ,
(5.17)

where the usual estimator of ξi is X̄i = j Xij /ni . If the assumptions of Theorem
5.7 are satisfied, then the estimator X̄ = (X̄1 , . . . , X̄r ) can be improved. If the ξi ’s
represent mean responses for different treatments, for example, crop yields from
different fertilization treatments or mean responses from different drug therapies,
it may be unrealistic to penalize the estimation of each coordinate by the same
amount. In particular, if one drug is uncommonly expensive or if a fertilization
treatment is quite difficult to apply, this could be reflected in the loss function. 
The situation described in Example 5.8 can be generalized to
(5.18)

X ∼ N (θ , ),
L(θ , δ) = (θ − δ) Q(θ − δ),

where both  and Q are positive definite matrices. We again ask under what
conditions the estimator (5.13) is a minimax estimator of θ .
Before answering this question, we first note that, without loss of generality,
we can consider one of  or Q to be the identity (see Problem 5.11). Hence, we
take  = I in the following theorem, whose proof is left to Problem 5.12; see also
Problem 5.13 for a more general result.
Theorem 5.9 Let X ∼ N (θ , I ). An estimator of the form (5.13) is minimax against
the loss L(θ , δ) = (θ − δ) Q(θ − δ), provided
(i) 0 ≤ c(|x|2 ) ≤ 2[tr(Q)/λmax (Q)] − 4,
(ii) the function c(·) is nondecreasing.
Theorem 5.9 can also be viewed as a robustness result, since we have shown δ
to be minimax against any Q, which provides an upper bound for c(|x|2 ) in (i).
This is in the same spirit as the results of Brown (1975), mentioned in Section 5.5.
(See Problem 5.14.)
Thus far, we have been mainly concerned with one form of shrinkage estimator, the estimator (5.13). We shall now obtain a more general class of minimax
estimators by writing δ as δ(x) = x − g(x) and utilizing the resulting expression
(5.4) for the risk of δ. As first noted by Stein, (5.4) can be combined with the
identities derived in Section 4.3 (for the Bayes estimator in an exponential family)
to obtain a set of sufficient conditions for minimaxity in terms of the condition of
superharmonicity of the marginal distribution (see Section 1.7).
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In particular, for the case of X ∼ N (θ , I ), we can, by Corollary 3.3, write a
Bayes estimator of θ as
(5.19)

E(θi |x) =

∂
∂
log m(x) −
log h(x)
∂xi
∂xi

with −∂ log h(x)/∂xi = xi (Problem 5.17) so that the Bayes estimators are of the
form
(5.20)
δ(x) = x + ∇ log m(x).
Theorem 5.10 If X ∼ Nr (θ , I ), the risk, under squared error loss, of the estimator
(5.20) is given by


∂2 √
4  r ∂xi2 m(X) 
R(θ , δ) = 1 + Eθ
(5.21)
√
 i=1
r
m(X) 
√
4 ∇ 2 m(X)
= 1 + Eθ √
r
m(X)

where ∇ 2 f = {(∂ 2 /∂xi2 )f } is the Laplacian of f .
Proof. The ith component of the estimator (5.20) is
δi (x) = xi + (∇ log m(x))i
m (x)
∂
= xi +
log m(x) = xi + i
∂xi
m(x)
where, for simplicity of notation, we write mi (x) = (∂/∂xi )m(x). In the risk identity
(5.4), set gi (x) = −mi (x)/m(x) to obtain


 

r  
r 
mi (X) 2
1
2
∂ mi (X)
+ Eθ
(5.22) R(θ , δ) = 1 + Eθ
r
m(X)
r
∂xi m(X)
i=1
i=1




m (X)
mi (X) 2
1 r
=1+
Eθ 2 i
−
r i=1
m(X)
m(X)
where mi (x) = (∂ 2 /∂xi2 )m(x), and the second expression follows from straightforward differentiation and gathering of terms. Finally, notice the differentiation
identity
gi (x)
[gi (x)]2
∂2
(5.23)
[g(x)]1/2 =
−
.
2
1/2
2[g(x)]
4[g(x)]3/2
∂xi
Using (5.23), we can rewrite the risk (5.22) in the form (5.21).
✷
The form of the risk function (5.21) shows
 that the estimator (5.20) is minimax
(provided all expectations are finite) if (∂ 2 /∂xi2 )[m(x)]1/2 < 0, and hence by
Theorem 1.7.24 if [m(x)]1/2 is superharmonic. We, therefore, have established the
following class of minimax estimators.
√
√
Corollary 5.11 Under the conditions of Theorem 5.10, if Eθ {∇ 2 m(X)/ m(X)}
< ∞ and [m(x)]1/2 is a superharmonic function, then δ(x) = x + log ∇m(x) is
minimax.
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A useful consequence of Corollary 5.11 follows from the fact that superharmonicity of m(x) implies that of [m(x)]1/2 (Problem 1.7.16) and is often easier to
verify.
Corollary 5.12 Under the conditions of Theorem 5.10, if Eθ |∇m(X)/ m(X)|2 <
∞, Eθ |∇ 2 m(X)/m(X)| < ∞, and m(x) is a superharmonic function, then δ(x) =
x + log ∇m(x) is minimax.
Proof. From the second expression in (5.22), we see that
R(θ , δ) ≤ 1 +

(5.24)

2
r

r

Eθ

i=1

mi (X)
,
m(X)

which is ≤ 1 if m(x) is superharmonic.

✷

Example 5.13 Superharmonicity of the marginal. For the model in (5.11) of
Example 5.6, we have
 1
−λ
2
m(x) ∝
λ(r/2)−a e 2 |x| dλ
0

and
r

(5.25)
i=1

∂2
m(x) ∝
∂xi2
=



1

λ(r/2)−a+1 [λ|x|2 − r]e

0



1
(|x|2 )(r/2)−a+2

|x|2

−λ
2
2 |x|

dλ

t (r/2)−a+1 [t − r]e−t/2 dt.

0

Thus, a sufficient condition for m(x) to be superharmonic is
 |x|2
(5.26)
t (r/2)−a+1 [t − r]e−t/2 dt ≤ 0.
0

From Problem 5.18, we have
 |x|2

(5.27)
t (r/2)−a+1 [t − r]e−t/2 dt ≤

∞

t (r/2)−a+1 [t − r]e−t/2 dt
r

=H
− a + 2 2(r/2)−a+2 [−2a + 4],
2
so m(x) is superharmonic if −2a + 4 ≤ 0 or a ≥ 2. For the choice a = 2, the
Strawderman estimator is (Problem 5.5)



r − 2 P (χr2 ≤ |x|2 )
δ(x) = 1 −
x,
2
|x|2 P (χr−2
≤ |x|2 )
0

0

which resembles the positive-part Stein estimator. Note that this estimator is not a
proper Bayes estimator, as the prior distribution is improper.

There are many other characterizations of superharmonic functions that lead
to different versions of minimax theorems. A most useful one, noticed by Stein
(1981), is the following.
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Corollary 5.14 Under the conditions of Theorem 5.10 and Corollary 5.11, if the
prior π(θ ) is superharmonic, then δ(x) = x + ∇ log m(x) is minimax.
Proof. The marginal density can be written as

m(x) = φr (x − θ )π(θ ) dθ ,
(5.28)
where φr (x − θ ) is the r-variate normal density. From Problem 1.7.16, the superharmonicity of m(x) follows.
✷
Example 5.15 Superharmonic prior. The hierarchical Bayes estimators of Faith
(1978) (Problem 5.7) are based on the multivariate t prior

−(a+r/2)
2
π (θ ) ∝
(5.29)
.
+ |θ |2
b
It is straightforward to verify that this prior is superharmonic if a ≤ −1, allowing
a simple verification of minimaxity of an estimator that can only be expressed as
an integral.
The superharmonic condition, although sometimes difficult to verify, has often
proved helpful in not only establishing minimaxity but also in understanding what
types of prior distributions may lead to minimax Bayes estimators. See Note 9.7
for further discussion.

We close this section with an examination of componentwise risk. For Xi ∼
N(θi , 1), independent, and risk function
R̄(θ , δ) =

(5.30)

1
R(θi , δi )
r

with R(θi , δi ) = E(δi − θi )2 , it was seen in Section 5.3 that it is not possible to find
a δi for which R(θi , δi ) is uniformly better than R(θi , Xi ) = 1.
Thus, the improvement in the average risk can be achieved only though increasing some of the component risks, and it becomes of interest to consider the
maximum possible component risk
max sup R(θi , δi ).

(5.31)

i

θi

θj2 ,

For given λ =
it can be shown (Baranchik 1964) that (5.31) attains its
√
maximum when all but one of the θi ’s are zero, say θ2 = · · · = θr = 0, θ1 = λ,
and that this maximum risk ρr (λ) as a function of λ increases from a minimum
of 2/r at λ = 0 to a maximum and then decreases and tends to 1 as λ → ∞; see
Figure 6.2.
The values of maxλ ρr (λ) and the value λr at which the maximum is attained,
shown in Table 5.1, are given by Efron and Morris (1972a). The table suggests that
shrinkage estimators will typically not be appropriate when the component problems concern different clients. No one wants his or her blood test subjected to the
possibility of large errors in order to improve a laboratory’s average performance.
To get a feeling for the behavior of the James-Stein estimator (4.21) with µ = 0,
in a situation in which most of the θi ’s are at or near zero (representing the standard
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Figure 5.2. Maximum component risk ρr (λ) of the ordinary James-Stein estimator, and the
componentwise risk of X, the UMVU estimator, for r=4.

Table 5.1. Maximum Component Risk
r

3

5

10

20

30

∞

λr
ρr (λr )

2.49
1.24

2.85
1.71

3.62
2.93

4.80
5.40

5.75
7.89

r/4

or normal situation of no effect) but a few relatively large θi ’s are present, consider
the 20-component model
Xi ∼ N (θi , 1),

i = 1, . . . , 20,

where the vector θ = (θ1 , . . . , θ20 ) is taken to have one of three configurations:
(a)
(b)
(c)

θ1 = · · · = θ19 = 0,
θ1 = · · · = θ18 = 0,
θ1 = · · · = θ17 = 0,
θ20 = k,

θ20 = 2, 3, 4,
θ19 = i,

θ20 = j,

θ18 = i, θ19 = j,
2 ≤ i ≤ j ≤ k ≤ 4.

2 ≤ i ≤ j ≤ 4,
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The resulting shrinkage factor, 1 − (r − 2)/|x|2 , by which the observation is multiplied to obtain the estimators δi of θi , has expected value


1
r −2
= 1 − (r − 2)E 2
(5.32)
E 1−
|X|2
χr (λ)
= 1 − (r − 2)

∞

k=0

e−λ/2 (λ/2)k
(r + 2k − 2)k!

where λ = |θ |2 (see Problem 5.23). Its values are given in Table 5.2.
Table 5.2. Expected Value of the Shrinkage Factor
(a) θ20
θ  s = 0
Factor
λ

2
.17
4

(b) θ19 θ20
3
.37
9

4
.46
16

22
.29
8

23
.40
13

33
.49
18

24
.51
20

34
. 57
25

44
.63
32

(c) θ18 θ19 θ20
θ  s = 0
Factor
λ

222
.38
12

223
.47
17

224
.56
24

233
.54
22

234
.61
29

244
.66
36

333
.59
27

334
.64
34

344
.69
41

444
.78
64

To see the effect of the shrinkage explicitly, suppose, for example, that the
observation X20 corresponding to θ20 = 2 turned out to be 2.71. The modified
estimate ranges from 2.71 × .17 = .46 (when θ1 = · · · = θ19 = 0) to 2.71 × .66 =
1.79 (when θ1 = · · · = θ17 = 0, θ18 = θ19 = 4).
What is seen here can be summarized roughly as follows:
(i) If all the θi ’s are at or fairly close to zero, then the James-Stein estimator will
reduce the X’s very substantially in absolute value and thereby typically will
greatly improve the accuracy of the estimated values.
(ii) If there are some very large θi ’s or a substantial number of moderate ones,
the factor by which the X’s are multiplied will not be very far from 1, and the
modification will not have a great effect.
Neither of these situations causes much of a problem: In (ii), the modification
presents an unnecessary but not particularly harmful complication; in (i), it
is clearly very beneficial. The danger arises in the following intermediate
situation.
(iii) Most of the θi ’s are close to zero, but there are a few moderately large θi ’s (of
the order of two to four standard deviations, say). These represent the cases
in which something is going on, about which we will usually want to know.
However, in these cases, the estimated values are heavily shrunk toward the
norm, with the resulting risk of their being found “innocent by association.”
If one is interested in minimizing the average risk (5.30) but is concerned about
the possibility of large component risks, a compromise is possible along the lines
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of restricted Bayes estimation mentioned in Section 5.2. One can impose an upper
bound on the maximum component risk, say 10% or 25% above the minimax
risk of 1 (when σ = 1). Subject to this restriction, one can then try to minimize
the average risk, for example, in the sense of obtaining a Bayes or empirical
Bayes solution. An approximation to such an approach has been developed by
Efron and Morris (1971, 1972a), Berger (1982a, 1988b), Bickel (1983, 1984), and
Kempthorne (1988a, 1988b). See Example 6.7 for an illustration.
The results discussed in this and the preceding section for the simultaneous
estimation of normal means have been extended, particularly to various members
of the exponential family and to general location parameter families, with and
without nuisance parameters. The next section contains a number of illustrations.

6 Extensions
The estimators of the previous section have all been constructed for the case of the
estimation of θ based on observing X ∼ Nr (θ , I ). The applicability of shrinkage
estimation, now often referred to as Stein estimation, goes far beyond this case. In
this section, through examples, we will try to illustrate some of the wide ranging
applicability of the “Stein effect,” that is, the ability to improve individual estimates
by using ensemble information.
Also, the shrinkage estimators previously considered were designed to obtain
the greatest risk improvement in a specified region of the parameter space. For
example, the maximum risk improvement of (5.10) occurs at θ1 = θ2 = · · · =
θr = 0, while that of (4.21) occurs at θ1 = µ1 , θ2 = µ2 , . . . , θr = µr . In the next
three examples, we look at modifications of Stein estimators that shrink toward
adaptively chosen targets, that is, targets selected by the data. By doing so, it is
hoped that a maximal risk improvement will be realized.
Although we only touch upon the topic of selecting a shrinkage target, the
literature is vast. See Note 9.7 for some references.
The first two examples examine estimators that we have seen before, in the
context of empirical Bayes analysis of variance and regression (Examples 4.7.7
and 4.7.8). These estimators shrink toward subspaces of the parameter space rather
than specified points. Moreover, we can allow the data to help choose the specific
shrinkage target. We now establish minimaxity of such estimators.
Example 6.1 Shrinking toward a common mean. In problems where it is thought
there is some similarity between components, a reasonable choice of shrinkage
target may be the linear subspace where all the components are equal. This was
illustrated in Example 4.7.7, where the estimator (4.7.28) shrunk the coordinates
toward an estimated common mean value rather than a specified point.
For the average squared error loss L(θ , δ) = 1r |θ − δ|2 , the estimator (4.7.28)
with coordinates

c(r − 3)
L
δi (x) = x̄ + 1 − 
(xi − x̄),
(6.1)
2
j (xj − x̄)
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has risk given by
(6.2)

(r − 3)2
R(θ , δ ) = 1 +
Eθ
r



L

367


c(c − 2)
.

2
j (Xj − X̄)

Hence, δ L is
minimax if r ≥ 4 and c ≤ 2. The minimum risk is attained at θ values
that satisfy (θi − θ̄)2 = 0, that is, where θ1 = θ2 = · · · = θr . Moreover, the best
value of c is c = 1, which results in a minimum risk of 3/r. This is greater than
the minimum of 2/r (for the case of a known value of θ ) but is attained on a larger
set. See Problems 6.1 and 6.2.

Example 6.2 Shrinking toward a linear subspace. The estimator δ L given by
(6.1) shrinks toward the subspace of the parameter space defined by
"
1
L = {θ : θ1 = θ2 = · · · = θr } = θ : J θ = θ
(6.3)
r
where J is a matrix of 1’s, J = 11 .
Another useful submodel, which is a generalization of (6.3), is
(6.4)

θi = α + βti

where the ti ’s are known but α and β are unknown. This corresponds to the
(sub)model of a linear trend in the means (see Example 4.7.8). If we define


11 · · · 1
T =
(6.5)
,
t1 t2 · · · tr
then the θi ’s satisfying (6.4) constitute the subspace
3
4
L = θ : T ∗θ = θ ,
(6.6)
where T ∗ = T (T  T )−1 T  is the matrix that projects any vector θ into the subspace. (Such projection matrices are symmetric and idempotent, that is, they satisfy
(T ∗ )2 = I .)
The models (6.3) and (6.6) suggest what the more general situation would look
like when the target is a linear subspace defined by
(6.7)

Lk = {θ : Kθ = θ ,

K idempotent of rank s}.

If we shrink toward the MLE of θ ∈ Lk , which is given by θ̂ k = Kx, the resulting
Stein estimator is

r −s−2
k
δ (x) = θ̂ k + 1 −
(x − θ̂ k )
(6.8)
|x − θ̂ k |2
and is minimax provided r − s > 2. (See Problem 6.3.) More general linear
restrictions are possible: one can take L = {θ : H θ = m} where Hs×r and ms×1
are specified (see Casella and Hwang, 1987).

Example 6.3 Combining biased and unbiased estimators. Green and Strawderman (1991) show how the Stein effect can be used to combine biased and unbiased
estimators, and they apply their results to a problem in forestry.
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An important attribute of a forest stand (a homogeneous group of trees) is the
basal area per acre, B, defined as the sum of the cross-sectional areas 4.5 feet above
the ground of all trees. Regression models exist that predict log B as a function of
stand age, number of trees per acre, and the average height of the dominant trees
in the stand. The average prediction, Y, from the regression is a biased estimator
of B. Green and Strawderman investigated how to combine this estimator with X,
the sample mean basal area from a small sample of trees, to obtain an improved
estimator of B. They formulated the problem in the following way.
Suppose X ∼ Nr (θ , σ 2 I ) and Y ∼ Nr (θ + ξ , τ 2 I ), independent, where σ 2
and τ 2 are known, and the loss function is L(θ , δ) = |θ − δ|2 /rσ 2 . Thus, ξ is an
unknown nuisance parameter. The estimator


c(r − 2)σ 2
c
(6.9)
(x − y)
δ (x, y) = y + 1 −
|x − y|2
is a minimax estimator of θ if 0 ≤ c ≤ 2, which follows from noting that
(6.10)

R(θ , δ c ) = 1 − σ 2

(r − 2)2 c(2 − c)
E
r
|X − Y|2

and that the minimax risk is 1. If ξ = 0 and, hence, Y is also an unbiased estimator
of θ , then the optimal linear combined estimator
(6.11)

δ comb (x, y) =

τ 2x + σ 2y
σ2 + τ2

dominates δ 1 (x, y) in risk. However, the risk of δ comb becomes unbounded as

|ξ | → ∞, whereas that of δ 1 is bounded by 1. (See Problems 6.5 and 6.6.)
The next example looks at the important case of unknown variance.
Example 6.4 Unknown variance. The James-Stein estimator (4.21)
which shrinks X toward a given point µ was obtained under the assumption that
X ∼ N (θ , I ). We shall now generalize this estimator to the situations, first, that
the common variance of the Xi has a known value σ 2 and then that σ 2 is unknown.
In the first case, the problem can be reduced to that with unit variance by considering the variables Xi /σ and estimating the means θi /σ and then multiplying
the estimator of θi /σ by σ to obtain an estimator of θi . This argument leads to
replacing (4.21) by


r −2
(xi − µi ),
(6.12)
δi = µi + 1 −
|x − µ|2 /σ 2
where |x − µ|2 = (xi − µi )2 , with risk function (see Problem 6.7)



r −2
r −2
2
R(θ , δ) = σ 1 −
(6.13)
.
Eθ
r
|X − µ|2 /σ 2
Suppose now that σ 2 is unknown. We shall then suppose that there exists a
random variable S 2 , independent of X and such that S 2 /σ 2 ∼ χν2 , and we shall
in (6.12) replace σ 2 by σ̂ 2 = kS 2 , where k is a positive constant. The estimator is
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r −2
(xi − µi )
δ i = µi + 1 −
|x − µ|2 /σ̂ 2


r −2
σ̂ 2
= µi + 1 −
(xi − µi ).
·
|x − µ|2 /σ 2 σ 2

The conditional risk of δ given σ̂ is given by (5.4) with |x − µ|2 replaced by
|x − µ|2 /σ 2 and c = σ̂ 2 /σ 2 . Because of the independence of S 2 and |x − µ|2 , we
thus have

 
 2 2 
σ2
(r − 2)2
S2
2 S
(6.15) R(θ , δ) = 1 −
.
E 2k 2 − k
Eθ
r
|X − µ|2
σ
σ2
Now, E(S 2 /σ 2 ) = ν and E(S 2 /σ 2 )2 = ν(ν + 2), so that the second expectation is

 2 2 
S
S2
= 2kν − k 2 ν(ν + 2).
E 2k 2 − k 2
(6.16)
σ
σ2
This is positive (making the estimator minimax) if k ≤ 2/(ν + 2), and (6.16) is
maximized at k = 1/(ν + 2) where its value is ν/(ν + 2).
The best choice of k in σ̂ 2 thus leads to using the estimator
(6.17)

σ̂ 2 = S 2 /(ν + 2)

and the risk of the resulting estimator is
(6.18)

R(θ , δ) = 1 −

ν (r − 2)2
σ2
.
Eθ
ν+2
r
|X − µ|2

The improvement in risk over X is thus reduced from that of (4.25) by a factor of
ν/(ν + 2). (See Problems 6.7–6.11.)

For distributions other than the normal, Strawderman (1974) determined minimax Stein estimators for the following situation.
Example 6.5 Mixture of normals. Suppose that, given σ , the vector X is distributed as N(θ , σ 2 I ), and that σ is a random variable with distribution G, so that
the density of X is
 ∞
1
2
2
f (|x − θ |) =
(6.19)
e−(1/2σ )|x−θ| σ −r dG(σ ),
(2π)r/2 0
a scale mixture of normals, including, in particular, the multivariate Student’s tdistribution. Since E(|X − θ |2 | σ ) = rσ 2 , it follows that with loss function
L(θ , δ) = |θ − δ|2 /r, the risk of the estimator X is E(σ 2 ). On the other hand, the
risk of the estimator


c
(6.20)
δ(x) = 1 − 2 x
|x|
is given by
(6.21)
Eθ L[θ , δ(X)] = Eσ Eθ|σ L[θ , δ(X)].
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Calculations similar to those in the proofs of Theorems 4.7.2 and 5.1 show that


 2 
c2
σ
1
2
Eθ|σ L[θ , δ(X)] = σ −
2c(r − 2) − 2 Eθ |σ
r
σ
|X|2
and, hence,
(6.22)

1
R(θ , δ) = Eσ σ − Eσ
r
2



c2
2c(r − 2) − 2
σ




Eθ |σ

σ2
|X|2

"
.

An upper bound on the risk can be obtained from the following lemma, whose
proof is left to Problem 6.13.
Lemma 6.6 Let Y be a random variable, and g(y) and h(y) any functions for
which E[g(Y )], E[(h(Y )], and E(g(Y )h(Y )] exist. Then:
(a) If one of the functions g(·) and h(·) is nonincreasing and the other is nondecreasing,
E[g(Y )h(Y )] ≤ E[g(Y )]E[h(Y )].
(b) If both functions are either nondecreasing or nonincreasing,
E[g(Y )h(Y )] ≥ E[g(Y )]E[h(Y )].
Returning to the risk function (6.22), we see that [2c(r −2)−c2 /σ 2 ] is an increasing
function of σ 2 , and Eθ|σ (σ 2 /|X|2 ) is also an increasing function of σ 2 . (This
latter statement follows from the fact that, given σ 2 , |X|2 /σ 2 has a noncentral
χ 2 -distribution with noncentrality parameter |θ |2 /σ 2 , and that, therefore, as was
pointed out following (4.25), the expectation is increasing in σ 2 .)
Therefore, by Lemma 6.6,



 2 "
c2
σ
2c(r − 2) − 2 Eθ|σ
σ
|X|2


c2
σ2
≥ Eσ 2c(r − 2) − 2 Eσ
σ
|X|2

Eσ

.
Hence, δ(x) will dominate x if
2c(r − 2) − c2 Eσ
or

1
≥0
σ2

1
= 2/E0 |X|−2 ,
σ2
where E0 |X|−2 is the expectation when θ = 0 (see Problem 6.12).
If f (|x − θ |) is the normal density N (θ , I ), then E0 |X|−2 = (r − 2)−1 , and
we are back to a familiar condition. The interesting fact is that, for a wide class
of scale mixtures of normals, E0 |X|−2 > (r − 2)−1 . This holds, for example, if
1/σ 2 ∼ χν2 /ν so f (|x − θ |) is multivariate Student’s t. This implies a type of
robustness of the estimator (6.20); that is, for 0 ≤ c ≤ 2(r − 2), δ(X) dominates
0 < c < 2(r − 2)/Eσ
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X under a multivariate t-distribution and hence retains its minimax property (see
Problem 6.12).

Bayes estimators minimize the average risk under the prior, but the maximum
of their risk functions can be large and even infinite. On the other hand, minimax
estimators often have relatively large Bayes risk under many priors. The following
example, due to Berger (1982a) , shows how it is sometimes possible to construct
estimators having good Bayes risk properties (with respect to a given prior), while
at the same time being minimax. The resulting estimator is a compromise between
a Bayes estimator and a Stein estimator.
Example 6.7 Bayesian robustness. For X ∼ Nr (θ , σ 2 I ) and θ ∼ π = Nr (0, τ 2 I ),
the Bayes estimator against squared error loss is
δ π (x) =

(6.23)

τ2
x
σ2 + τ2

with Bayes risk r(π, δ π ) = rσ 2 τ 2 /(σ 2 + τ 2 ). However, δ π is not minimax and, in
fact, has unbounded risk ( Problem 4.3.12). The Stein estimator


(r − 2)σ 2
δ c (x) = 1 − c
(6.24)
x
|x|2
is minimax if 0 ≤ c ≤ 2, but its Bayes risk
r(π, δ c ) = r(π, δ π ) +

σ4
[r + c(c − 2)(r − 2)],
σ2 + τ2

at the best value c = 1, is r(π, δ  ) = r(π, δ π ) + 2σ 4 /(σ 2 + τ 2 ).
To construct a minimax estimator with small Bayes risk, consider the compromise estimator
(6.25)

δ R (x) =

δ π (x)
δ c (x)

if |x|2 < c(r − 2)(σ 2 + τ 2 )
if |x|2 ≥ c(r − 2)(σ 2 + τ 2 ).

This estimator is minimax if 0 ≤ c ≤ 2 (Problem 6.14). If |x|2 > c(r −2)(σ 2 +τ 2 ),
the data do not support the prior specification and we, therefore, put δ R = δ c ;
if |x|2 < c(r − 2)(σ 2 + τ 2 ), we tend to believe that the data support the prior
2
2
specification since σ|x|
2 +τ 2 ∼ χr , and we are, therefore, willing to gamble on π and
put δ R = δ π .
The Bayes risk of δ R is


r(π, δ R ) = E|θ − δ π (X)|2 I |X|2 < c(r − 2)(σ 2 + τ 2 )
(6.26)


+ E|θ − δ c (X)|2 I |X|2 ≥ c(r − 2)(σ 2 + τ 2 ) ,
where the expectation is over the joint distribution of X and θ . Adding ±δ π to the
second term in (6.26) yields
r(π, δ R ) = E|θ − δ π (X)|2
(6.27)



+E|δ π (X) − δ c (X)|2 I |X|2 ≥ c(r − 2)(σ 2 + τ 2 )


= r(π, δ π ) + E|δ π (X) − δ c (X)|2 I |X|2 ≥ c(r − 2)(σ 2 + τ 2 ) .
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Here, we have used the fact that, marginally, |X|2 /(σ 2 + τ 2 ) ∼ χr2 . We can write
(6.27) as (see Problem 6.14)

(6.28)

r(π, δ R ) = r(π, δ π )
1
σ4
+
E[Y − c(r − 2)]2 I [Y > c(r − 2)],
2
r − 2 σ + τ2

2
where Y ∼ χr−2
. An upper bound on (6.28) is obtained by dropping the indicator
function, which gives

1
σ4
E[Y − c(r − 2)]2
r − 2 σ2 + τ2
σ4
= r(π, δ π ) + [r + c(c − 2)(r − 2)] 2
σ + τ2
c
= r(π, δ ).

r(π, δ R ) ≤ r(π, δ π ) +
(6.29)

This shows that δ R has smaller Bayes risk than δ c while remaining minimax.
Since E(Y −a)2 I (Y > a) is a decreasing function of a (Problem 6.14), the value
c = 2 minimizes (6.28) and therefore, among the estimators (6.25), determines the
minimax estimator with minimum Bayes risk. However, for c = 2, δ c has the same
(constant) risk as X, so we are trading optimal Bayes risk for minimal frequentist
risk improvement over X, the constant risk minimax estimator. Thus, it may be
better to choose c = 1, which gives optimal frequentist risk performance and still
provides good Bayes risk reduction over δ  . Table 6.1 shows the relative Bayes
savings
r(π, δ c ) − r(π, δ π )
r∗ =
r(π, δ c )
for c = 1.
Table 6.1. Values of r ∗ , the Relative Bayes Risk Savings of δ R over δ c , with c = 1
r

3

4

5

7

10

20

r∗

.801

.736

.699

.660

.629

.587

For other approaches to this “compromise” decision problem, see Bickel (1983,
1984), Kempthorne (1988a, 1988b), and DasGupta and Rubin (1988).

Thus far, we have considered only continuous distributions, but the Stein effect
continues to hold also in discrete families. Minimax proofs in discrete families
have developed along two different lines. The first method, due to Clevenson and
Zidek (1975), is illustrated by the following result.
Theorem 6.8 Let Xi ∼ Poisson(λi ), i = 1, . . . , r, r ≥ 2, be independent, and let
the loss be given by
(6.30)

L(λ , δ) =

r

i=1

(λi − δi )2 /λi .
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c(xi )
δcz (x) = 1 −
x
xi + b

is minimax if
(i) c(·) is nondecreasing,
(ii) 0 ≤ c(·) ≤ 2(r − 1),
(iii) b ≥ r − 1.
Recall (Corollary 2.20) that the usual minimax estimator here is X, with constant
risk r. Note also that, in contrast to the normal-squared-error-loss case, by (ii) there
exist positive values of c for which δcz is minimax provided r ≥ 2.
Proof. If Z = Xi , the risk of δcz can be written as


 
r
1
c(Z)Xi 2
R(λ , δcz ) = E
λi − X i +
λ
Z+b
i=1 i


c(Z) r
= r + 2E
(6.32)
Xi (λi − Xi )
Z + b i=1


c2 (Z) r
+E
X2 .
(Z + b)2 i=1 i
Let us first evaluate the expectations conditional on Z. The distribution of Xi |Z
is multinomial with E(Xi |Z) = Z(λi /) and var(Xi |Z) = Z(λi /)(1 − λi /),
where  = λi . Hence,


r
Z
E
Xi (λi − Xi )|Z = [ − (Z + r − 1)]
(6.33)

i=1


r
Z
E
Xi2 |Z = (Z + r − 1),

i=1
and, so, after some rearrangement of terms,

"
c(Z)Z
Z+r −1
R(λ , δcz ) = r + E
2( − Z) − 2(r − 1) + c(Z)
.
(Z + b)
Z+b
(6.34)
Now, if b ≥ r − 1, z + r − 1 < z + b, and c(z) < 2(r − 1), we have
z+r −1
−2(r − 1) + c(z)
≤ −2(r − 1) + c(z) ≤ 0,
z+b
so the risk of δcz is bounded above by



c(Z)Z
R(λ , δcz ) ≤ r + 2E
( − Z) .
(Z + b)
But this last expectation is the product of an increasing and a decreasing function
of z; hence, by Lemma 6.6,


c(Z)Z
c(Z)Z
E
(6.35)
( − Z) ≤ E
E( − z) = 0,
(Z + b)
(Z + b)
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since Z ∼ Poisson(). Hence, R(λ , δcz ) ≤ r and δcz is minimax.

✷

If we recall Example 4.6.6 [in particular, Equation (4.6.29)], we see a similarity
between δcz and the hierarchical Bayes estimators derived there. It is interesting
to note that δcz is also a Bayes estimator (Clevenson and Zidek 1975; see Problem
6.15).
The above method of proof, which relies on being able to evaluate
the conditional

distribution of Xi |Xi and the marginal distribution of
Xi , works for other
discrete families, in particular the negative binomial and the binomial (where n is
the parameter to be estimated). (See Problem 6.16.) However, there exists a more
powerful method (similar to that of Stein’s lemma) which is based on the following
lemma due to Hudson (1978) and Hwang (1982a). The proof is left to Problem
6.17.
Lemma 6.9 Let Xi , i = 1, . . . , r, be independent with probabilities
pi (x|θi ) = ci (θi )hi (x)θix ,

(6.36)

x = 0, 1, . . . ,

that is, pi (x|θi ) is in the exponential family. Then, for any real-valued function
g(x) with Eθ |g(X)| < ∞, and any number m for which g(x) = 0 when x + i < m,
"
hi (Xi − m)
Eθ θim g(X) = Eθ g(X − mei )
(6.37)
hi (Xi )
where ei is the unit vector with ith coordinate equal to 1 and the rest equal to 0.
The principal application of Lemma 6.9 is to find an unbiased estimator of the
risk of estimators of the form X + g(X), analogous to that of Corollary 4.7.2.
Theorem 6.10 Let X1 , . . . , Xr be independently distributed according to (6.36),
and let δ 0 (x) = {hi (xi − 1)/ hi (xi )} [the estimator whose ith coordinate is hi (xi −
1)/ hi (xi )] be the UMVU estimator of θ . For the loss function
Lm (θ , δ) =

(6.38)

r
i=1

θimi (θi − δi )2 ,

where m = (m1 , . . . , mr ) are known numbers, the risk of the estimator δ(x) =
δ 0 (x) + g(x) is given by
R(θ , δ) = R(θ , δ 0 ) + Eθ D(x)

(6.39)
with
(6.40) D(x) =

r

2hi (xi − mi − 1)
[gi (x − mi ei − ei ) − gi (x − mi ei )]
hi (xi )
i=1
"
hi (xi − mi ) 2
+
gi (x − mi ei ) .
hi (xi )

Proof. Write



R(θ , δ) = R(θ , δ ) − 2Eθ

r

0

i=1

θim gi (X)



hi (Xi − 1)
θi −
hi (Xi )
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r

+Eθ
i=1

θim gi2 (X) .

and apply Lemma 6.9 (see Problem 6.17.)
✷
Hwang (1982a) established general conditions on g(x) for which D(x) ≤ 0,
leading to improved estimators of θ (see also Ghosh et al. 1983, Tsui 1979a,
1979b, and Hwang 1982b). We will only look at some examples.
Example 6.11 Improved estimation for independent Poissons. The ClevensonZidek estimator (6.31) dominates X (and is minimax) for the loss L−1 (θ, δ) of
(6.38); however, Theorem 6.8 does not cover squared error loss, L0 (θ , δ). For this
loss, if Xi ∼ Poisson(λi ), independent, the risk of an estimator δ(x) = x + g(x) is
given by (6.39) with δ 0 = x and
(6.41)

D(x) =

r

3

i=1

4
2xi [gi (x) − gi (x − ei )] + gi2 (x) .

The estimator with
(6.42)

c(x)k(xi )
,
j =1 k(xj )k(xj + 1)

gi (x) = r

k(x) =

x
l=1

1
,
l

and c(x) nondecreasing in each coordinate with
0 ≤ c(x) ≤ 2[#(xi s > 1) − 2]
satisfies D(x) ≤ 0 and hence dominates x under L0 . (The notation #(ai s > b)
denotes the number of ai s that are greater than b.)
For the loss function L−1 (θ , δ), the situation is somewhat easier, and the estimator x + g(x), with
xi
gi (x) = c(x − ei ) r
(6.43)
,
j =1 xi
where c(·) is nondecreasing with 0 ≤ c(·) ≤ 2(p − 1), will satisfy D(x) ≤ 0
and, hence, is minimax for L−1 . Note that (6.43) includes the Clevenson-Zidek
estimator as a special case. (See Problem 6.18.)

As might be expected, these improved estimators, which shrink toward 0, perform best and give the greatest risk improvement, when the θi ’s are close to zero
and, more generally, when they are close together. Numerical studies (Clevenson
and Zidek 1975, Tsui, 1979a, 1979b, Hudson and Tsui, 1981) quantify this improvement, which can be substantial. Other estimators, which shrink toward other
targets in the parameter space, can optimize the region of greatest risk reduction
(see, for example, Ghosh et al. 1983, Hudson 1985).
Just as the minimaxity of Stein estimators carried over from the normal distribution to mixtures of normals, minimaxity carries over from the Poisson to mixtures
of Poissons, for example, the negative binomial distribution (see Example 4.6.6).
Example 6.12 Improved negative binomial estimation. For X1 , . . . , , Xr independent negative binomial random variables with distribution


ti + x − 1
pi (x|θi ) =
θix (1 − θi )ti , x = 0, 1, . . .
(6.44)
x
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the UMVU estimator of θi is δi0 (xi ) = xi /(xi + ti − 1) (where δi0 (0) = 0 for ti = 1).
Using Theorem 6.10, this estimator can be improved. For example, for the loss
L−1 (θ , δ) of (6.38), the estimator δ0 (x) + g(x), with
c(x − ei )xi
gi (x) = r
2
j =1 (xj + xj )

(6.45)

and c(·) nondecreasing with 0 ≤ c ≤ 2(r − 2)/ mini {ti }, satisfies D(x) ≤ 0 and,
hence, has uniformly smaller risk than δ 0 (x). Similar results can be obtained for
other loss functions (see Problem 6.19). Surprisingly, however, similar domination
results do not hold for the MLE θ̂i = xi /(xi + ti ). Chow (1990) has shown that the
MLE is admissible in all dimensions (see also Example 7.14).

Finally, we turn to a situation where the Stein effect fails to yield improved
estimators.
Example 6.13 Multivariate binomial. For Xi ∼ b(θi , ni ), i = 1, . . . , r, independent, that is, with distribution
 
ni
pi (x|θi ) =
θix (1 − θi )ni −x , x = 0, 1, . . . , ni ,
(6.46)
x
it seems reasonable to expect that estimators of the form x+g(x) exist that dominate
the UMVU estimator x. This expectation is partially based on the fact that (6.46) is a
discrete exponential family. However, Johnson (1971) showed that such estimators
do not exist in the binomial problem for squared error loss (see Example 7.23 and
Problem 7.28).
Theorem 6.14 If ki (θi ), i = 1, . . . , r, are continuous functions and δi (xi ) is an
admissible estimator of ki (θi ) under squared error loss, then (δ1 (x1 ), . . . , δr (xr )) is
an admissible estimator of (k1 (θ1 ), . . . , kr (θr )) under sum-of-squared-error loss.
Thus, there is no “Stein effect” in the binomial problem. In particular, as Xi
is an admissible estimator of θi under squared error loss (Example 2.16), X is an
admissible estimator of θ .

It turns out that the absence of the Stein effect is not a property of the binomial
distribution, but rather a result of the finiteness of the sample space (Gutmann
1982a; see also Brown 1981). See Note 9.7 for further discussion.
7 Admissibility and Complete Classes
In Section 1.7, we defined the admissibility of an estimator which can be formally
stated as follows.
Definition 7.1 An estimator δ = δ(X) of θ is admissible [with respect to the loss
function L(θ , δ)] if there exists no estimator δ  that satisfies
(7.1)

(i)
(ii)

R(θ , δ  ) ≤ R(θ , δ)


R(θ , δ ) < R(θ , δ)

for all θ ,
for some θ ,

where R(θ , δ) = Eθ L(θ , δ). If such an estimator δ  exists, then δ is inadmissible.
When a pair of estimators δ and δ  satisfy (7.1), δ  is said to dominate δ.
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Although admissibility is a desirable property, it is a very weak requirement.
This is illustrated by Example 2.23, where an admissible estimator was completely
unreasonable since it used no information from the relevant distribution. Here is
another example (from Makani 1977, who credits it to L.D. Brown).
Example 7.2 Unreasonable admissible estimator. Let X1 and X2 be independent random variables, Xi distributed as N (θi , 1), and consider the estimation of
θ1 with loss function L((θ1 , θ2 ), δ) = (θ1 − δ)2 . Then, δ = sign(X2 ) is an admissible estimator of θ1 , although its distribution does not depend on θ1 . The result is
established by showing that δ cannot be simultaneously beaten at (θ1 , θ2 ) = (1, θ2 )
and (−1, θ2 ). (See Problem 7.1.)

Conversely, there exist inadmissible decision rules that perform quite well.
Example 7.3 The positive-part Stein estimator. For X ∼ Nr (θ , I ), the positivepart Stein estimator


r −2 +
+
(7.2)
x
δ (x) = 1 −
|x|2
is a good estimator of θ under squared error loss, being both difficult to improve
upon and difficult to dominate. However, as was pointed out by Baranchik (1964),
it is not admissible. (This follows from Theorem 7.17, as δ + is not smooth enough
to be a generalized Bayes estimator.) Thus, there exists an estimator that uniformly
dominates it.
How much better can such a dominating estimator be? Efron and Morris (1973a,
Section 5) show that δ + is “close” to a Bayes rule (Problem 7.2). Brown (1988; see
also Moore and Brook 1978) writing


1 r
+
2
(θi − δi (X))
R(θ , δ ) = Eθ
r i=1
= Eθ Dδ+ (X),

(7.3)
where

2
m2 (x)|x|2
− {(r − 2)m(x) + 2I [m(x) = 1]}
r
r
with m(x) = min{1, c(r − 2)/|x|2 } (see Corollary 4.7.2), proves that no estimator
δ exists for which Dδ (x) ≤ Dδ+ (x) for all x. These observations imply that the
inadmissible δ + behaves similar to a Bayes rule and has a risk that is close to that
of an admissible estimator.

Dδ+ (x) = 1 +

However, since admissibility generally is a desirable property, it is of interest to
determine the totality of admissible estimators.
Definition 7.4 A class of C of estimators is complete if for any δ not in C there
exists an estimator δ  in C such that (7.1) holds; C is essentially complete if for any
δ not in C there exists an estimator δ  in C such that (7.1)(i) holds.
It follows from this definition that any estimator outside a complete class is
inadmissible. If C is essentially complete, an estimator δ outside of C may be
admissible, but there will then exist an estimator δ  in C with the same risk function.
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It is therefore reasonable, in the search for an optimal estimator, to restrict
attention to a complete or essentially complete class. The following result provides
two examples of such classes.
Lemma 7.5
(i) If C is the class of all (including randomized) estimators based on a sufficient
statistic, then C is essentially complete.
(ii) If the loss function L(θ, d) is convex in d, then the class of nonrandomized
estimators is complete.
Proof. These results are immediate consequences of Theorem 1.6.1 and Corollary
1.7.9.
✷
Although a complete class contains all admissible estimators, it may also contain
many inadmissible ones. (This is, for example, the case for the two complete classes
of Lemma 7.5.) A complete class is most useful if it is as small as possible.
Definition 7.6 A complete class C of estimators is minimal complete if no proper
subset of C is complete.
Lemma 7.7 If a minimal complete class C exists, then it is exactly the class of all
admissible estimators.
Proof. It is clear that C contains all admissible rules, so we only need to prove
that it cannot contain any inadmissible ones. Let δ ∈ C and suppose that δ is
inadmissible. Then, there is a δ  ∈ C that dominates it, and, hence, the class C \ {δ}
(C with the estimator δ removed) is a complete class. This contradicts the fact that
C is minimal complete.
✷
Note that Lemma 7.7 requires the existence of a minimal complete class. The
following example illustrates the possibility that a minimal complete class may
not exist. (For another example, see Blackwell and Girshick 1954, Problem 5.2.1.)
Example 7.8 Nonexistence of a minimal complete class. Let X be normally
distributed as N(θ, 1) and consider the problem of estimating θ with loss function
L(θ, d) =

d −θ
0

if θ < d
if θ ≥ d.

Then, if δ(x) ≤ δ  (x) for all x, we have R(θ, δ) ≤ R(θ, δ  ) with strict inequality if
Pθ [δ(X) ≤ δ  (X)] > 0.
Many complete classes exist in this situation. For example, if δ0 is any estimator
of θ, then the class of all estimators with δ(x) < δ0 (x) for some x is complete
(Problem 7.4). We shall now show that there exists no minimal complete class.
Suppose C is minimal complete and δ0 is any member of C. Then, some estimator
δ1 dominating δ0 must also lie in C. If not, there would be no members of C left to
dominate such estimators and C would not be complete. On the other hand, if δ1
dominates δ0 , and δ1 and δ0 are both in C, the class C is not minimal since δ0 could
be removed without disturbing completeness.
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Despite this example, the minimal complete class typically coincides with the
class of admissible estimators, and the search for a minimal complete class is therefore equivalent to the determination of all admissible estimators. The following
results are concerned with these two related aspects, admissibility and completeness, and with the relation of both to Bayes estimators.
Theorem 2.4 showed that any unique Bayes estimator is admissible. The following result replaces the uniqueness assumption by some other conditions.
Theorem 7.9 For a possibly vector-valued parameter θ , suppose that δ π is a
Bayes estimator having finite Bayes risk with respect to a prior density π which
is positive for all θ , and that the risk function of every estimator δ is a continuous
function of θ . Then, δ π is admissible.
Proof. If δ π is not admissible, there exists an estimator δ such that
R(θ , δ) ≤ R(θ , δ π ) for all θ
and

R(θ , δ) < R(θ , δ π ) for some θ .
It then follows from the continuity of the risk functions that R(θ , δ) < R(θ , δ π )
for all θ in some open subset 0 of the parameter space and hence that


R(θ , δ)π(θ )dθ < R(θ , δ π )π (θ )dθ ,
which contradicts the definition of δ π .

✷

A basic assumption in this theorem is the continuity of all risk functions. The
following example provides an important class of situations for which this assumptions holds.
Example 7.10 Exponential families have continuous risks. Suppose that we let
p(x|η) be the exponential family of (5.2). Then, it follows from Theorem 1.5.8
that for any loss function L(η, δ) for which R(η, δ) = Eη L(η, δ) is finite, R(η, δ)
is continuous. (See Problem 7.6.)

There are many characterizations of problems in which all risk functions are
continuous. With assumptions on both the loss function and the density, theorems
can be established to assert the continuity of risks. (See Problem 7.7 for a set of
conditions involving boundedness of the loss function.) The following theorem,
which we present without proof, is based on a set of assumptions that are often
satisfied in practice.
Theorem 7.11 Consider the estimation of θ with loss L(θ, δ), where X ∼ f (x|θ )
has monotone likelihood ratio and is continuous in θ for each x. If the loss function
L(θ, δ) satisfies
(i) L(θ, δ) is continuous in θ for each δ,
(ii) L is decreasing in δ for δ < θ and increasing in δ for δ > θ ,
(iii) there exist functions a and b, which are bounded on all bounded subsets of
the parameter space, such that for all δ
L(θ, δ) ≤ a(θ, θ  )L(θ  , δ) + b(θ, θ  ),
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then the estimators with finite-valued, continuous risk functions R(θ, δ) = Eθ L(θ, δ)
form a complete class.
Theorems similar to Theorem 7.11 can be found in Ferguson (1967, Section 3.7,
Brown 1986a, Berk, Brown, and Cohen 1981, Berger 1985, Section 8.8, or Robert
1994a, Section 6.2.1). Also see Problem 7.9 for another version of this theorem.
The assumptions on the loss are relatively simple to check. In fact, assumptions
(i) and (ii) are almost self-evident, whereas (iii) will be satisfied by most interesting
loss functions.
Example 7.12 Squared error loss. For L(θ, δ) = (θ − δ)2 , we have
(7.4)

(θ − δ)2 = (θ − θ  + θ  − δ)2
= (θ − θ  )2 + 2(θ − θ  )(θ  − δ) + (θ  − δ)2 .

Now, since 2xy ≤ x 2 + y 2 ,
2(θ − θ  )(θ  − δ) ≤ (θ − θ  )2 + (θ  − δ)2
and, hence,

(θ − δ)2 ≤ 2(θ − θ  )2 + (θ  − δ)2 ,
so condition (iii) is satisfied with a(θ, θ  ) = 2 and b(θ, θ  ) = 2(θ − θ  )2 .



Since most problems that we will be interested in will satisfy the conditions of
Theorem 7.11, we now only need consider estimators with finite-valued continuous
risks. Restriction to continuous risk, in turn, allows us to utilize the method of
proving admissibility that we previously saw in Example 2.8. (But note that this
restriction can be relaxed somewhat; see Gajek 1983.) The following theorem
extends the admissibility of Bayes estimators to sequences of Bayes estimators.
Theorem 7.13 (Blyth’s Method) Suppose that the parameter space ∈ r is
open, and estimators with continuous risk functions form a complete class. Let
δ be an estimator with a continuous risk function, and let {πn } be a sequence of
(possibly improper) prior measures such that
(a) r(πn , δ) < ∞ for all n,
(b) for any nonempty open set 0 ∈ , there exist constants B > 0 and N such
that

πn (θ) dθ ≥ B for all n ≥ N,
0

(c) r(πn , δ) − r(πn , δ πn ) → 0 as n → ∞.
Then, δ is an admissible estimator.
Proof. Suppose δ is inadmissible, so that there exists δ  with R(θ, δ  ) ≤ R(θ, δ),
with strict inequality for some θ. By the continuity of the risk functions, this implies
that there exists a set 0 and ε > 0 such that R(θ, δ) − R(θ, δ  ) > ε for θ ∈ 0 .
Hence, for all n ≥ N,

r(πn , δ) − r(πn , δ  ) > ε
(7.5)
πn (θ) dθ ≥ εB
0

and therefore (c) cannot hold.

✷
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Note that condition (b) prevents the possibility that as n → ∞, all the mass
of πn escapes to ∞. This is similar to the requirement of tightness of a family
of measures (see Chung 1974, Section 4.4, or Billingsley 1995, Section 25). [It
is possible to combine conditions (b) and (c) into one condition involving a ratio
(Problem 7.12) which is how Blyth’s method was applied in Example 2.8.]
Example 7.14 Admissible negative binomial MLE. As we stated in Example
6.12 (but did not prove), the MLE of a negative binomial success probability is
admissible under squared error loss. We can now prove this result using Theorem
7.13.
Let X have the negative binomial distribution


r +x−1
(7.6)
p(x|θ ) =
θ x (1 − θ)r , 0 < θ < 1.
x
The ML estimator of θ is δ 0 (x) = x/(x + r).
To use Blyth’s method, we need a sequence of priors π for which the Bayes risks
r(π, δ π ) get close to the Bayes risk of δ 0 . When θ has the beta prior π = B(a, b),
the Bayes estimator is the posterior mean δ π = (x + a)/(x + r + a + b). Since
δ π (x) → δ 0 (x) as a, b → 0, it is reasonable to try a sequence of priors B(a, b)
with a, b → 0.
It is straightforward to calculate the posterior expected losses
4
3
E [δ π (x) − θ ]2 |x =

(x + a)(r + b)
(x + r + a + b)2 (x + r + a + b + 1)

3
4
E [δ 0 (x) − θ ]2 |x =

3
4
(bx − ar)2
+ E [δ π (x) − θ]2 |x ,
2
2
(x + r) (x + r + a + b)

(7.7)

and hence the difference is
(7.8)

D(x) =

(bx − ar)2
.
(x + r)2 (x + r + a + b)2

Before proceeding further, we must check that the priors satisfy condition (b) of
Theorem 7.13. [The normalized priors will not, since, for example, the probability
of the interval (ε, 1 − ε) under B(a, b) tends to zero as a, b → 0.] Since we are
letting a, b → 0, we only need consider 0 < a, b < 1. We then have for any
0 < ε < ε < 1,


 ε
 ε
1 − ε ε
(7.9)
,
θ a−1 (1 − θ )b−1 dθ ≥
θ −1 (1 − θ)−1 dθ = log
ε 1 − ε
ε
ε
satisfying condition (b).
To compute the Bayes risk, we next need the marginal distribution of X, which
is given by
(7.10)

P (X = x) =

H(r + x) H(r + b)H(x + a) H(a + b)
,
H(x + 1)H(r) H(r + x + a + b) H(a)H(b)
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the beta-Pascal distribution. Hence, the difference in Bayes risks, using the unnormalized priors, is
∞

(7.11)
x=0

H(r + x) H(r + b)H(x + a)
D(x),
H(x + 1)H(r) H(r + x + a + b)

which we must show goes to 0 as a, b → 0.
Note first that the x=0 term in (7.11) is
a
H(r)H(a + 1)
H(r + a + b) (r + a + b)2
as a → 0. Also, for x ≥ 1 and a ≤ 1,
show
∞

→0

H(r+x) H(x+a)
H(x+1) H(r+x+a+b)

≤ 1, so it is sufficient to

D(x) → 0 as a, b → 0.

x=1

From (7.8), using the facts that
sup
x≥0

we have

(bx − ar)2
= max{a 2 , b2 } and
(x + r)2
∞

D(x) ≤ max{a 2 , b2 }

x=1

1
1
≤ 2,
(x + r + a + b)2
x
∞
x=1

1
→0
x2

as a, b → 0, establishing the admissibility of the ML estimator of θ.



Theorem 7.13 shows that one of the sufficient conditions for an estimator to be
admissible is that its Bayes risk is approachable by a sequence of Bayes risks of
Bayes estimators. It would be convenient if it were possible to replace the risks by
the estimators themselves. That this is not the case can be seen from the fact that
the normal sample mean in three or more dimensions is not admissible although
it is the limit of Bayes estimators.
However, under certain conditions the converse is true: That every admissible
estimator is a limit of Bayes estimators.4 We present, but do not prove, the following necessary conditions for admissibility. (This is essentially Theorem 4A.12 of
Brown (1986a); see his Appendix to Chapter 4 for a detailed proof.)
Theorem 7.15 Let X ∼ f (x|θ) be a density relative to a σ -finite measure ν, such
that f (x|θ ) > 0 for all x ∈ X , θ ∈ . Let the loss function L(θ, δ) be continuous,
strictly convex in δ for every θ, and satisfy
lim L(θ, δ) = ∞

|δ|→∞

for all θ ∈

.

Then, to every admissible procedure δ(x) there corresponds a sequence πn of prior
distributions with support on a finite set (and hence with finite Bayes risk) for which
δ πn (x) → δ(x)

(7.12)
where δ
4

πn

a.e. (ν),

is the Bayes estimator for πn .

The remaining material of this section is of a somewhat more advanced nature. It is sketched here
to give the reader some idea of these developments and to serve as an introduction to the literature.
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As an immediate corollary to Theorem 7.15, we have the following complete
class theorem.
Corollary 7.16 Under the assumptions of Theorem 7.15, the class of all estimators
δ(x) that satisfy (7.12) is complete.
For exponential families, the assumptions of Theorem 7.15 are trivially satisfied,
so limits of Bayes estimators are a complete class. More importantly, if X has a
density in the r-variate exponential family, and if δ π is a limit of Bayes estimators
δ πn , then a subsequence of measures {πn } can be found such that πn → π and δ π
is generalized Bayes against π. Such a result was originally developed by Sacks
(1963) and extended by Brown (1971) and Berger and Srinivasan (1978) to the
following theorem.
Theorem 7.17 Under the assumptions of Theorem 7.15, if the densities of X constitute an r-variate exponential family, then any admissible estimator is a generalized Bayes estimator. Thus, the generalized Bayes estimators form a complete
class.
Further characterizations of generalized Bayes estimators were given by Strawderman and Cohen (1971) and Berger and Srinivasan (1978). See Berger 1985
for more details. Note that it is not the case that all generalized Bayes estimators
are admissible. Farrell (1964) gave examples of inadmissible generalized Bayes
estimators in location problem, in particular X ∼ N (θ, 1), π (θ) = eθ . (See also
Problem 4.2.15.) Thus, it is of interest to determine conditions under which generalized Bayes estimators are admissible. We do so in the following examples,
where we look at a number of characterizations of admissible estimators in specific situations. Although these characterizations have all been derived using the
tools (or their generalizations) that have been described here, in some cases the
exact derivations are complex.
We begin with a fundamental identity.
Example 7.18 Brown’s identity. In order to understand what types of estimators
are admissible, it would be helpful if the convergence of risk functions in Blyth’s
method were more explicitly dependent on the convergence of the estimators.
Brown (1971) gave an identity that makes this connection clearer.
Let X ∼ Nr (θ , I ) and L(θ , δ) = |θ − δ|2 , and for a given prior π (θ ), let
π
δ (x) = x +∇ log mπ (x) be the Bayes estimator, where mπ (x) = f (x|θ )π (θ ) dθ
is the marginal density. Suppose that δ g (x) = x + ∇ log mg (x) is another estimator.
First note that

2
r(π, δ π ) − r(π, δ g ) = E δ π (X) − δ g (X) ,
(7.13)
(see Problem 7.16); hence, we have the identity


2
π
g
(7.14) r(π, δ ) − r(π, δ ) = ∇ log mπ (x) − ∇ log mg (x) mπ (x) dx.
We now have the estimator explicitly in the integral, but we must develop (7.14)
a bit further to be more useful in helping to decide admissibility. Two paths have
been taken. On the first, we note that if we were going to use (7.14) to establish the
admissibility of δ g , we might replace the prior π(·) with a sequence πn (·). However,
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it would be more useful to have the measure of integration not depend on n [since
mπ (x) would now equal mπn (x)]. To this end, write kn (x) = mπn (x)/mg (x), and



2
π
g
(7.15)
r(π, δ ) − r(π, δ ) = ∇ log mπn (x)/mg (x)  mπn (x) dx

|∇kn (x)|2
=
mg (x) dx,
kn (x)
where the second equality follows from differentiation (see Problem 7.16), and now
the integration measure does not depend on n. Thus, if we could apply Lebesgue’s
(x)|2
dominated convergence, then |∇kknn(x)
→ 0 would imply the admissibility of δ g .
This is the path taken by Brown (1971), who established a relationship between
(7.15) and the behavior of a diffusion process in r dimensions, and then gave
necessary and sufficient conditions for the admissibility of δ g . For example, the
admissibility of the sample mean in one and two dimensions is linked to the
recurrence of a random walk in one and two dimensions, and the inadmissibility
is linked to its transience in three or more dimensions. This is an interesting and
fruitful approach, but to pursue it fully requires the development of properties of
diffusions, which we will not do here. [Johnstone 1984 (see also Brown and Farrell
1985) developed similar theorems for the Poisson distribution (Problem 7.25), and
Eaton (1992) investigated another related stochastic process; the review paper by
Rukhin (1995) provides an excellent entry into the mathematics of this literature.]
Another path, developed in Brown and Hwang (1982), starts with the estimator
δ g and constructs a sequence gn → g that leads to a simplified condition for the
convergence of (7.14) to zero, and uses Blyth’s method to establish admissibility.
Although they prove their theorem for exponential families, we shall only state it
here for the normal distribution. (See Problem 7.19 for a more general statement.)

Theorem 7.19 Let X ∼ Nr (θ , I ) and L(θ , δ) = |θ − δ|2 . Let δ g (x) = x +
∇ log mg (x) where mg (x) = f (x|θ )g(θ ) dθ . Assume that g(·) satisfies

g(θ )
(a)
dθ < ∞,
2 max{log |θ |, log 2}2
|θ
|
{θ :|θ |>1}

|∇g(θ )|2
(b)
dθ < ∞,
g(θ )
(c) sup{R(θ , δ g ) : θ ∈ K} < ∞ for all compact sets K ∈ .
Then, δ g (x) is admissible.
Proof. The proof follows from (7.14) by taking the sequence of priors gn (θ ) →
g(θ ), where gn (θ ) = h2n (θ )g(θ ) and

if |θ | ≤ 1

1
log(|θ |)
(7.16)
hn (θ ) = 1 − log(n)
if 1 < |θ | ≤ n

0
if |θ | > n
for n = 2, 3, . . .. See Problem 7.18 for details.

✷
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Example 7.20 Multivariate normal mean. The conditions of Theorem 7.19 relate to the tails of the prior, which are crucial in determining whether the integral
are finite. Priors with polynomial tails, that is, priors of the form g(θ ) = 1/|θ |k ,
have received a lot of attention. Perhaps the reason for this is that using a Laplace
approximation (4.6.33), we can write

(7.17)

δ g (x) = x + ∇ log mg (x)
∇mg (x)
= x+
mg (x)
∇g(x)
≈x+
g(x)


k
= 1 − 2 x.
|x|

See Problem 7.20 for details.
Now what can we say about the admissibility of δ g ? For g(θ ) = 1/|θ |k , condition
(a) of Theorem 7.19 becomes, upon transforming to polar coordinates,

g(θ )
(7.18)
dθ
2 max{log |θ |, log 2}2
|θ
|
{θ :|θ |>1}
 2π
 ∞
1
r−2
=
sin β dβ
t r−1 dt
k+2
t max{log(t), log 2}2
0
1
where t = |θ | and β is a vector of direction cosines. The integral over β is finite,
and if we ignore the log term, a sufficient condition for this integral to be finite is
 ∞
1
(7.19)
d t < ∞,
k−r+3
t
1
which is satisfied if k > r − 2. If we keep the log term and work a little harder,
condition (a) can be verified for k ≥ r − 2 (see Problem 7.22).

Example 7.21 Continuation of Example 7.20. The characterization of admissible estimators by Brown (1971) goes beyond that of Theorem 7.19, as he was able
to establish both necessary and sufficient conditions. Here is an example of these
results.
Using a spherically symmetric prior (see, for example, Corollary 4.3.3), all
generalized Bayes estimators are of the form
(7.20)

δ π (x) = x + ∇ log m(x) = (1 − h(|x|))x.

The estimator δ π is
(a) inadmissible if there exists ε > 0 and M < ∞ such that
0 ≤ h(|x|) <

r −2−ε
|x|2

for |x| > M,

(b) admissible if h(|x|)|x| is bounded and there exists M < ∞ such that
1 ≥ h(|x|) ≥

r −2
|x|2

for |x| > M.
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It is interesting how the factor r − 2 appears again and supports its choice as
the optimal constant in the James-Stein estimator (even though that estimator is
not generalized Bayes, and hence inadmissible). Bounds such as these are called
semitail upper bounds by Hwang (1982b), who further developed their applicability.
For Strawderman’s estimator (see Problem 5.5), we have
(7.21)

h(|x|) =

2
≤ |x|2 )
r − 2a + 2 P (χr−2a+4
2
|x|2
P (χr−2a+2
≤ |x|2 )

and it is admissible (Problem 7.23) as long as r − 2a + 2 ≥ r − 2, or r ≥ 1 and
a ≤ 2.

Now that we have a reasonably complete picture of the types of estimators
that are admissible estimators of a normal mean, it is interesting to see how the
admissibility conditions fit in with minimaxity conditions. To do so requires the
development of some general necessary conditions for minimaxity. This was first
done by Berger (1976a), who derived conditions for an estimator to be tail minimax.
Example 7.22 Tail minimaxity. Let X ∼ Nr (θ , I ) and L(θ , δ) = |θ − δ|2 . Since
the estimator X is minimax with constant risk R(θ , X), another estimator δ is tail
minimax if there exists M > 0 such that R(θ , δ) ≤ R(θ , X) for all |θ | > M.
(Berger investigated tail minimaxity for much more general situations than are
considered here, including non-normal distributions and nonquadratic loss.) Since
tail minimaxity is a necessary condition for minimaxity, it can help us see which
admissible estimators have the possibility of also being minimax. An interesting characterization of h(|x|) of (7.20) is obtained if admissibility is considered
together with tail minimaxity.
Using a risk representation similar to (5.4), the risk of δ(x) = [1 − h(|x|)]x is
!
R(θ , δ) = r + Eθ |X|2 h2 (|X|) − 2rh(|X|) − 4|X|2 h (|X|) .
(7.22)
If we now use a Laplace approximation on the expectation in (7.22), we have
!
Eθ |X|2 h2 (|X|) − 2rh(|X|) − 4|X|2 h (|X|)
≈ |θ |2 h2 (|θ |) − 2rh(|θ |) − 4|θ |2 h (|θ |)
(7.23)

= B(θ ).

By carefully working with the error terms in the Laplace approximation, Berger
showed that the error of approximation was o(|θ |−2 ), that is,
R(θ , δ) = r + B(θ ) + o(|θ |−2 ).

(7.24)

In order to ensure that the estimator is tail minimax, we must be able to ensure
that B(θ ) + o(|θ |−2 ) < 0 for sufficiently large |θ |. This would occur if, for some
ε > 0, |θ |−2 B(θ ) ≤ −ε for sufficiently large |θ |, that is,
(7.25)

|θ |2 h2 (|θ |) − 2rh(|θ |) − 4|θ |2 h (|θ |) ≤

for sufficiently large |θ |.

−ε
|θ |2
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Now, for δ(x) = [1 − h(|x|)]x to be admissible, we must have h(|x|) ≥ (r −
2)/|x|2 . Since |x|h(|x|) must be bounded, this suggests that, for large |x|, we could
have h(|x|) ≈ k/|x|2α , for some α, 1/2 ≤ α ≤ 1. We now show that for δ(x) to be
minimax, it is necessary that α = 1.
For h(|x|) = k/|x|2α , (7.25) is equal to


k
k
−ε
(7.26)
−
2(r
−
2α)
<
for |x| > M
|θ |2α |θ |2α−2
|θ |2
which, for r ≥ 3, cannot be satisfied if 1/2 ≤ α < 1. Thus, the only possible
admissible minimax estimators are those for which h(|x|) ≈ k/|x|2 , with r − 2 ≤
k ≤ 2(r − 2).

Theorem 7.17 can be adapted to apply to discrete distributions (the assumption
of a density can be replaced by a probability mass function), and an interesting
case is the binomial distribution. It turns out that the fact that the sample space is
finite has a strong influence on the form of the admissible estimators. We first look
at the following characterization of admissible estimators, due to Johnson (1971).
Example 7.23 Binomial estimation. For the problem of estimating h(p), where
h(·) is a continuous real-valued function on [0, 1], X ∼ binomial(p, n), and
L(h(p), δ) = (h(p) − δ)2 , a minimal complete class is given by

h(0)
if x ≤ r


 1
x−r−1
s−x−1
h(p)p
(1−p)
dπ
(p)
π
0
δ (x) =
(7.27)
if r + 1 ≤ x < s − 1
1 x−r−1
p
(1−p)s−x−1 dπ (p)


 0
h(1)
if x ≥ s,
where p has the prior distribution
p ∼ k(p)dπ(p)

(7.28)
with

P (r + 1 ≤ X ≤ s − 1|p)
,
p r+1 (1 − p)n−s+1
r and s are integers, −1 ≤ r < s ≤ n + 1, and π is a probability measure with
π({0} ∪ {1}) < 1, that is, π does not put all of its mass on the endpoints of the
parameter space.
To see that δ π is admissible, let δ  be another estimator of h(p) that satisfies
R(p, δ π ) ≥ R(p, δ  ). We will assume that s ≥ 0, r ≤ n, and r + 1 < s (as the
cases r = −1, s = n + 1, and r + 1 = s are straightforward). Also, if δ  (x) = h(0) for
x ≤ r  , and δ  (x) = h(1) for x ≥ s  , then it follows that r  ≥ r and s  ≤ s. Define
s−1  
n
[h(p) − δ(x)]2 p x−r−1 (1 − p)s−x−1 k(p)−1 .
Rr,s (p, δ) =
x
k(p) =

x=r+1



Now, R(p, δ ) ≤ R(p, δ π ) for all p ∈ [0, 1] if and only if Rr,s (p, δ  ) ≤ Rr,s (p, δ π )
1
for all p
∈
[0, 1]. However, for the prior (7.28), 0 Rr,s (p, δ)
π
π
×k(p)dπ(p) is uniquely minimized by [δ (r + 1), . . . , δ (s − 1)], which establishes the admissibility of δ π . The converse assertion, that any admissible estimator
is of the form (7.27), follows from Theorem 7.17. (See Problem 7.27.)
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For h(p) = p, we can take r = 0, s = n, and π(p) = Beta(a, b). The rea
sulting estimators are of the form α xn + (1 − α) a+b
, so we obtain conditions on
admissibility of linear estimators. In particular, we see that x/n is an admissible
estimator. If h(p) = p(1 − p), we find an admissible estimator of the variance to
n
(x/n) (1 − x/n). (See Problem 7.26.)
be n+1
Brown (1981, 1988) has generalized Johnson’s results and characterizes a minimal complete class for estimation in a wide class of problems with finite sample
spaces.

Johnson (1971) was further able to establish the somewhat surprising result that
if δ1 is an admissible estimator of h(p1 ) in the binomial b(p1 , n1 ) problem and
δ2 is an admissible estimator of h(p2 ) in the binomial b(p2 , n2 ) problem, then
[δ1 , δ2 ] is an admissible estimator of [h(p1 ), h(p2 )] if the loss function is the sum
of the losses. This result can be extended to higher dimensions, and thus there is
no Stein effect in the binomial problem. The following example gives conditions
under which this can be expected.
Example 7.24 When there is no Stein effect. For i = 1, 2, let Xi ∼ fi (x|θi ) and
suppose that δi∗ (xi ) is a unique Bayes (hence, admissible) estimator of θi under the
loss L(θi , δ), where L satisfies L(a, a) = 0 and L(a, a  ) > 0, a = a  , and all risk
functions are continuous. Suppose there is a value θ ∗ such that if θ2 = θ ∗ ,
(i) X2 = x ∗ with probability 1,
(ii) δ2∗ (x ∗ ) = θ ∗ ,


then (δ1∗ (x1 ), δ2∗ (x2 )) is admissible for (θ1 , θ2 ) under the loss i L(θi , δ); that is,
there is no Stein effect.
To see why this is so, let δ  = (δ1 (x1 , x2 ), δ2 (x1 , x2 )) be a competitor. At the
parameter value (θ1 , θ2 ) = (θ1 , θ ∗ ), we have
R[(θ1 , θ ∗ ), δ  ] = E(θ1 ,θ ∗ ) L[θ1 , δ1 (X1 , X2 )] + E(θ1 ,θ ∗ ) L[θ2 , δ2 (X1 , X2 )]
(7.29)

= E(θ1 ,θ ∗ ) L[θ1 , δ1 (X1 , x ∗ )] + E(θ1 ,θ ∗ ) L[θ ∗ , δ2 (X1 , x ∗ )]
= Eθ1 L[θ1 , δ1 (X1 , x ∗ )] + Eθ1 L[θ ∗ , δ2 (X1 , x ∗ )],

while for (δ1∗ (x1 ), δ2∗ (x2 )),
R[(θ1 , θ ∗ ), δ ∗ ] = E(θ1 ,θ ∗ ) L[θ1 , δ1∗ (X1 )] + E(θ1 ,θ ∗ ) L[θ2 , δ2∗ (X2 )]
(7.30)

= Eθ1 L[θ1 , δ1∗ (X1 )] + Eθ ∗ L[θ ∗ , δ2∗ (x ∗ )]
= Eθ1 L[θ1 , δ1∗ (X1 )]

as Eθ ∗ L[θ ∗ , δ2∗ (x ∗ )] = 0.
Since δ1∗ is a unique Bayes estimator of θ1 ,
Eθ1 L[θ1 , δ1∗ (X1 )] < Eθ1 L[θ1 , δ1 (X1 , x ∗ )] for some θ1 .
Since Eθ1 L[θ ∗ , δ2 (X1 , x ∗ )] ≥ 0, it follows that R[(θ1 , θ ∗ ), δ ∗ ] < R[(θ1 , θ ∗ ), δ  ]
for some θ1 , and hence that δ ∗ is an admissible estimator of (θ1 , θ2 ). By induction,
the result can be extended to any number of coordinates (see Problem 7.28).
If X ∼ b(θ, n), then we can take θ ∗ = 0 or 1, and the above result applies. The
absence of the Stein effect persists in other situations, such as any problem with
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a finite sample space (Gutmann 1982a; see also Brown 1981). Gutmann (1982b)
also demonstrates a sequential context in which the Stein effect does not hold (see
Problem 7.29).

Finally, we look at the admissibility of linear estimators. There has always been
interest in characterizing admissibility of linear estimators, partly due to the ease
of computing and using linear estimators, and also due to a search for a converse
to Karlin’s theorem (Theorem 2.14) (which gives sufficient conditions for admissibility of linear estimators). Note that we are concerned with the admissibility
of linear estimators in the class of all estimators, not just in the class of linear
estimators. (This latter question was addressed by La Motte (1982).)
Example 7.25 Admissible linear estimators. Let X ∼ Nr (θ , I ), and consider
estimation of ϕ  θ , where ϕr×1 is a known vector, and L(ϕ  θ , δ) = (ϕ  θ − δ)2 . For
r = 1, the results of Karlin (1958); see also Meeden and Ghosh (1977), show that
ax is admissible if and only if 0 ≤ a ≤ ϕ. This result was generalized by Cohen
(1965a) to show that a  x is admissible if and only if a is in the sphere:
(7.31)

{a : (a − ϕ/2) (a − ϕ/2) ≤ ϕ  ϕ/4}

(see Problem 7.30). Note that the extension to known covariance matrix is straightforward, and (7.31) becomes an ellipse.
For the problem of estimating θ , the linear estimator Cx, where C is an r × r
symmetric matrix, is admissible if and only if all of the eigenvalues of C are
between 0 and 1, with at most two equal to 1 (Cohen 1966).
Necessary and sufficient conditions for admissibility of linear estimators have
also been described for multivariate Poisson estimation (Brown and Farrell, 1985a,
1985b) and for estimation of the scale parameters in the multivariate gamma distribution (Farrell et al., 1989). This latter result also has application to the estimation
of variance components in mixed models.

8 Problems
Section 1
1.1 For the situation of Example 1.2:
(a) Plot the risk functions of δ 1/4 , δ 1/2 , and δ 3/4 for n = 5, 10, 25.
(b) For each value of n in part (a), find the range of prior values of p for which each
estimator is preferred.
(c) If an experimenter has no prior knowledge of p, which of δ 1/4 , δ 1/2 , and δ 3/4 would
you recommend? Justify your choice.
1.2 The principle of gamma-minimaxity [first used by Hodges and Lehmann (1952); see
also Robbins 1964 and Solomon 1972a, 1972b)] is a Bayes/frequentist synthesis. An
estimator δ ∗ is gamma-minimax if
inf sup r(π, δ) = sup r(π, δ ∗ )

δ∈D π ∈H

π ∈H

where H is a specified class of priors. Thus, the estimator δ ∗ minimizes the maximum
Bayes risk over those priors in the class H. (If H = all priors, then δ ∗ would be minimax.)
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(a) Show that if H = {π0 }, that is, H consists of one prior, then the Bayes estimator is
H minimax.
(b) Show that if H = {all priors}, then the minimax estimator is H minimax.
(c) Find the H-minimax estimator among the three estimators of Example 1.2.
1.3 Classes of priors for H-minimax estimation have often been specified using moment
restrictions.
(a) For X ∼ b(p, n), find the H-minimax estimator of p under squared error loss, with

a 
Hµ = π(p) : π(p) = beta(a, b), µ =
a+b
where µ is considered fixed and known.
(b) For X ∼ N(θ, 1), find the H-minimax estimator of θ under squared error loss, with
3
4
Hµ,τ = π(θ ) : E(θ ) = µ, var θ = τ 2
where µ and τ are fixed and known.
[Hint: In part (b), show that the H-minimax estimator is the Bayes estimator against a
normal prior with the specified moments (Jackson et al. 1970; see Chen, EichenhauerHerrmann, and Lehn 1990 for a multivariate version). This somewhat nonrobust Hminimax estimator is characteristic of estimators derived from moment restrictions and
shows why robust Bayesians tend to not use such classes. See Berger 1985, Section 4.7.6
for further discussion.]
1.4 (a) For the random effects model of Example 4.2.7 (see also Example 3.5.1), show
that the restricted maximum likelihood (REML) likelihood of σA2 and σ 2 is given
by (4.2.13), which can be obtained by integrating the original likelihood against a
uniform (−∞, ∞) prior for µ.
(b) For ni = n in
Xij = µ + Ai + uij

(j = 1, . . . , ni ,

i = 1, . . . , s)

calculate the expected value of the REML estimate of σA2 and show that it is biased.
Compare REML to the unbiased estimator of σA2 . Which do you prefer?
(Construction of REML-type marginal likelihoods, where some effects are integrated out
against priors, becomes particularly useful in nonlinear and generalized linear models.
See, for example, Searle et al. 1992, Section 9.4 and Chapter 10.)
1.5 Establishing the fact that (9.1) holds, so S 2 is conditionally biased, is based on a
number of steps, some of which can be involved. Define φ(a, µ, σ 2 ) = (1/σ 2 )Eµ,σ 2 [S 2 |
|x̄|/s < a].
(a) Show that φ(a, µ, σ 2 ) only depends on µ and σ 2 through µ/σ . Hence, without loss
of generality, we can assume σ = 1.
(b) Use the fact that the density f (s | |x̄|/s < a, µ) has monotone likelihood ratio to
establish φ(a, µ, 1) ≥ φ(a, 0, 1).
(c) Show that
lim φ(a, 0, 1) = 1

a→∞

and lim φ(a, 0, 1) =
a→0

(d) Combine parts (a), (b), and (c) to establish (19.1).

n
E0,1 S 3
.
=
E0,1 S
n−1
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The next three problems explore conditional properties of estimators. A detailed development of this theory is found in Robinson (1979a, 1979b), who also explored the
relationship between admissibility and conditional properties.
1.6 Suppose that X ∼ f (x|θ ), and T (x) is used to estimate τ (θ). One might question
the worth of T (x) if there were some set A ∈ X for which T (x) > τ (θ) for x ∈ A (or
if the reverse inequality holds). This leads to the conditional principle of never using an
estimator if there exists a set A ∈ X for which Eθ {[T (X) − τ (θ)]I (X ∈ A)} ≥ 0 ∀θ,
with strict inequality for some θ (or if the equivalent statement holds with the inequality
reversed). Show that if T (x) is the posterior mean of τ (θ) against a proper prior, where
both the prior and f (x|θ) are continuous in θ , then no such A can exist. (If such an A
exists, it is called a semirelevant set. Elimination of semirelevant sets is an extremely
strong requirement. A weaker requirement, elimination of relevant sets, seems more
appropriate.)
1.7 Show that if there exists a set A ∈ X and an ε > 0 for which Eθ {[T (X) − τ (θ)]I (X ∈
A)} > ε, then T (x) is inadmissible for estimating τ (θ ) under squared error loss. (A set
A satisfying the this inequality is an example of a relevant set.)
[Hint: Consider the estimator T (x) + εI (x ∈ A)]
1.8 To see why elimination of semirelevant sets is too strong a requirement, consider the
estimation of θ based on observing X ∼ f (x − θ ). Show that for any constant a, the
Pitman estimator X satisfies
Eθ [(X − θ )I (X < a)] ≤ 0

∀θ

or

Eθ [(X − θ)I (X > a)] ≥ 0

∀θ,

with strict inequality for some θ . Thus, there are semirelevant sets for the Pitman estimator, which is, by most accounts, a fine estimator.
1.9 In Example 1.7, let δ ∗ (X) = X/n with probability 1 − ε and = 1/2 with probability
ε. Determine the risk function of δ ∗ and show that for ε = 1/(n + 1), its risk is constant
and less than sup R(p, X/n).
1.10 Find the bias of the minimax estimator (1.11) and discuss its direction.
1.11 In Example 1.7,
(a) determine cn and show that cn → 0 as n → ∞,
(b) show that Rn (1/2)/rn → 1 as n → ∞.
1.12 In Example 1.7, graph the risk functions of X/n and the minimax estimator (1.11)
for n = 1, 4, 9, 16, and indicate the relative positions of the two graphs for large values
of n.
1.13 (a) Find two points 0 < p0 < p1 < 1 such that the estimator (1.11) for n = 1 is
Bayes with respect to a distribution  for which P (p = p0 ) + P (p = p1 ) = 1.
(b) For n = 1, show that (1.11) is a minimax estimator of p even if it is known that
p o ≤ p ≤ p1 .
(c) In (b), find the values p0 and p1 for which p1 − p0 is as small as possible.
1.14 Evaluate (1.16) and show that its maximum is 1 − α.
1.15 Let X = 1 or 0 with probabilities p and q, respectively, and consider the estimation
of p with loss = 1 when |d − p| ≥ 1/4, and 0 otherwise. The most general randomized
estimator is δ = U when X = 0, and δ = V when X = 1 where U and V are two random
variables with known distributions.
(a) Evaluate the risk function and the maximum risk of δ when U and V are uniform
on (0, 1/2) and (1/2, 1), respectively.
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(b) Show that the estimator δ of (a) is minimax by considering the three values p = 0,
1/2, 1.
[Hint: (b) The risk at p = 0, 1/2, 1 is, respectively, P (U > 1/4), 1/2[P (U < 1/4) +
P (V > 3/4)], and P (V < 3/4)].
1.16 Show that the problem of Example 1.8 remains invariant under the transformations
X  = n − X,

p = 1 − p,

d  = 1 − d.

This illustrates that randomized equivariant estimators may have to be considered when
Ḡ is not transitive.
1.17 Let r be given by (1.3). If r = ∞ for some , show that any estimator δ has
unbounded risk.
1.18 In Example 1.9, show that no linear estimator has constant risk.
1.19 Show that the risk function of (1.22) depends on p1 and p2 only through p1 + p2
and takes on its maximum when p1 + p2 = 1.
1.20 (a) In Example 1.9, determine the region in the (p1 , p2 ) unit square in which (1.22)
is better than the UMVU estimator of p2 − p1 for m = n = 2, 8, 18, and 32.
(b) Extend Problems 1.11 and 1.12 to Example 1.9.
1.21 In Example 1.14, show that X̄ is minimax for the loss function (d − θ)2 /σ 2 without
any restrictions on σ .
1.22 (a) Verify (1.37).
(b) Show that equality holds in (1.39) if and only if P (Xi = 0) + P (Xi = 1) = 1.
1.23 In Example 1.16(b), show that for any k > 0, the estimator
√
1
n 1 n k
δ=
X +
√
√
1 + n n i=1 i 2(1 + n)
is a Bayes estimator for the prior distribution  over F0 for which (1.36) was shown to
be Bayes.
1.24 Let Xi (i = 1, . . . , n) and Yj (j = 1, . . . , n) be independent with distributions F
and G, respectively. If F (1) − F (0) = G(1) − G(0) = 1 but F and G are otherwise
unknown, find a minimax estimator for E(Yj ) − E(Xi ) under squared error loss.
1.25 Let Xi (i = 1, . . . , n) be iid with unknown distribution F . Show that
δ=

No. of Xi ≤ 0
1
1
·
√
√ +
√
n
1 + n 2(1 + n)

is minimax for estimating F (0) = P (Xi ≤ 0) with squared error loss. [Hint: Consider
the risk function of δ.]
1.26 Let X1 , . . . , Xm and Y1 , . . . , Yn be independently distributed as N (ξ, σ 2 ) and N (η, τ 2 ),
respectively, and consider the problem of estimating W = η − ξ with squared error loss.
(a) If σ and τ are known, Ȳ − X̄ is minimax.
(b) If σ and τ are restricted by σ 2 ≤ A and τ 2 ≤ B, respectively (A, B known and
finite), Ȳ − X̄ continues to be minimax.
1.27 In the linear model (3.4.4), show that ai ξ̂i (in the notation of Theorem 3.4.4) is
minimax for estimating θ = ai ξi with squared error loss, under the restriction σ 2 ≤ M.
[Hint: Treat the problem in its canonical form.]
1.28 For the random variable X whose distribution is (1.42), show that x must satisfy the
inequalities stated below (1.42).
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1.29 Show that the estimator defined by (1.43)
(a) has constant risk,
(b) is Bayes with respect to the prior distribution specified by (1.44) and (1.45).
1.30 Show that for fixed X and n, (1.43) → (1.11) as N → ∞.
1.31 Show that var(Ȳ ) given by (3.7.6) takes on its maximum value subject to (1.41)
when all the a’s are 0 or 1.
√
1.32 (a) If R(p, δ) is given by (1.49), show that sup R(p, δ)·4(1+ n)2 → 1 as n → ∞.
(b) Determine the smallest value of n for which the Bayes estimator of Example 1.18
satisfies (1.48) for r = 1 and b = 5, 10, and 20.
1.33 (Efron and Morris 1971)
(a) Show that the estimator δ of (1.50) is the estimator that minimizes |δ − cx̄| subject
to the constraint |δ − x̄| ≤ M. In this sense, it is the estimator that is closest to a
Bayes estimator, cx̄, while not straying too far from a minimax estimator, x̄.
(b) Show that for the situation of Example 1.19, R(θ, δ) is bounded for δ of (1.50).
(c) For the situation of Example 1.19, δ of (1.50) satisfies supθ R(θ, δ) = (1/n) + M 2 .

Section 2
2.1 Lemma 2.1 has been extended by Berger (1990a) to include the case where the
estimand need not be restricted to a finite interval, but, instead, attains a maximum or
minimum at a finite parameter value.
Lemma 8.1 Let the estimand g(θ ) be nonconstant with global maximum or minimum
at a point θ ∗ ∈ for which f (x|θ ∗ ) > 0 a.e. (with respect to a dominating measure
µ), and let the loss L(θ, d) satisfy the assumptions of Lemma 2.1. Then, any estimator
δ taking values above the maximum of g(θ ), or below the minimum, is inadmissible.
(a) Show that if θ ∗ minimizes g(θ), and if ĝ(x) is an unbiased estimator of g(θ), then
there exists V > 0 such that the set AV = {x ∈ X : ĝ(x) < g(θ) − V} satisfies
P (AV ) > 0. A similar conclusion holds if g(θ ∗ ) is a maximum.
(b) Suppose g(θ ∗ ) is a minimum. (The case of a maximum is handled similarly.) Show
that the estimator

ĝ(x)
if ĝ(x) ≥ g(θ ∗ )
δ(x) =
g(θ ∗ ) if ĝ(x) < g(θ ∗ )
satisfies R(δ, θ) − R(ĝ(x), θ) < 0.
(c) For the situation of Example 2.3, apply Lemma 8.1 to establish the inadmissibility
of the UMVU estimator of σA2 . Also, explain why the hypotheses of Lemma 8.1 are
not satisfied for the estimation of σ 2
2.2 Determine the Bayes risk of the estimator (2.4) when θ has the prior distribution
N(µ, τ 2 ).
2.3 Prove part (d) in the second proof of Example 2.8, that there exists a sequence of
values θi → −∞ with b (θi ) → 0 .
2.4 Show that an estimator aX + b (0 ≤ a ≤ 1) of Eθ (X) is inadmissible (with squared
error loss) under each of the following conditions:
(a) if Eθ (X) ≥ 0 for all θ, and b < 0;
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(b) if Eθ (X) ≤ k for all θ, and ak + b > k.
[Hint: In (b), replace X by X = k − X and aX + b by k − (aX + b) = aX + k − b − ak,
respectively and use (a).]
2.5 Show that an estimator [1/(1 + λ) + ε]X of Eθ (X) is inadmissible (with squared error
loss) under each of the following conditions:
(a) if var θ (X)/Eθ2 (X) > λ > 0 and ε > 0,
(b) if var θ (X)/Eθ2 (X) < λ and ε < 0.
[Hint: (a) Differentiate the risk function of the estimator with respect to ε to show that
it decreases as ε decreases (Karlin 1958).]
2.6 Show that if var θ (X)/Eθ2 (X) > λ > 0, an estimator [1/(1+λ)+ε]X+b is inadmissible
(with squared error loss) under each of the following conditions:
(a) if Eθ (X) > 0 for all θ, b > 0 and ε > 0;
(b) if Eθ (X) < 0 for all θ, b < 0 and ε > 0 (Gupta 1966).
2.7 Brown (1986a) points out a connection between the information inequality and the
unbiased estimator of the risk of Stein-type estimators.
(a) Show that (2.7) implies
R(θ, δ) ≥

1 2b (θ)
[1 + b (θ )]2
+ b2 (θ ) ≥ +
+ b2 (θ)
n
n
n


and, hence, if R(θ, δ) ≤ R(θ, X̄), then 2bn(θ ) + b2 ≤ 0.
(b) Show that a nontrivial solution b(θ ) would lead to an improved estimator x − g(x),
for p = 1, in Corollary 4.7.2.
2.8 A density function f (x|θ) is variation reducing of order n + 1 (V Rn+1 ) if, for any
function g(x) with k (k ≤ n) sign changes (ignoring zeros), the expectation Eθ g(X) =
g(x)f (x|θ ) dx has at most k sign changes. If Eθ g(X) has exactly k sign changes, they
are in the same order.
Show that f (x|θ ) is V R2 if and only if it has monotone likelihood ratio. (See TSH2,
Lemma 2, Section 3.3 for the “if” implication).
Brown et al. (1981) provide a thorough introduction to this topic, including V R characterizations of many families of distributions (the exponential family is V R∞ , as is the χν2
with ν the parameter, and the noncentral χν2 (λ) in λ). There is an equivalence between
V Rn and T Pn , Karlin’s (1968) total positivity of order n, in that V Rn = T Pn .
2.9 For the situation of Example 2.9, show that:
(a) without loss of generality, the restriction θ ∈ [a, b] can be reduced to θ ∈ [−m, m],
m > 0.
(b) If  is the prior distribution that puts mass 1/2 on each of the points ±m, then the
Bayes estimator against squared error loss is
δ  (x̄) = m
√
(c) For m < 1/ n,

emnx̄ − e−mnx̄
= m tanh(mnx̄).
emnx̄ + e−mnx̄

3
4
max R(θ, δ(X̄)) = max R(−m, δ  (X̄)), R(m, δ  (X̄))

θ ∈[−m,m]

and hence, by Corollary 1.6, δ  is minimax.
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[Hint: Problem 2.8 can be used to show that the derivative of the risk function can
have at most one sign change, from negative to positive, and hence any interior
extrema can only be a minimum.]
√
(d) For m > 1.05/ n, δ  of part (b) is no longer minimax. Explain why this is so and
suggest an alternate estimator in this case.
[Hint: Consider R(0, δ  )].
2.10 For the situation of Example 2.10, show that:
(a)

max R(θ, a X̄ + b) = max{R(−m, a X̄ + b), R(m, a X̄ + b)}.

θ ∈[−m,m]

(b) The estimator a ∗ X̄, with a ∗ = m2 /( n1 + m2 ), is the linear minimax estimator for all
m with minimax risk a ∗ /n.
(c) X̄ is the linear minimax estimator for m = ∞.
2.11 Suppose X has distribution Fξ and Y has distribution Gη , where ξ and η vary
independently. If it is known that η = η0 , then any estimator δ(X, Y ) can be improved
upon by

δ ∗ (x) = EY δ(x, Y ) =

δ(x, y) dGη0 (y).

[Hint: Recall the proof of Theorem 1.6.1.]
2.12 In Example 2.13, prove that the estimator aY +b is inadmissible when a > 1/(r +1).
[Hint: Problems 2.4–2.6]
 2
2.13 Let X1 , . . . , Xn be iid according to a N (0, σ 2 ) density, and let S 2 =
Xi . We
are interested in estimating σ 2 under squared error loss using linear estimators cS 2 + d,
where c and d are constants. Show that:
(a) admissibility of the estimator aY + b in Example 2.13 is equivalent to the admissibility of cS 2 + d, for appropriately chosen c and d.
(b) the risk of cS 2 + d is given by R(cS 2 + d, σ 2 ) = 2nc2 σ 2 + [(nc − 1)σ 2 + d]2
(c) for d = 0, R(cS 2 , σ 2 ) < R(0, σ 2 ) when c < 2/(n + 2), and hence the estimator
aY + b in Example 2.13 is inadmissible when a = b = 0.
[This exercise illustrates the fact that constants are not necessarily admissible estimators.]
2.14 For the situation of Example 2.15, let Z = X̄/S.
(a) Show that the risk, under squared error loss, of δ = ϕ(z)s 2 is minimized by taking
∗
(z) = E(S 2 /σ 2 |z)/E((S 2 /σ 2 )2 |z).
ϕ(z) = ϕµ,σ
∗
∗
(z) ≤ ϕ0,1
(z) for every µ, σ . Assuming this is so,
(b) Stein (1964) showed that ϕµ,σ
deduce that ϕs (Z)S 2 dominates [1/(n + 1)]S 2 in squared error loss, where
"
1
∗
.
(z),
ϕs (z) = min ϕ0,1
n+1
∗
(z) = (1 + z2 )/(n + 2), and, hence, ϕs (Z)S 2 is given by (2.31).
(c) Show that ϕ0,1

(d) The best equivariant estimator of the form ϕ(Z)S 2 was derived by Brewster and
Zidek (1974) and is given by
ϕBZ (z) =

E(S 2 |Z ≤ z)
,
E(S 4 |Z ≤ z)
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where the expectation is calculated assuming µ = 0 and σ = 1. Show that ϕBZ (Z)S 2
is generalized Bayes against the prior

1 ∞ −1/2
2 2
π (µ, σ ) =
u
(1 + u)−1 e−unµ /σ du dµ dσ.
σ 0
[Brewster and Zidek did not originally derive their estimator as a Bayes estimator,
but rather first found the estimator and then found the prior. Brown (1968) considered a family of estimators similar to those of Stein (1964), which took different
values depending on a cutoff point for z2 . Brewster and Zidek (1974) showed that
the number of cutoff points can be arbitrarily large. They constructed a sequence of
estimators, with decreasing risks and increasingly dense cutoffs, whose limit was
the best equivalent estimator.]
2.15 Show the equivalence
√ of the following relationships: (a) (2.26) and (2.27), (b) (2.34)
and (2.35) when c = (n − 1)/(n + 1), and (c) (2.38) and (2.39).
2.16 In Example 2.17, show that the estimator aX/n + b is inadmissible for all (a, b)
outside the triangle (2.39).
[Hint: Problems 2.4–2.6.]
2.17 Prove admissibility of the estimators corresponding to the interior of the triangle
(2.39), by applying Theorem 2.4 and using the results of Example 4.1.5.
2.18 Use Theorem 2.14 to provide an alternative proof for the admissibility of the estimator a X̄ + b satisfying (2.6), in Example 2.5.
2.19 Determine which estimators aX + b are admissible for estimating E(X) in the
following situations, for squared error loss:
(a) X has a Poisson distribution.
(b) X has a negative binomial distribution (Gupta 1966).
2.20 Let X have the Poisson(λ) distribution, and consider the estimation of λ under the
loss (d − λ)2 /λ with the restriction 0 ≤ λ ≤ m, where m is known.
(a) Using an argument similar to that of Example 2.9, show that X is not minimax,
and a least favorable prior distribution must have a set w∧ [of (1.5)] consisting of
a finite number of points.
(b) Let a be a prior distribution that puts mass ai , i = 1, . . . , k, at parameter points
bi , i = 1, . . . , k. Show that the Bayes estimator associated with this prior is
k
x −bi
1
i=1 ai bi e
.
=
δ a (x) =
k
−1
x−1
E(λ |x)
e−bi
i=1 ai bi
(c) Let m0 be the solution to m = e−m (m0 ≈ .57). Show that for 0 ≤ λ ≤ m, m ≤ m0
a one-point prior (ai = 1, b1 = m) yields the minimax estimator. Calculate the
minimax risk and compare it to that of X.
(d) Let m1 be the first positive zero of (1 + δ  (m))2 = 2 + m2 /2, where  is a two-point
prior (a1 = a, b1 = 0; a2 = 1−a, b2 = m). Show that for 0 ≤ λ ≤ m, m0 < m ≤ m1 ,
a two-point prior yields the minimax estimator (use Corollary 1.6). Calculate the
minimax risk and compare it to that of X.
[As m increases, the situation becomes more complex and exact minimax solutions
become intractable. For these cases, linear approximations can be quite satisfactory.
See Johnstone and MacGibbon 1992, 1993.]
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2.21 Show that the conditions (2.41) and (2.42) of Example 2.22 are not only sufficient
but also necessary for admissibility of (2.40).
2.22 Let X and Y be independently distributed according to Poisson distributions with
E(X) = ξ and E(Y ) = η, respectively. Show that aX +bY +c is admissible for estimating
ξ with squared error loss if and only if either 0 ≤ a < 1, b ≥ 0, c ≥ 0 or a = 1, b = c = 0
(Makani 1972).
2.23 Let X be distributed with density 21 β(θ )eθ x e−|x| , |θ | < 1.
(a) Show that β(θ ) = 1 − θ 2 .
(b) Show that aX + b is admissible for estimating Eθ (X) with squared error loss if and
only if 0 ≤ a ≤ 1/2.
[Hint: (b) To see necessity, let δ = (1/2 + ε)X + b (0 < ε ≤ 1/2) and show that δ is
dominated by δ  = (1 − 21 α + αε)X + (b/α) for some α with 0 < α < 1/(1/2 − ε).]
2.24 Let X be distributed as N (θ, 1) and let θ have the improper prior density π(θ) = eθ
(−∞ < θ < ∞). For squared error loss, the formal Bayes estimator of θ is X + 1, which
is neither minimax nor admissible. (See also Problem 2.15.)
Conditions under which the formal Bayes estimator corresponding to an improper prior
distribution for θ in Example 3.4 is admissible are given by Zidek (1970).
2.25 Show that the natural parameter space of the family (2.16) is (−∞, ∞) for the
normal (variance known), binomial, and Poisson distribution but not in the gamma or
negative binomial case.

Section 3
3.1 Show that Theorem 3.2.7 remains valid for almost equivariant estimators.
3.2 Verify the density (3.1).
3.3 In Example 3.3, show that a loss function remains invariant under G if and only if it
is a function of (d − θ )∗ .
3.4 In Example 3.3, show that neither of the loss functions [(d − θ)∗∗ ]2 or |(d − θ)∗∗ | is
convex.
3.5 Let Y be distributed as G(y − η). If T = [Y ] and X = Y − T , find the distribution of
X and show that it depends on η only through η − [η].
3.6 (a) If X1 , . . . , Xn are iid with density f (x −θ ), show that the MRE estimator against
squared error loss [the Pitman estimator of (3.1.28)] is the Bayes estimator against
right-invariant Haar measure.
(b) If X1 , . . . , Xn are iid with density 1/τf [(x − µ)/τ ], show that:
(i) Under squared error loss, the Pitman estimator of (3.1.28) is the Bayes estimator against right-invariant Haar measure.
(ii) Under the loss (3.3.17), the Pitman estimator of (3.3.19) is the Bayes estimator
against right-invariant Haar measure.
3.7 Prove formula (3.9).
3.8 Prove (3.11).
[Hint: In the term on the left side, lim inf can be replaced by lim. Let the left side of
(3.11) be A and the right side B, and let AN = inf h(a, b), where the inf is taken over
a ≤ −N, b ≥ N , N = 1, 2, . . . , so that AN → A. There exist (aN , bN ) such that
|h(aN , bN ) − AN | ≤ 1/N . Then, h(aN , bN ) → A and A ≥ B.]

398

MINIMAXITY AND ADMISSIBILITY

[ 5.8

3.9 In Example 3.8, let h(θ ) be the length of the path θ after cancellation. Show that h
does not satisfy conditions (3.2.11).
3.10 Discuss Example 3.8 for the case that the random walk instead of being in the plane
is (a) on the line and (b) in three-space.
3.11 (a) Show that the probabilities (3.17) add up to 1.
(b) With pk given by (3.17), show that the risk (3.16) is infinite.
[Hint: (a) 1/k(k + 1) = (1/k) − 1/(k + 1).]
3.12 Show that the risk R(θ, δ) of (3.18) is finite.
d+1
[Hint: R(θ, δ) < k>M|k+θ | 1/(k + 1) ≤ c<k<d 1/(k + 1) < c dx/x, where c =
M|θ |/(M + 1) and d = M|θ |/(M − 1). The reason for the second inequality is that
values of k outside (c, d) make no contribution to the sum.]
3.13 Show that the two estimators δ ∗ and δ ∗∗ , defined by (3.20) and (3.21), respectively,
are equivariant.
3.14 Prove the relations (3.22) and (3.23).
3.15 Let the distribution of X depend on parameters θ and ϑ, let the risk function of an
estimator δ = δ(x) of θ be R(θ, ϑ; δ), and let r(θ, δ) = R(θ, ϑ; δ) dP (ϑ) for some distribution P . If δ0 minimizes supθ r(θ, δ) and satisfies supθ r(θ, δ0 ) = supθ,ϑ R(θ, ϑ; δ0 ),
show that δ0 minimizes supθ,ϑ R(θ, ϑ; δ).

Section 4
4.1 In Example 4.2, show that an estimator δ is equivariant if and only if it satisfies (4.11)
and (4.12).
4.2 Show that a function µ satisfies (4.12) if and only if it depends only on Xi2 .
4.3 Verify the Bayes estimator (4.15).
4.4 Let Xi be independent with binomial distribution b(pi , ni ), i = 1, . . . , r. For estimating p = (p1 , . . . , pr ) with average squared error loss (4.17), find the minimax estimator
of p, and determine whether it is admissible.
4.5 Establishing the admissibility of the normal mean in two dimensions is quite difficult,
made so by the fact that the conjugate priors fail in the limiting Bayes method. Let
X ∼ N2 (θ , I )

and L(θ , δ) = |θ − δ|2 .

The conjugate priors are θ ∼ N2 (0, τ 2 I ), τ 2 > 0.
(a) For this sequence of priors, verify that the limiting Bayes argument, as in Example
2.8, results in inequality (4.18), which does not establish admissibility.
(b) Stein (in James and Stein 1961), proposed the sequence of priors that works to
prove X is admissible by the limiting Bayes method. A version of these priors,
given by Brown and Hwang (1982), is

1
if |θ | ≤ 1







log |θ |
if 1 ≤ |θ | ≤ n
gn (θ ) = 1 −

log n






0
if |θ | ≥ n
for n = 2, 3, . . .. Show that δ gn (x) → x a.e. as n → ∞.

5.8 ]

PROBLEMS

399

(c) A special case of the very general results of Brown and Hwang (1982) state that for
the prior πn (θ )2 g(θ ), the limiting Bayes method (Blyth’s method) will establish the
admissibility of the estimator δ g (x) [the generalized Bayes estimator against g(θ )]
if

g(θ ) dθ
< ∞.
2
2
{θ :|θ |>1} |θ | [max{log |θ |, log 2}]
Show that this holds for g(θ ) = 1 and that δ g (x) = x, so x is admissible.
[Stein (1956b) originally established the admissibility of X in two dimensions using an
argument based on the information inequality. His proof was complicated by the fact that
he needed some additional invariance arguments to establish the result. See Theorem
7.19 and Problem 7.19 for more general statements of the Brown/Hwang result.]
4.6 Let X1 , X2 , . . . , Xr be independent with Xi ∼ N (θi , 1). The following heuristic
argument, due to Stein (1956b), suggests that it should be possible, at least for large r
and hence large |θ|, to improve on the estimator X = (X1 , X2 , . . . , Xr ).
(a) Use a Taylor series argument to show
|x|2 = r + |θ |2 + Op [(r + |θ |2 )1/2 ],
so, with high probability, the true θ is in the sphere {θ : |θ |2 ≤ |x|2 − r}. The
usual estimator X is approximately the same size as θ and will almost certainly be
outside of this sphere.
(b) Part (a) suggested to Stein an estimator of the form δ(x) = [1 − h(|x|2 )]x. Show
that
|θ − δ(x)|2 = (1 − h)2 |x − θ |2 − 2h(1 − h)θ  (x − θ ) + h2 |θ |2 .
(c) Establish that θ  (x − θ )/|θ | = Z ∼ N (0, 1), and |x − θ |2 ≈ r, and, hence,
|θ − δ(x)|2 ≈ (1 − h)2 r + h2 |θ |2 + Op [(r + |θ |2 )1/2 ].
2
(d) Show that the leading term in part (c) is minimized
 at h = r/(r + |θ | ), and since
|x|2 ≈ r + |θ |2 , this leads to the estimator δ(x) = 1 − |x|r 2 x of (4.20).

4.7 If S 2 is distributed as χr2 , use (2.2.5) to show that E(S −2 ) = 1/(r − 2).
4.8 In Example 4.7, show that R is nonsingular for ρ1 and ρ2 and singular for ρ3 and ρ4 .
4.9 Show that the function ρ2 of Example 4.7 is convex.
4.10 In Example 4.7, show that X is admissible for (a) ρ3 and (b) ρ4 .
[Hint: (a) It is enough to show that X1 is admissible for estimating θ1 with loss (d1 −θ1 )2 .
This can be shown by letting θ2 , . . . , θr be known. (b) Note that X is admissible minimax
for θ = (θ1 , . . . , θr ) when θ1 = · · · = θr .]
4.11 In Example 4.8, show that X is admissible under the assumptions (ii)(a).
[Hint:
i. If v(t) > 0 is such that



1 −t 2 /2τ 2
e
dt < ∞,
v(t)
show that there exists a constant k(τ ) for which


!
1
λτ (θ ) = k(τ ) v(θj ) exp − 2 θj2 /Ov(θj )
2τ

is a probability density for θ = (θ1 , . . . , θr ).
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ii. If the Xi are independent N (θi , 1) and θ has the prior λτ (θ ), the Bayes estimator
of θ with loss function (4.27) is τ 2 X/(1 + τ 2 ).
iii. To prove X admissible, use (4.18) with λτ (θ ) instead of a normal prior.]
4.12 Let L be a family of loss functions and suppose there exists L0 ∈ L and a minimax
estimator δ0 with respect to L0 such that in the notation of (4.29),
sup RL (θ, δ0 ) = sup RL0 (θ, δ0 ).
L,θ

θ

Then, δ0 is minimax with respect to L; that is, it minimizes supL,θ RL (θ, δ).
4.13 Assuming (4.25), show that E = 1 − [(r − 2)2 /r|X − µ|2 ] is the unique unbiased
estimator of the risk (5..4.25), and that E is inadmissible. [The estimator E is also
unbiased for estimation of the loss L(θ , δ). See Note 9.5.]
4.14 A natural extension of risk domination under a particular loss is to risk domination
under a class of losses. Hwang (1985) defines universal domination of δ by δ  if the
inequality
Eθ L(|θ − δ  (X)|) ≤ Eθ L(|θ − δ(X)|) for all θ
holds for all loss functions L(·) that are nondecreasing, with at least one loss function
producing nonidentical risks.
(a) Show that δ  universally dominates δ if and only if it stochastically dominates δ,
that is, if and only if
Pθ (|θ − δ  (X)| > k) ≤ Pθ (|θ − δ(X)| > k)
for all k and θ with strict inequality for some θ .
∞
[Hint: For a positive random variable Y , recall that EY = 0 P (Y > t) dt. Alternatively, use the fact that stochastic ordering on random variables induces an
ordering on expectations. See Lemma 1, Section 3.3 of TSH2.]
(b) For X ∼ Nr (θ , I ), show that the James-Stein estimator δ c (x) = (1 − c/|x|2 )x does
not universally dominate x. [From (a), it only need be shown that Pθ (|θ − δ c (X)| >
k) > Pθ (|θ − X| > k) for some θ and k. Take θ = 0 and find such a k.]
Hwang (1985) and Brown and Hwang (1989) explore many facets of universal domination. Hwang (1985) shows that even δ + does not universally dominate X unless the
class of loss functions is restricted.
We also note that although the inequality in part (a) may seem reminiscent of the “Pitman
closeness” criterion, there is really no relation. The criterion of Pitman closeness suffers
from a number of defects not shared by stochastic domination (see Robert et al. 1993).

Section 5
5.1 Show that the estimator δc defined by (5.2) with 0 < c = 1 − W < 1 is dominated by
any δd with |d − 1| < W.
5.2 In the context of Theorem 5.1, show that




1
1
≤
E
< ∞.
Eθ
0
|X|2
|X|2
[Hint: The chi-squared distribution has monotone likelihood ratio in the noncentrality
parameter.]
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5.3 Stigler (1990) presents an interesting explanation of the Stein phenomenon using a
regression perspective, and also gives an identity that can be used
 to prove
 the minimaxity
c
c
of the James-Stein estimator. For X ∼ (Nr θ , I ), and δ (x) = 1 − |x|2 x:
(a) Show that


Eθ |θ − δ c (X)|2 = r − 2cEθ


X θ + (c/2)
−
1
.
|X|2

(b) The expression in square brackets is increasing in c. Prove the minimaxity of δ c for
0 ≤ c ≤ 2(r − 2) by establishing Stigler’s identity
 

Xθ +r −2
Eθ
= 1.
|X|2
[Hint: Part (b) can be established by transforming to polar coordinates and directly

2

and using Stein’s identity.]
integrating, or by writing x|x|θ2 = x (θ −x)+|x|
|x|2
5.4 (a) Prove Theorem 5.5.
(b) Apply Theorem 5.5 to establish conditions for minimaxity of Strawderman’s (1971)
proper Bayes estimator given by (5.10) and (5.12).
[Hint: (a) Use the representation of the risk given in (5.4), with g(x) = c(|x|)(r −2)x/|x|2 .
Show that R(θ , δ) can be written


∂
c(|X|)(2 − c(|X|))
2(r − 2) Xi ∂Xi c(|X|)
(r − 2)2
−
Eθ
E
R(θ , δ) = 1 −
θ
r
|X|2
r
|X|2
and an upper bound on R(θ , δ) is obtained by dropping the last term. It is not necessary
to assume that c(·) is differentiable everywhere; it can be nondifferentiable on a set of
Lebesgue measure zero.]
5.5 For the hierarchical model (5.11) of Strawderman (1971):
(a) Show that the Bayes estimator against squared error loss is given by E(θ |x) =
[1 − E(λ|x)]x where
E(λ|x) =

1 r/2−a+1 −1/2λ|x|2
λ
e
dλ
0
.
1 r/2−a −1/2λ|x|2
λ
e
dλ.
0

(b) Show that E(λ|x) has the alternate representations
E(λ|x) =

2
≤ |x|2 )
r − 2a + 2 P (χr−2a+4
,
2
|x|2
P (χr−2a+2
≤ |x|2

E(λ|x) =

r − 2a + 2
−
|x|2
|x|2

2e−1/2|x|

2

1
0

λr/2−a e−1/2λ|x|2

dλ,

and hence that a = 0 gives the estimator of (5.12).
(c) Show that |x|2 E(λ|x) is increasing in |x|2 with maximum r − 2a + 2. Hence, the
Bayes estimator is minimax if r −2a +2 ≤ 2(r −2) or r ≥ 2(3−a). For 0 ≤ a ≤ 1,
this requires r ≥ 5.
[Berger (1976b) considers matrix generalizations of this hierarchical model and derives
admissible minimax estimators. Proper Bayes minimax estimators only exist if r ≥ 5
(Strawderman 1971); however, formal Bayes minimax estimators exist for r = 3 and 4.]
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5.6 Consider a generalization of the Strawderman (1971) hierarchical model of Problem
5.5:
X|θ ∼ N (θ , I ),
θ |λ ∼ N (0, λ−1 (1 − λ)I ),
λ ∼ π(λ).
(a) Show that the Bayes estimator against squared error loss is [1 − E(λ|x)]x, where
E(λ|x) =

1
0

λr/2+1 e−1/2λ|x| π(λ) dλ

1
0

2

λr/2 e−1/2λ|x|2 π(λ) dλ

.

(b) Suppose λ ∼ beta(α, β), with density
π(λ) =

H(α + β) α−1
λ (1 − λ)β−1 .
H(α)H(β)

Show that the Bayes estimator is minimax if β ≥ 1 and 0 ≤ a ≤ (r − 4)/2.
[Hint: Use integration by parts on E(λ|x), and apply Theorem 5.5. These estimators
were introduced by Faith (1978).]
(c) Let t = λ−1 (1 − λ), the prior precision of θ . If λ ∼ beta(α, β), show that the density
of t is proportional to t α−1 /(1 + t)α+β , that is, t ∼ F2α,2β , the F -distribution with
2α and 2β degrees of freedom.
[Strawderman’s prior of Problem 5.5 corresponds to β = 1 and 0 < α < 1. If we
take α = 1/2 and β = 1, then t ∼ F1,2 .]
(d) Two interesting limiting cases are α = 1, β = 0 and α = 0, β = 1. For each case,
show that the resulting prior on t is proper, and comment on the minimaxity of the
resulting estimators.
5.7 Faith (1978) considered the hierarchical model
X|θ ∼ N (θ , I ),


1
θ |t ∼ N 0, I ,
t
t ∼ Gamma(a, b),
that is,
π(t) =

1
t a−1 e−t/b .
H(a)ba

(a) Show that the marginal prior for θ , unconditional on t, is
π(θ ) ∝ (2/b + |θ |2 )−(a+r/2) ,
a multivariate Student’s t-distribution.
 2 π (θ )
(b) Show that a ≤ −1 is a sufficient condition for i ∂ ∂θ
≥ 0 and, hence, is
2
i
a sufficient condition for the minimaxity of the Bayes estimator against squared
error loss.
(c) Show, more generally, that the Bayes estimator against squared error loss is minimax
if a ≤ (r − 4)/2 and a ≤ 1/b + 3.
(d) What choices of a and b would produce a multivariate Cauchy prior for π(θ )? Is
the resulting Bayes estimator minimax?
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5.8 (a) Let X ∼ N (θ , ) and consider the estimation of θ under the loss L(θ , δ) =
(θ − δ) (θ − δ). Show that R(θ , X) = tr , the minimax risk. Hence, X is a
minimax estimator.
(b) Let X ∼ N(θ , I ) and consider estimation of θ under the loss L(θ , δ) = (θ −
δ) Q(θ −δ), where Q is a known positive definite matrix. Show that R(θ , X) = tr Q,
the minimax risk. Hence, X is a minimax estimator.
(c) Show that the calculations in parts (a) and (b) are equivalent.
5.9 In Theorem 5.7, verify
"
c(|X|2 ) 
c (|X|2 ) 
c(|X|2 )
c(|X|2 ) 
Eθ
X (θ − X) = Eθ
tr() − 2
X X + 2
X X .
|X|2
|X|2
|X|4
|X|2
[Hint: There are several ways to do this:
(a) Write
Eθ

c(|X|2 ) 
c(Y Y
X (θ − X) = Eθ  Y (η − Y)
2
|X|
YY


c(Y Y
=
Eθ
Yj σj i (ηi − Yi )
Y Y j
i

where  = {σij } and Y =  −1/2 X ∼ N( −1/2 θ , I ) = N(η , I ). Now apply Stein’s
lemma.
(b) Write  = P DP  , where P is an orthogonal matrix (P  P = I ) and D=diagonal
matrix of eigenvalues of , D = diagonal{di }. Then, establish that

c( i di Zi2 )
c(|X|2 ) 
Eθ
X (θ − X) =
Eθ 
dj Zj (ηj∗ − Zj )
2
|X|2
i di Z i
j
where Z = P  −1/2 X and η ∗ = P  −1/2 θ . Now apply Stein’s lemma.
5.10 In Theorem 5.7, show that condition (i) allows the most shrinkage when  = σ 2 I ,
for some value of σ 2 . That is, show that for all r × r positive definite ,
max


tr 
tr σ 2 I
=
= r.
λmax () λmax (σ 2 I )


tr
[Hint: Write λmax
= λi /λmax , where the λi ’s are the eigenvalues of .]
()
5.11 The estimation problem of (5.18),
X ∼ N (θ , )
L(θ , δ) = (θ − δ) Q(θ − δ),
where both  and Q are positive definite matrices, can always be reduced, without loss
of generality, to the simpler case,
Y ∼ N (η , I )
L(η , δ ∗ ) = (η − δ ∗ ) Dq ∗ (η − δ ∗ ),
where Dq ∗ is a diagonal matrix with elements (q1∗ , . . . , qr∗ ), using the following argument.
Define R =  1/2 B, where  1/2 is a symmetric square root of  (that is,  1/2  1/2 = ),
and B is the matrix of eigenvectors of  1/2 Q 1/2 (that is, B   1/2 Q 1/2 B = Dq ∗ ).
(a) Show that R satisfies
R   −1 R = I ,

R  QR = Dq ∗
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(b) Define Y = R −1 X. Show that Y ∼ N(η , I ), where η = R −1 θ .
(c) Show that estimations problems are equivalent if we define δ ∗ (Y) =
R −1 δ(RY).
[Note: If  has the eigenvalue-eigenvector decomposition P  P = D =
diagonal(d1 , · · ·, dr ), √
then we can define  1/2 = P D 1/2 P  , where D 1/2 is a diagonal
matrix with elements di . Since  is positive definite, the di ’s are positive.]
5.12 Complete the proof of Theorem 5.9.
(a) Show that the risk of δ(x) is

!
R(θ , δ) = Eθ (θ − X) Q(θ − X)


c(|X|2 ) 
−2Eθ
X
Q(θ
−
X)
|X|2

 2
c (|X|2 ) 
+Eθ
X
QX
|X|4

where Eθ (θ − X) Q(θ − X) = tr(Q).
(b) Use Stein’s lemma to verify
c(|X|2 ) 
X Q(θ − X)
|X|2
"
c(|X|2 ) 
c (|X|2 ) 
c(|X|2 )
= Eθ
tr(Q)
−
2
X
QX
+
2
X
QX
.
|X|2
|X|4
|X|2

Eθ

Use an argument similar to the one in Theorem 5.7.
[Hint: Write
Eθ



c(|X|2 ) 
X Q(θ − X) =
|X|2

Eθ
i

c(|X|2 )
|X|2


Xj qj i (θi − Xi )
j

and apply Stein’s lemma.]
5.13 Prove the following ”generalization” of Theorem 5.9.
Theorem 8.2 Let X ∼ N(θ , ). An estimator of the form (5.13) is minimax against the
loss L(θ , δ) = (θ − δ) Q(θ − δ), provided
(i) 0 ≤ c(|x|2 ) ≤ 2[tr(Q∗ )/λmax (Q∗ )] − 4,
(ii) the function c(·) is nondecreasing,
where Q∗ =  1/2 Q 1/2 .
5.14 Brown (1975) considered the performance of an estimator against a class of loss
functions


L(C) = L : L(θ , δ) =

r

ci (θi − δi )2 ;

(c1 , . . . , cr ) ∈ C

i=1

for a specified set C, and proved the following theorem.
Theorem 8.3 For X ∼ Nr (θ , I ), there exists a spherically symmetric estimator δ, that
is, δ(x) = [1−h(|x|2 )]x, where h(|x|2 ) = 0,
such that R(θ , δ) ≤ R(θ , X) for all L ∈ L(C)
if, for all (c1 , . . . , cr ) ∈ C, the inequality rj =1 ci > 2ck holds for k = 1, . . . , r.
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Show that this theorem is equivalent to Theorem 5.9 in that the above inequality is
equivalent to part (i) of Theorem 5.9, and the estimator (5.13) is minimax.
[Hint: Identify the eigenvalues of Q with c1 , . . . , cr .]
Bock (1975) also establishes this theorem; see also Shinozaki (1980).
5.15 There are various ways to seemingly generalize Theorems 5.5 and 5.9. However, if
both the estimator and loss function are allowed to depend on the covariance and loss
matrix, then linear transformations can usually reduce the problem.
Let X ∼ Nr (θ , ), and let the loss function be L(θ , δ) = (θ − δ) Q(θ − δ), and consider
the following “generalizations” of Theorems 5.5 and 5.9.


c(x  −1 x)
(a)
δ(x) = 1 −  −1
x, Q =  −1 ,
x x


c(x Qx)
(b)
δ(x) = 1 − 
x,  = I or  = Q,
x Qx


c(x  −1/2 Q −1/2 x)
(c)
δ(x) = 1 −  −1/2
x.
x
Q −1/2 x
In each case, use transformations to reduce the problem to that of Theorem 5.5 or 5.9,
and deduce the condition for minimaxity of δ.
[Hint: For example, in (a) the transformation Y =  −1/2 X will show that δ is minimax
if 0 < c(·) < 2(r − 2).]
5.16 A natural extension of the estimator (5.10) is to one that shrinks toward an arbitrary
known point µ = (µ1 , . . . , µr ),


r −2
δµ (x) = µ + 1 − c(S)
(x − µ)
|x − µ|2
where |x − µ|2 = (xi − µi )2 .
(a) Show that, under the conditions of Theorem 5.5, δµ is minimax.
(b) Show that its positive-part version is a better estimator.
5.17 Let X ∼ Nr (θ , I ). Show that the Bayes estimator of θ , against squared error loss,
is given by δ(x) = x + ∇ log m(x) where m(x) is the marginal density function and
∇f = {∂/∂xi f }.
5.18 Verify (5.27).
[Hint: Show that, as a function of |x|2 , the only possible interior extremum is a minimum,
so the maximum must occur either at |x|2 = 0 or |x|2 = ∞.]
5.19 The property of superharmonicity, and its relationship to minimaxity, is not restricted
to Bayes estimators. For X ∼ Nr (θ , I ), a pseudo-Bayes estimator (so named, and
investigated by Bock, 1988) is an estimator of the form
x + ∇ log m(x)
where m(x) is not necessarily a marginal density.
(a) Show that the positive-part Stein estimator

+
a
+
δa = µ + 1 −
(x − µ)
|x − µ|2
is a pseudo-Bayes estimator with
e−(1/2)|x−µ|
(|x − µ|2 )−a/2
2

m(x) =

if |x − µ|2 < a
if |x − µ|2 ≥ a.
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∂2
(b) Show that, except at the point of discontinuity, if a ≤ r − 2, then ri=1 ∂x
2 m(x)
i
≤ 0, so m(x) is superharmonic.
(c) Show how to modify the proof of Corollary 5.11 to accommodate superharmonic
functions m(x) with a finite number of discontinuities of measure zero.
This result is adapted from George (1986a, 1986b), who exploits both pseudo-Bayes
and superharmonicity to establish minimaxity of an interesting class of estimators that
are further investigated in the next problem.
5.20 For X|θ ∼ Nr (θ , I ), George (1986a, 1986b) looked at multiple shrinkage estimators, those that can shrink to a number of different targets.

 Suppose that θ ∼ π(θ ) =
k
ω
π
(θ
),
where
the
ω
are
known
positive
weights,
ωi = 1.
i
i
i
j =1
(a) Show that the Bayes estimator against π(θ
 ), under squared error loss, is given by
δ ∗ (x) = x + ∇ log m∗ (x) where m∗ (x) = kj =1 ωj mj (x) and

1
2
mi (x) =
e−(1/2)|x−θ | πi (θ ) dθ .
(2π)p/2
(b) Clearly, δ ∗ is minimax if m∗ (x) is superharmonic. Show that δ ∗ (x) is minimax if
either (i) mi (x) is superharmonic, i = 1, . . . , k, or (ii) πi (θ ) is superharmonic,
i = 1, . . . , k. [Hint: Problem 1.7.16]
(c) The real advantage of δ ∗ occurs when
 the components specify different targets. For
ρj = ωj mj (x)/m∗ (x), let δ ∗ (x) = kj =1 ρj δj+ (x) where

+
r −2
(x − µj )
δj+ (x) = µj + 1 −
|x − µj |2
and the µj ’s are target vectors. Show that δ ∗ (x) is minimax. [Hint: Problem 5.19]
[George (1986a, 1986b) investigated many types of multiple targets, including multiple
points, subspaces, and clusters and subvectors. The subvector problem was also considered by Berger and Dey (1983a, 1983b). Multiple shrinkage estimators were also
investigated by Ki and Tsui (1990) and Withers (1991).]
5.21 Let Xi , Yj be independent N(ξi , 1) and N(ηj , 1), respectively (i = 1, . . . , r; j =
1, . . . , s).
(a) Find an estimator of (ξ1 , . . . , ξr ; η1 , . . . , ηs ) that would be good near ξi = · · · =
ξr = ξ, η1 = · · · = ηs = η, with ξ and η unknown, if the variability of the ξ ’s and
η’s is about the same.
(b) When the loss function is (4.17), determine the risk function of your estimator.
[Hint: Consider the Bayes situation in which ξi ∼ N (ξ, A) and ηj ∼ N (η, A). See
Berger 1982b for further development of such estimators].
5.22 The early proofs of minimaxity of Stein estimators (James and Stein 1961, Baranchik
1970) relied on the representation of a noncentral χ 2 -distribution as a Poisson sum of
central χ 2 (TSH2, Problem 6.7). In particular, if χr2 (λ) is a noncentral χ 2 random variable
with noncentrality parameter λ, then
2
)|K]
Eλ h(χr2 (λ)) = E[Eh(χr+2K
2
where K ∼ Poisson(λ) and χr+2k
is a central χ 2 random variable with r + 2k df . Use
this representation, and the properties of the central χ 2 -distribution, to establish the
following identities for X ∼ Nr (θ , I ) and λ = |θ |2 .
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(a) Eθ X|X|θ2 = |θ |2 E χ 2 1 (λ) .
r+2

(b) (r − 2)E χ 21(λ) + |θ |2 E χ 2 1 (λ) = 1.
r

r+2

(c) For δ(x) = (1 − c/|x|2 )x, use the identities (a) and (b) to show that for L(θ , δ) =
|θ − δ|2 ,
1
1
− 2c + c2 E 2
R(θ , δ) = r + 2c|θ |2 E 2
χr (λ)
χr+2 (λ)


1
1
= r + 2c 1 − (r − 2)E 2
− 2c + c2 E 2
χr (λ)
χr (λ)
and, hence, that δ(x) is minimax if 0 ≤ c ≤ 2(r − 2).
[See Bock 1975 or Casella 1980 for more identities involving noncentral χ 2 expectations.]
5.23 Let χr2 (λ) be a χ 2 random variable with r degrees of freedom and noncentrality
parameter λ.
1
2
!
1
(a) Show that E χ 21(λ)
, where K ∼
= E E χ 21 |K
= E r−2+2K
r
r+2K
Poisson(λ/2).
(b) Establish (5.32).
5.24 For the most part, the risk function of a Stein estimator increases as |θ | moves away
from zero (if zero is the shrinkage target). To guarantee that the risk function is monotone
increasing in |θ | (that is, that there are no “dips” in the risk as in Berger’s 1976a tail
minimax estimators) requires a somewhat stronger assumption on the estimator (Casella
1990). Let X ∼ Nr (θ , I ) and L(θ , δ) = |θ − δ|2 , and consider the Stein estimator


2 (r − 2)
x.
δ(x) = 1 − c(|x| )
|x|2
(a) Show that if 0 ≤ c(·) ≤ 2 and c(·) is concave and twice differentiable, then δ(x) is
minimax. [Hint: Problem 1.7.7.]
(b) Under the conditions in part (a), the risk function of δ(x) is nondecreasing in |θ |.
[Hint: The conditions on c(·), together with the identity
2
2
(d/dλ)Eλ [h(χp2 (λ))] = Eλ {[∂/∂χp+2
(λ)]h(χp+2
(λ))},

where χp2 (λ) is a noncentral χ 2 random variable with p degrees of freedom and
noncentrality parameter λ, can be used to show that (∂/∂|θ |2 )R(θ , δ) > 0.]
5.25 In the spirit of Stein’s “large r and |θ |” argument, Casella and Hwang (1982) investigated the limiting risk ratio of δ J S (x) = (1 − (r − 2)/|x|2 )x to that of x. If X ∼ Nr (θ , I )
and L(θ , δ) = |θ − δ|2 , they showed
limr→∞ R(θ , δ J S )
c
=
.
c+1
→ c R(θ , X)

|θ | 2
r

To establish this limit we can use the following steps.
(a) Show that

R(θ ,δ J S )
R(θ ,x)

=1−

(b) Show that

1
p−2+|θ |2

1
≤ Eθ |X)|
2 ≤

(r−2)2
Eθ |X|1 2 .
r
1
p−2



p
p+|θ |2


.

(c) Show that the upper and lower bounds on the risk ratio both have the same limit.
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[Hint: (b) The upper bound is a consequence of Problem 5.22(b). For the lower bound,
show Eθ (1/|X)|2 ) = E(1/p − 2 + K), where K ∼ Poisson(|θ |2 ) and use Jensen’s
inequality.]

Section 6
6.1 Referring to Example 6.1, this problem will establish the validity of the expression
(6.2) for the risk of the estimator δ L of (6.1), using an argument similar to that in the
proof of Theorem 5.7.
(a) Show that
R(θ , δ L ) =
i

=

Eθ [θi − δiL (X)]2

2c(r − 3)
(θi − Xi )(Xi − X̄)
S
i
"
[c(r − 3)]2
2
(X
−
X̄)
+
i
S2
Eθ (θi − Xi )2 +


where S = j (Xj − X̄)2 .
(b) Use integration by parts to show

r−1
S + 2(Xi − X̄)2
(θi − Xi )(Xi − X̄)
= −Eθ r
.
S
S2
1
2
[Hint: Write the cross-term as −Eθ (XiS−X̄) (Xi − θi ) and adapt Stein’s identity
(Lemma 1.5.15).]
(c) Use the results of parts (a) and (b) to establish (6.2).

Eθ

6.2 In Example 6.1, show that:
(a)
(b)
(c)
(d)

The estimator δ L is minimax if r ≥ 4 and c ≤ 2.
The risk of δ L is infinite if r ≤ 3
The minimum risk is equal to 3/r , and is attained at θ1 = θ2 = · · · = θ.
The estimator δ L is dominated in risk by its positive-part version


c(r − 3) +
+
δ L = x̄1 + 1 −
(x − x̄1).
|x − x̄1|2

6.3 In Example 6.2:
(a) Show that kx is the MLE if θ ∈ Lk .
(b) Show that δ k (x) of (6.8) is minimax under squared error loss.
(c) Verify that θi of the form (6.4) satisfy T (T  T )−1 T  θ = θ for T of (6.5), and construct
a minimax estimator that shrinks toward this subspace.
6.4 Consider the problem
of estimating the mean based on X ∼ Nr (θ , I ), where it is

j
thought that θi = sj =1 βj ti where (ti , . . . , tr ) are known, (β1 , . . . , βs ) are unknown,
and r − s > 2.
(a) Find the MLE of θ , say θ̂ R , if θ is assumed to be in the linear subspace


L= θ :

s

j =1

j

βj ti = θi , i = 1, . . . , r .
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(b) Show that L can be written in the form (6.7), and find K.
(c) Construct a Stein estimator that shrinks toward the MLE of part (a) and prove that
it is minimax.
6.5 For the situation of Example 6.3:
(a) Show that δ c (x, y) is minimax if 0 ≤ c ≤ 2.
(b) Show that if ξ = 0, R(θ , δ 1 ) = 1 −
R(θ , δ 1 ) > R(θ , δ comb ).

σ 2 r−2
,
σ 2 +τ 2 r

(c) For ξ = 0, show that R(θ , δ comb ) = 1 −
|ξ | → ∞.

σ2
σ 2 +τ 2

R(θ , δ comb ) = 1 −
+

| ξ |2 σ 2
r(σ 2 +τ 2 )

σ2
,
σ 2 +τ 2

and, hence,

and hence is unbounded as

6.6 The Green and Strawderman (1991) estimator δ c (x, y) can be derived as an empirical
Bayes estimator.
(a) For X|θ ∼ Nr (θ , σ 2 I ), Y |θ , ξ ∼ Nr (θ + ξ , τ 2 I ), ξ ∼ N (0, γ 2 I ), and θi ∼
Uniform(−∞, ∞), with σ 2 and τ 2 assumed to be known, show how to derive
δ r−2 (x, y) as an empirical Bayes estimator.
(b) Calculate the Bayes estimator, δ π , against squared error loss.
(c) Compare r(π, δ π ) and r(π, δ r−2 ).
[Hint: For part (a), Green and Strawderman suggest starting with θ ∼ N (0, κ 2 I ) and let
κ 2 → ∞ get the uniform prior.]
6.7 In Example 6.4:
(a) Verify the risk function (6.13).
(b) Verify that for unknown σ 2 , the risk function of the estimator (6.14) is given by
(6.15).
ν r−2
(c) Show that the minimum risk of the estimator (6.14) is 1 − ν+2
.
r
6.8 For the situation of Example 6.4, the analogous modification of the Lindley estimator
(6.1) is


r −3
δ L = x̄1 + 1 −
(x − x̄1),
(xi − x̄)2 /σ̂ 2
where σ̂ 2 = S 2 /(ν + 2) and S 2 /σ 2 ∼ χν2 , independent of X.
(a) Show that R(θ , δ L ) = 1 −

2
ν (r−3)2
Eθ (xσ−x̄)2 .
ν+2
r
i

(b) Show that both δ L and δ of (6.14) can be improved by using their positive-part
versions.
6.9 The major application of Example 6.4 is to the situation
Yij ∼ N (θi , σ 2 ), i = 1, . . . , s, j = 1, . . . , n, independent
with Ȳi = (1/n)j Yij and σ̂ 2 = ij (Yij − Y i )2 /s(n − 1). Show that the estimator

+
(s − 3)σ̂ 2
¯
¯
δi = ȳ + 1 − c
(ȳi − ȳ)
¯ 2
(ȳi − ȳ)
is a minimax estimator, where ȳ = ij yij /sn, as long as 0 ≤ c ≤ 2.
[The case of unequal sample sizes ni is not covered by what we have done so far. See
Efron and Morris 1973b, Berger and Bock 1976, and Morris 1983 for approaches to this
problem. The case of totally unknown covariance matrix is considered by Berger et al.
(1977) and Gleser (1979, 1986).]
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6.10 The positive-part Lindley estimator of Problem 6.9 has an interesting interpretation
in the one-way analysis of variance, in particular with respect to the usual test performed,
that of H0 : θ1 = θ2 = · · · = θs . This hypothesis is tested with the statistic
F =

¯ 2 /(s − 1)
(ȳi − ȳ)
,
(yij − ȳi )2 /s(n − 1)

which, under H0 , has an F -distribution with s − 1 and s(n − 1) degrees of freedom.
(a) Show that the positive-part Lindley estimator can be written as


s−3 1 +
¯
δi = ȳ¯ + 1 − c
(ȳi − ȳ).
s−1F
(b) The null hypothesis is rejected if F is large. Show that this corresponds to using
the MLE under H0 if F is small, and a Stein estimator if F is large.
(c) The null hypothesis is rejected at level α if F > Fs−1,s(n−1),α . For s = 8 and n = 6:
(i) What is the level of the test that corresponds to choosing c = 1, the optimal risk
choice?
(ii) What values of c correspond to choosing α = .05 or α = .01, typical α levels. Are
the resulting estimators minimax?
6.11 Prove the following extension of Theorem 5.5 to the case of unknown variance, due
to Strawderman (1973).
Theorem 8.4 Let X ∼ Nr (θ , σ 2 I ) and let S 2 /σ 2 ∼ χν2 , independent of X. The estimator


c(F, S 2 ) r − 2
c
δ (x) = 1 −
x,
S2
ν+2
where F = xi2 /S 2 , is a minimax estimator of θ , provided
(i) for each fixed S 2 , c(·, S 2 ) is nondecreasing,
(ii) for each fixed F, c(F, ·) is nonincreasing,
(iii) 0 ≤ c(·, ·) ≤ 2.
[Note that, here, the loss function is taken to be scaled by σ 2 , L(θ , δ) = |θ − δ|2 /σ 2 ,
otherwise the minimax risk is not finite. Strawderman (1973) went on to derive proper
Bayes minimax estimators in this case.]
6.12 For the situation of Example 6.5:
r−2
(a) Show that Eσ σ12 = E0 |X|
2.

(b) If 1/σ 2 ∼ χν2 /ν, then f (|x − θ |) of (6.19) is the multivariate t-distribution, with ν
degrees of freedom and E0 |X|−2 = (r − 2)−1 .
(c) If 1/σ 2 ∼ Y , where χν2 /ν is stochastically greater than Y , then δ(x) of (6.20) is
minimax for this mixture as long as 0 ≤ c ≤ 2(r − 2).
6.13 Prove Lemma 6.2.
6.14 For the situation of Example 6.7:
(a) Verify that the estimator (6.25) is minimax if 0 ≤ c ≤ 2. (Theorem 5.5 will apply.)
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(b) Referring to (6.27), show that
E|δ π (X) − δ c (X)|2 I [|X|2 ≥ c(r − 2)(σ 2 + τ 2 )]
σ4
1
= 2
E [Y − c(r − 2)]2 I [Y ≥ c(r − 2)]
σ + τ2 Y
where Y ∼ χr2 .
(c) If χν2 denotes a chi-squared random variable with ν degrees of freedom, establish
the identity
h(χ 2 )
Eh(χν2 ) = νE 2ν+2
χν+2
to show that
r(π, δ R ) = r(π, δ π ) +

σ4
1
E[Y − c(r − 2)]2 I [Y ≥ c(r − 2)]
2
r − 2 σ + τ2

2
.
where, now, Y ∼ χr−2
(d) Verify (6.29), hence showing that r(π, δ R ) ≤ r(π, δ c ).
(e) Show that E(Y −a)2 I (Y > a) is a decreasing function of a, and hence the maximal
Bayes risk improvement, while maintaining minimaxity, is obtained at c = 2.

6.15 For Xi ∼ Poisson(λi ) i = 1, . . . , r, independent, and loss function L(λ , δ) =
(λi − δi )2 /λi :
(a) For what values of a, α, and β are the estimators of (4.6.29) minimax? Are they
also proper Bayes for these values?
(b) Let  = λ
#i and define θi = λi /, i = 1, . . . , r. For the prior distribution π(θ , ) =
m()d ri=1 dθi , show that the Bayes estimator is
δ π (x) =
where z = xi and
ψπ (z) =

ψπ (z)
x,
z+r −1

z e− m() d
.
z−1 e− m() d

(c) Show that the choice m() = 1, yields the estimator δ(x) = [1−(r −1)/(z+r −1)]x,
which is minimax.
(d) Show that the choice m() = (1 + )−β , 1 ≤ β ≤ r − 1 yields an estimator that is
proper Bayes minimax for r > 2.
(e) The estimator of part (d) is difficult to evaluate. However, for the prior choice
 ∞ −r −1/t
t e
m() =
dt, 1 ≤ β ≤ r − 1,
(1 + t)β
0
show that the generalized Bayes estimator is
z
x,
δ π (x) =
z+β +r −1
and determine conditions for its minimaxity. Show that it is proper Bayes if β > 1.
6.16 Let Xi ∼ binomial(p, ni ), i = 1, . . . , r, where ni are unknown and p is known. The
estimation target is n = (n1 , . . . , nr ) with loss function
L(n, δ) =

r
i=1

1
(ni − δi )2 .
ni
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(a) Show that the usual estimator x/p has constant risk r(1 − p)/p.
(b) For r ≥ 2, show that the estimator


a
x
δ(x) = 1 −
z+r −1 p
dominates x/p in risk, where z = xi and 0 < a < 2(r − 1)(1 − p).
[Hint: Use an argument similar to Theorem
 6.8,but−zhere Xi |Z is hypergeometric,
with E(Xi |z) = z nNi and var(Xi |z) = z nNi 1 − nNi NN −1
, where N = ni .]
(c) Extend the argument from part (b) and find conditions on the function c(·) and
constant b so that


c(z) x
δ(x) = 1 −
z+b p
dominates x/p in risk.
Domination of the usual estimator of n was looked at by Feldman and Fox (1968),
Johnson (1987), and Casella and Strawderman (1994). The problem of n estimation for
the binomial has some interesting practical applications; see Olkin et al. 1981, Carroll
and Lombard 1985, Casella 1986. Although we have made the unrealistic assumption
that p is known, these results can be adapted to the more practical unknown p case (see
Casella and Strawderman 1994 for details).
6.17 (a) Prove Lemma 6.9. [Hint: Change variables from x to x − ei , and note that hi
must be defined so that δ 0 (0) = 0.]
(b) Prove that for X ∼ pi (x|θ ), where pi (x|θ ) is given by (6.36), δ 0 (x) = hi (x −
1)/ hi (x) is the UMVU estimator of θ (Roy and Mitra 1957).
(c) Prove Theorem 6.10.
6.18 For the situation of Example 6.11:
(a) Establish that x + g(x), where g(x) is given by (6.42), satisfies D(x) ≤ 0 for the
loss L0 (θ , δ) of (6.38), and hence dominates x in risk.
(b) Derive D(x) for Xi ∼ Poisson(λi ), independent, and loss L−1 (λ , δ) of (6.38). Show
that x + g(x), for g(x) given by (6.43), satisfies D(x) ≤ 0 and hence is a minimax
estimator of λ .
6.19 For the situation of Example 6.12:
(a) Show that the estimator δ0 (x) + g(x), for g(x) of (6.45) dominates δ 0 in risk under
the loss L−1 (θ , δ) of (6.38) by establishing that D(x) ≤ 0.
(b) For the loss L0 (θ , δ) of (6.38), show that the estimator δ 0 (x) + g(x), where
gi (x) = 
r

c(x)ki (xi )


,
1+t
+ 2 j kj (xj )]

2
j =1 [kj (xj )

x
(ti − 1 + \)/\ and c(·) nondecreasing with 0 ≤ c(·) ≤ 2[(#xi s >
with ki (x) = \=1
1) − 2] has D(x) ≤ 0 and hence dominates δ 0 (x) in risk.

6.20 In Example 6.12, we saw improved estimators for the success probability of negative binomial distributions. Similar results hold for estimating the means of the negative
binomial distributions, with some added features of interest. Let X1 , . . . , Xr be independent negative binomial random variables with mass function (6.44), and suppose we
want to estimate µ = {µi }, where µi = ti θi /(1 − θi ), the mean of the ith distribution,
using the loss L(µ, δ) = (µi − δi )2 /µi .
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(a) Show that the MLE of µ is X, and the risk of an estimator δ(x) = x + g(x) can be
written
R(µ, δ) = R(µ, X) + Eµ [D1 (X) + D2 (X)]
where
D1 (x) =

r
i=1

g 2 (x + ei )
2[gi (x + ei ) − gi (x)] + i
xi + 1

"

and
D2 (x) =

r

xi
[gi (x + ei ) − gi (x)]
ti
i=1
"

g 2 (x + ei ) xi
+ i
−1
ti
xi+1
2

so that a sufficient condition for domination of the1MLE is D1 (x) 2+ D2 (x) ≤ 0 for
i
all x. [Use Lemma 6.9 in the form Ef (X)/θi = E tXi +X
f (X + ei ) .]
i +1
(b) Show that if Xi are Poisson(θi ) (instead of negative binomial), then D2 (x) = 0.
Thus, any estimator that dominates the MLE in the negative binomial case also
dominates the MLE in the Poisson case.
(c) Show that the Clevenson-Zidek estimator


c(r − 1)
δcz (x) = 1 −
x
xi + r − 1
satisfies D1 (x) ≤ 0 and D2 (x) ≤ 0 and, hence, dominates the MLE under both the
Poisson and negative binomial model.
This robustness property of Clevenson-Zidek estimators was discovered by Tsui (1984)
and holds for more general forms of the estimator. Tsui (1984, 1986) also explores other
estimators of Poisson and negative binomial means and their robustness properties.

Section 7
7.1 Establish the claim made in Example 7.2. Let X1 and X2 be independent random
variables, Xi ∼ N (θi , 1), and let L((θ1 , θ2 ), δ) = (θ1 − δ)2 . Show that δ = sign(X2 ) is an
admissible estimate of θ1 , even though its distribution does not depend on θ1 .
7.2 Efron and Morris (1973a) give the following derivation of the positive-part Stein estimator as a truncated Bayes estimator. For X ∼ Nr (θ , σ 2 I ), r ≥ 3, and θ ∼ N (0, τ 2 I ),
where σ 2 is known and τ 2 is unknown, define t = σ 2 /(σ 2 + τ 2 ) and put a prior
h(t), 0 < t < 1 on t.
(a) Show that the Bayes estimator against squared error loss is given by E(θ |x) =
[1 − E(t|x)]x where
π (t|x) =

t r/2 e−t|x|

2 /2

h(t)

1 r/2 −t|x|2 /2
t e
h(t) dt
0

.



(b) For estimators of the form δ τ (x) = 1 − τ (|x|2 ) r−2
x, the estimator that satisfies
2
|x|
(i) τ (·) is nondecreasing,
(ii) τ (·) ≤ c,
(iii) δ τ minimizes the Bayes risk against h(t)
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|x|
has τ (|x|2 ) = τ ∗ (|x|2 ) = min{c, r−2
E(t|x)}. (This is a truncated Bayes estimator,
and is minimax if c ≤ 2.)
(c) Show that if h(t) puts all of its mass on t = 1, then
"
|x|2
∗
2
τ (|x| ) = min c,
r −2
and the resulting truncated Bayes estimator is the positive-part estimator.
2

7.3 Fill in the details of the proof of Lemma 7.5.
7.4 For the situation of Example 7.8, show that if δ0 is any estimator of θ, then the class
of all estimators with δ(x) < δ0 (x) for some x is complete.
7.5 A decision problem is monotone (as defined by Karlin and Rubin 1956; see also
Brown, Cohen and Strawderman 1976 and Berger 1985, Section 8.4) if the loss function
L(θ, δ) is, for each θ, minimized at δ = θ and is an increasing function of |δ − θ|. An
estimator δ is monotone if it is a nondecreasing function of x.
(a) Show that if L(θ, δ) is convex, then the monotone estimators form a complete class.
(b) If δ(x) is not monotone, show that the monotone estimator δ  defined implicitly by
Pt (δ  (X) ≤ t) = Pt (δ(X) ≤ t)

for every t



satisfies R(θ, δ ) ≤ R(θ, δ) for all θ .
(c) If X ∼ N (θ, 1) and L(θ, δ) = (θ − δ)2 , construct a monotone estimator that
dominates

 −2a − x if x < −a
a
if |x| ≤ a
δ (x) = x

2a − x
if x > a.
7.6 Show that, in the following estimation problems, all risk functions are continuous.
(a) Estimate θ with L(θ, δ(x)) = [θ − δ(x)]2 , X ∼ N(θ, 1).
(b) Estimate θ with L(θ, δ(x)) = |θ − δ(x)|2 , X ∼ Nr (θ, I ).

2
(c) Estimate λ with L(λ , δ(x)) = ri=1 λ−m
i (λi − δi (x)) , Xi ∼ Poisson(λi ), independent.

(d) Estimate β with L(β, δ(x)) = ri=1 βi−m (βi − δi (x))2 , Xi ∼ Gamma(αi , βi ), independent, αi known.
7.7 Prove the following theorem, which gives sufficient conditions for estimators to have
continuous risk functions.
Theorem 8.5 (Ferguson 1967, Theorem 3.7.1) Consider the estimation of θ with loss
L(θ, δ), where X ∼ f (x|θ ). Assume
(i) the loss function L(θ, δ) is bounded and continuous in θ uniformly in δ (so that
limθ →θ0 supδ |L(θ, δ) − L(θ0 , δ)| = 0);
(ii) for any bounded function ϕ, ϕ(x)f (x|θ )dµ(x) is continuous in θ.
Then, the risk function R(θ, δ) = Eθ L(θ, δ) is continuous in θ.
[Hint: Show that
|R(θ  , δ) − R(θ, δ)| ≤



|L(θ  , δ(x)) − L(θ, δ(x))|f (x|θ  ) dx

+ L(θ, δ(x))|f (x|θ  ) − f (x|θ)| dx,

and use (i) and (ii) to make the first integral < ε/2, and (i) and (iii) to make the second
integral < ε/2.]
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7.8 Referring to Theorem 8.5, show that condition (iii) is satisfied by
(a) the exponential family,
(b) continuous densities in which θ is a one-dimensional location or scale parameter.
7.9 A family of functions F is equicontinuous at the point x0 if, given ε > 0, there exists
δ such that |f (x) − f (x0 )| < ε for all |x − x0 | < δ and all f ∈ F. (The same δ works
for all f .) The family is equicontinuous if it is equicontinuous at each x0 .
Theorem 8.6 (Communicated by L. Gajek) Consider estimation of θ with loss L(θ, δ),
where X ∼ f (x|θ) is continuous in θ for each x. If
(i) The family L(θ, δ(x)) is equicontinuous in θ for each δ.
(ii) For all θ, θ  ∈

,
supx

f (x|θ  )
< ∞.
f (x|θ )

Then, any finite-valued risk function R(θ, δ) = Eθ L(θ, δ) is continuous in θ and, hence,
the estimators with finite, continuous risks form a complete class.
(a) Prove Theorem 8.6.
(b) Give an example of an equicontinuous family of loss functions. [Hint: Consider
squared error loss with a bounded sample space.]
7.10 Referring to Theorem 7.11, this problem shows that the assumption of continuity
of f (x|θ) in θ cannot be relaxed. Consider the density f (x|θ) that is N(θ, 1) if θ ≤ 0
and N(θ + 1, 1) if θ > 0.
(a) Show that this density has monotone likelihood ratio, but is not continuous in θ.
(b) Show that there exists a bounded continuous loss function L(θ − δ) for which the
risk R(θ, X) is discontinuous.

7.11 For X ∼ f (x|θ ) and loss function L(θ, δ) = ri=1 θim (θi − δi )2 , show that condition
(iii) of Theorem 7.11 holds.
7.12 Prove the following (equivalent) version of Blyth’s Method (Theorem 7.13).
Theorem 8.7 Suppose that the parameter space ∈ r is open, and estimators with
continuous risks are a complete class. Let δ be an estimator with a continuous risk
function, and let {πn } be a sequence of (possibly improper) prior measures such that
(i) r(πn , δ) < ∞ for all n,
(ii) for any nonempty open set

0

∈

,

r(πn , δ) − r(πn , δ πn )
→0
πn (θ ) dθ
0

as n → ∞.

Then, δ is an admissible estimator.
7.13 Fill in some of the gaps in Example 7.14:
(i) Verify the expressions for the posterior expected losses of δ 0 and δ π in (7.7).
(ii) Show that the normalized beta priors will not satisfy condition (b) of Theorem 7.13,
and then verify (7.9).
(iii) Show that the marginal distribution of X is given by (7.10).
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(iv) Show that
∞

D(x) ≤ max{a 2 , b2 }

x=1

∞
x=1

1
→ 0,
x2

and hence that δ 0 is admissible.
7.14 Let X ∼ Poisson(λ). Use Blyth’s method to show that δ 0 = X is an admissible
estimator of λ under the loss function L(λ, δ) = (λ − δ)2 with the following steps:
(a) Show that the unnormalized gamma priors πn (λ) = λa−1 e−λ/n satisfy condition (b)
of Theorem 7.13 by verifying that for any c,
 c
lim
πn (λ) dλ = constant.
n→∞

0

Also show that the normalized gamma priors will not work.


(b) Show that under the priors πn (λ), the Bayes risks of δ 0 and δ πn , the Bayes estimator,
are given by
r(πn , δ 0 ) = na H(a),
n a

r(πn , δ πn ) =
n H(a).
n+1
(c) The difference in risks is



r(πn , δ 0 ) − r(πn , δ πn ) = H(a)na 1 −

n 
,
n+1

which, for fixed a > 0, goes√to infinity as n →
 ∞ (Too
 bad!). However, show that
n
if we choose a = a(n) = 1/ n, then H(a)na 1 − n+1
→ 0 as n → ∞. Thus, the
difference in risks goes to zero.
(d) Unfortunately, we must go back and
√ verify condition (b) of Theorem 7.13 for the
sequence of priors with a = 1/ n, as part (a) no longer applies. Do this, and
conclude that δ 0 (x) = x is an admissible estimator of λ.
[Hint: For large n, since t ≤ c/n, use Taylor’s theorem to write e−t = 1 − t + error,
where the error can be ignored.]
(Recall that we have previously considered the admissibility of δ 0 = X in Corollaries
2.18 and 2.20, where we saw that δ 0 is admissible.)
7.15 Use Blyth’s method to establish admissibility in the following situations.
(a) If X ∼ Gamma(α, β), α known, then x/α is an admissible estimator of β using
the loss function L(β, δ) = (β − δ)2 /β 2 .
(b) If X ∼ Negative binomial(k, p), then X is an admissible estimator of µ = k(1 −
p)/p using the loss function L(µ, δ) = (µ − δ)2 /(µ + k1 µ2 ).
7.16

(i) Show that, in general, if δ π is the Bayes estimator under squared error loss,
then
r(π, δ π ) − r(π, δ g ) = E |δ π (X) − δ g (X)|2 ,
thus establishing (7.13).

(ii) Prove (7.15).
(iii) Use (7.15) to prove the admissibility of X in one dimension.
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7.17 The identity (7.14) can be established in another way. For the situation of Example
7.18, show that

g
r(π, δ ) = r − 2 [∇ log mπ (x)][∇ log mg (x)]mπ (x) dx

+ |∇ log mg (x)|2 mπ (x) dx,
which implies
r(π, δ π ) = r −


|∇ log mπ (x)|2 mπ (x) dx,

and hence deduce (7.14).
7.18 This problem will outline the argument needed to prove Theorem 7.19:
(a) Show that ∇mg (x) = m∇g (x), that is,


2
2
∇ g(θ )e−|x−θ | dθ = [∇g(θ )] e−|x−θ | dθ .
(b) Using part (a), show that
r(π, δ g ) − r(gn , δ gn ) =





∇ log mg (x) − ∇ log mgn (x)2 mgn (x) dx


 
 ∇mg (x) ∇mgn (x) 2

 mgn (x) dx
−
 m (x)
mgn (x) 
g

 
 ∇mg (x) mh2n ∇g (x) 2
 mgn (x) dx
≤ 2 
−
mg (x)
mgn (x) 

 
 mg∇h2n (x) 2
 mg (x) dx
+2 
n
mgn (x) 
= B n + An .
=

(c) Show that
2
 


 mghn ∇hn (x) 
m
(x)
dx
≤
4
mg(∇hn )2 (x) dx
An = 4 

 mgh2n (x)  gn
and this last bound → 0 by condition (a).
(d) Show that the integrand of Bn → 0 as n → ∞, and use condition (b) together with
the dominated convergence theorem to show Bn → 0, proving the theorem.
7.19 Brown and Hwang (1982) actually prove Theorem 7.19 for the case f (x|θ ) =

eθ x−ψ(θ ) , where we are interested in estimating τ (θ ) = Eθ (X) = ∇ψ(θ ) under the loss
L(θ , δ) = |τ (θ ) − δ|2 . Prove Theorem 7.19 for this case. [The proof is similar to that
outlined in Problem 7.18.]
7.20 For the situation of Example 7.20:
(a) Using integration by parts, show that


∂
2
2
g(θ )e−|x−θ | dθ = − (xi − θi )g(θ )e−|x−θ | dθ
∂xi

 
∂
2
=
g(θ ) e−|x−θ | dθ
∂θi
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[∇g(θ )] e−|x−θ | dθ
.
g(θ )e−|x−θ |2 dθ
2

(b) Use the Laplace approximation (4.6.33) to show that
[∇g(θ )] e−|x−θ | dθ
∇g(x)
≈
,
2
−|x−
θ
|
g(x)
dθ
g(θ )e
2

and that
δ g (x) ≈ x +
(c) If g(θ ) = 1/|θ |k , show that

∇g(x)
.
g(x)



k
δ g (x) ≈ 1 − 2 x.
x

7.21 In Example 7.20, if g(θ ) = 1/|θ |k is a proper prior, then δ g is admissible. For what
values of k is this the case?
7.22 Verify that the conditions of Theorem 7.19 are satisfied for g(θ ) = 1/|θ |k if (a)
k > r − 2 and (b) k = r − 2.
7.23 Establish conditions for the admissibility of Strawderman’s estimator (Example 5.6)
(a) using Theorem 7.19,
(b) using the results of Brown (1971), given in Example 7.21.
(c) Give conditions under which Strawderman’s estimator is an admissible minimax
estimator.
(See Berger 1975, 1976b for generalizations).
7.24 (a) Verify the Laplace approximation of (7.23).
(b) Show that, for h(|x|) = k/|x|2α , (7.25) can be written as (7.26) and that α = 1 is
needed for an estimator to be both admissible and minimax.
7.25 Theorem 7.17 also applies to the Poisson(λ ) case, where Johnstone (1984)obtained
the following characterization of admissible estimators for the loss L(λ , δ) = ri=1 (λi −
δi )2 /λi .
A generalized Bayes estimator of the form δ(x) = [1 − h(xi )]x is
(i) inadmissible if there exists ε > 0 and M < ∞ such that
h(xi ) <

r −1−ε
xi

for xi > M,

(ii) admissible if h(xi )(xi )1/2 is bounded and there exits M < ∞ such that
h(xi ) ≥

r −1
xi

for xi > M.

(a) Use Johnstone’s characterization of admissible Poisson estimators (Example 7.22)
to find an admissible Clevenson-Zidek estimator (6.31).
(b) Determine conditions under which the estimator is both admissible and minimax.
7.26 For the situation of Example 7.23:
(a) Show that X/n and (n/n + 1) (X/n) (1 − X/n) are admissible for estimating p and
p(1 − p), respectively.
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(b) Show that α(X/n) + (1 − α)(a/(a + b)) is an admissible estimator of p, where
α = n/(n + a + b). Compare the results here to that of Theorem 2.14 (Karlin’s
theorem). [Note that the results of Diaconis and Ylvisaker (1979) imply that π(·) =
uniform are the only priors that give linear Bayes estimators.]
7.27 Fill in the gaps in the proof that estimators δ π of the form (7.27) are a complete
class.
(a) Show that δ π is admissible when r = −1, s = n + 1, and r + 1 = s.
(b) For any other estimator δ  (x) for which δ  (x) = h(0) for x ≤ r  and δ  (x) = h(1) for
x ≥ s  , show that we must have r  ≥ r and s  ≤ s.
(c) Show that R(p, δ  ) ≤ R(p, δ π ) for all p ∈ [0, 1] if and only if Rr,s (p, δ  ) ≤
Rr,s (p, δ π ) for all p ∈ [0, 1].
1

(d) Show that 0 Rr,s (p, δ)k(p)dπ(p) is uniquely minimized by [δ π (r + 1), . . ., δ π (s −
1)], and hence deduce the admissibility of δ π .
(e) Use Theorem 7.17 to show that any admissible estimator of h(p) is of the form
(7.27), and hence that (7.27) is a minimal complete class.
7.28 For i = 1, 2, . . . , k, let Xi ∼ fi (x|θi ) and suppose that δi∗ (xi ) is a unique Bayes
estimator of θi under the loss Li (θi , δ), where Li satisfies Li (a, a) = 0 and Li (a, a  ) >
0, a = a  . Suppose that for some j , 1 ≤ j ≤ k, there is a value θ ∗ such that if θj = θ ∗ ,
(i) Xj = x ∗ with probability 1,
(ii) δj∗ (x ∗ ) = θ ∗ .
Show
that (δ1∗ (x1 ), δ2∗ (x2 ), . . . , δk∗ (xk )) is admissible for (θ1 , θ2 , · · · , θk ) under the loss

i Li (θi , δ); that is, there is no Stein effect.
7.29 Suppose we observe X1 , X2 , . . . sequentially, where Xi ∼ fi (x|θi ). An estimator
of θ j = (θ1 , θ2 , . . . , θj ) is called nonanticipative (Gutmann 1982b) if it only depends
on (X1 , X2 , . . . , Xj ). That is, we cannot use information that comes later, with indices
> j . If δi∗ (xi ) is an admissible estimator of θi , show that it cannot be dominated by a
nonanticipative estimator. Thus, this is again a situation in which there is no Stein effect.
[Hint: It is sufficient to consider j = 2. An argument similar to that of Example 7.24
will work.]
7.30 For X ∼ Nr (θ , I ), consider estimation of ϕ  θ where ϕr×1 is known, using the
estimator a  X with loss function L(ϕ  θ , δ) = (ϕ  θ − δ)2 .
(a) Show that if a lies outside the sphere (7.31), then a  X is inadmissible.
(b) Show that the Bayes estimator of ϕ  θ against the prior θ ∼ N(0, V ) is given by
E(ϕ  θ |x) = (I + V )−1 ϕx.
(c) Find a covariance matrix V such that E(ϕ  θ |x) lies inside the sphere (7.31) [V will
be of rank one, hence of the form vv  for some r × 1 vector v].
Parts (a)–(c) show that all linear estimators inside the sphere (7.31) are admissible, and
those outside are inadmissible. It remains to consider the boundary, which is slightly
more involved. See Cohen 1966 for details.
7.31 Brown’s ancillarity paradox. Let X ∼ Nr (µ, I ), r > 2, and consider the estimation
r
of w µ = i=1
wi µi , where w is a known vector with wi2 > 0, using loss function
L(µ, d) = (w µ − w d)2 .
(a) Show that the estimator w X is minimax and admissible.
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(b) Assume no that w is the realized value of a random variable W, with distribution
independent of X, where V = E(W W) is known. Show that the estimator w d ∗ ,
where


cV−1
d ∗ (x) = I −
x,
xV−1 x
with 0 < c < 2(r − 2), dominates w X in risk.
[Hint: Establish and use the fact that E[L(µ, d)] = E[(d − µ) V(d − µ)]. This is a
special case of results established by Brown (1990a). It is referred to as a paradox
because the distribution of the ancillary, which should not affect the estimation of µ,
has an enormous effect on the properties of the standard estimator. Brown showed how
these results affect the properties of coefficient estimates in multiple regression when
the assumption of random regressors is made. In that context, the ancillarity paradox
also relates to Shaffer’s (1991) work on best linear unbiased estimation (see Theorem
3.4.14 and Problems 3.4.16-3.4.18.]
7.32 Efron (1990), in a discussion of Brown’s (1990a) ancillarity paradox, proposed an
alternate version.
Suppose X ∼ Nr (µ, I ), r > 2, and with probability 1/r, independent of X, the value
of the random variable J = j is observed, j = 1, 2, . . . , r. The problem is to estimate
θj using the loss function L(θj , d) = (θj − d)2 . Show that, conditional on J = j , Xj is
a minimax and admissible estimator of θj . However, unconditionally, Xj is dominated
by the j th coordinate of the James-Stein estimator. This version of the paradox may
be somewhat more transparent. It more clearly shows how the presence of the ancillary
random variable forces the problem to be considered as a multivariate problem, opening
the door for the Stein effect.

9 Notes
9.1 History
Deliberate efforts to develop statistical inference and decision making not based on “inverse probability” (i.e., without assuming prior distributions) were mounted by R.A.
Fisher (for example, 1922, 1930, and 1935; see also Lane 1980), by Neyman and Pearson (for example, 1933ab), and by Wald (1950). The latter’s general decision theory
introduced, as central notions, the minimax principle and least favorable distributions in
close parallel to the corresponding concepts of the theory of games. Many of the examples of Section 5.2 were first worked out by Hodges and Lehmann (1950). Admissibility
is another basic concept of Wald’s decision theory. The admissibility proofs in Example
2.8 are due to Blyth (1951) and Hodges and Lehmann (1951). A general necessary and
sufficient condition for admissibility was obtained by Stein (1955). Theorem 2.14 is due
to Karlin (1958), and the surprising inadmissibility results of Section 5.5 had their origin
in Stein’s seminal paper (1956b). The relationship between equivariance and the minimax property was foreshadowed in Wald (1939) and was developed for point estimation
by Peisakoff (1950), Girshick and Savage (1951), Blackwell and Girshick (1954), Kudo
(1955), and Kiefer (1957).
Characterizations of admissible estimators and complete classes have included techniques such as Blyth’s method and the information inequality. The pathbreaking paper
of Brown (1971) was influential in shaping the understanding of admissibility problems,
and motivated further study of differential inequalities (Brown 1979, 1988) and associated stochastic processes and Markov chains (Brown 1971, Johnstone 1984, Eaton
1992).
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9.2 Synthesis
The strengths of combining the Bayesian and frequentist approach are evident in Problem 1.4. The Bayes approach provides a clear methodology for constructing estimators
(of which REML is a version), while the frequentist approach provides the methodology
for evaluation. There are many other approaches to statistical problems, that is, many
other statistical philosophies. For example, there is the fiducial approach (Fisher 1959),
structural inference (Fraser 1968, 1979), pivotal inference (Barnard 1985), conditional
inference (Fisher 1956, Cox 1958, Buehler 1959, Robinson 1979a, 1979b), likelihoodbased conditional inference (Barndorff-Nielsen 1980, 1983, Barndorff-Nielsen and Cox,
1979, 1994), and many more. Moreover, within each philosophy, there are many subdivisions, for example, robust Bayesian, conditional frequentist, and so on. Examination
of conditional inference, with both synthesis and review in mind, can also be found in
Casella (1987, 1988, 1992b).
An important difference among these different philosophies is the role of conditional
and unconditional inference, that is, whether the criterion for evaluation of an estimator
is allowed to depend on the data.
Example 9.1 Conditional bias. If X1 , . . . ,
Xn are distributed iid as
n
1
2
N(µ, σ 2 ), both unknown, the estimator S 2 = n−1
i=1 (Xi − X̄) is an unbiased es2
2
timator of σ ; that is, the unconditional expectation satisfies Eσ 2 [S ] = σ 2 , for all values
of σ 2 . In doing a conditional evaluation, we might ask if there is a set in the sample space
[a reference set or recognizable subset according to Fisher (1959)] on which the conditional expectation is always biased. Robinson (1979b) showed that there exist constants
a and δ > 0 such that
(9.1)

Eσ 2 [S 2 | |X̄|/S < a] > (1 + δ)σ 2 for all µ, σ 2 ,

showing that S 2 is conditionally biased. See Problem 1.5 for details.
The importance of a result such as (9.1) is that the experimenter knows whether the
recognizable set {(x1 , . . . , xn ) : x̄/s < a} has occurred. If it has, then the claim that
S 2 is unbiased may be suspect if the inference is to apply to experiments in which the
recognizable set occurs.

The study of conditional properties is actually better suited to examination of confidence
procedures, which we are not covering here. (However, see TSH2, Chapter 10 for an
introduction to conditional inference in testing and, hence, in confidence procedures.)
The variance inequality (9.1) has many interesting consequences in interval estimation
for normal parameters, both for the mean (Brown 1968, Goutis and Casella 1992) and the
variance (Stein 1964, Maata and Casella 1987, Goutis and Casella 1997 and Shorrock
1990).
9.3 The Hunt-Stein Theorem
The relationship between equivariance and minimaxity finds an expression in the HuntStein theorem. Although these authors did not publish their result, it plays an important
role in mathematical statistics.
The work of Hunt and Stein took place in the 1940s, but it was not until the landmark
paper by Kiefer (1957) that a comprehensive treatment of the topic, and a very general
version of the theorem, was given. (See also Kiefer 1966 for an expanded discussion.)
The basis of the theorem is that in invariant statistical problems, if the group satisfies
certain assumptions, then the existence of a minimax estimator implies the existence
of an equivariant minimax estimator. Intuitively, we expect such a theorem to exist in

422

MINIMAXITY AND ADMISSIBILITY

[ 5.9

invariant decision problems for which the group is transitive and a right-invariant Haar
measure exists. If the Haar measure were proper, then Theorem 4.1 and Theorem 3.1
(see also the end of Section 5.4) would apply. The question that the Hunt-Stein theorem
addresses is whether an improper right-invariant Haar measure can yield a minimax
estimator.
The theorem turns out to be not true for all groups, but only for groups possessing
certain properties. A survey of these properties, and some interrelationships, was made
by Stone and van Randow (1968). A later paper by Bondar and Milnes (1981) reviews
and establishes many of the group-theoretic equivalences conjectured by Stone and van
Randow. From this survey, two equivalent group-theoretic conditions, which we discuss
informally, emerge as the appropriate conditions on the group.
A. Amenability. A group is amenable if there exists a right-invariant mean. That is, if
we define the sequence of functionals
 n
1
mn (f ) =
f (x)dx,
2n −n
where f ∈ L∞ , then there exists a functional m(·) such that for any f1 , . . . , fk ∈ L∞
and ε > 0 there is an n0 such that
|mn (fi ) − m(fi )| < ε for i = 1, . . . , k and all n > n0 .
B. Approximable by proper priors, or the existence of a sequence of proper probability distributions that converge to the right-invariant Haar measure. [The concept
of approximable by proper priors can be traced to Stein (1965), and was further
developed by Stone (1970) and Heath and Sudderth (1989).]
With these conditions, we can state the theorem
Theorem 9.2 (Hunt-Stein) If the decision problem is invariant with respect to a group
G that satisfies condition A (equivalently condition B), then if a minimax estimator
exists, an equivariant minimax estimator exists. Conversely, if there exists an equivariant
estimator that is minimax among equivariant estimators, it is minimax overall.
The proof of this theorem has a history almost as rich as the theorem itself. The original
published proof of Kiefer (1957) was improved upon by use of a fixed-point theorem.
This elegant method is attributed to LeCam and Huber, and is used in the general development of the Hunt-Stein theorem by LeCam (1986, Section 8.6) and Strasser (1985,
Section 48). An outline of such a proof is given by Kiefer (1966). Brown (1986b) provides an interesting commentary on Kiefer’s 1957 paper, and also sketches Huber’s
method of proof. Robert (1994a, Section 7.5) gives a particularly readable sketch of the
proof. If the group is finite, then the assumptions of the Hunt-Stein theorem are satisfied,
and a somewhat less complex proof will work. See Berger (1985, Section 6.7) for the
proof for finite groups. In TSH2, Section 9.5, a version of the Hunt-Stein theorem for
testing problems is stated and proved under condition B.
Theorem 9.2 reduces the problem to a property of groups, and to apply the theorem we
need to identify which groups satisfy the A/B conditions. Bondar and Milnes (1981)
provide a nice catalog of groups, and we note that the amenable groups include finite
groups, location/scale groups, the triangular group T (n) of n × n nonsingular upper
triangular matrices, and many permutation groups. ”Large” groups, such as those arising
in nonparametric problems, are often not amenable. A famous group that is not amenable
is the general linear group GLn , n > 2, of nonsingular n × n matrices (see Note 3.9.3).
See also Examples 3.7-3.9 for MRE estimators that are not minimax.
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9.4 Recentered Sets
The topic of set estimation has not been ignored because of its lack of importance,
but rather because the subject is so vast that it really needs a separate book-length
treatment. (TSH2 covers many aspects of standard set estimation theory.) Here, we will
only comment on some of the developments in set estimators that are centered at Stein
estimators, so-called recentered sets.
The remarkable paper of Stein (1962) gave heuristic arguments that showed why recentered sets of the form
3
4
C + = θ : |θ − δ + (x)| ≤ c
would dominate the usual confidence set C
C 0 = {θ : |θ − x| ≤ c}
in the sense that Pθ (θ ∈ C + (X)) > Pθ (θ ∈ C 0 (X)) for all θ , where X ∼ Nr (θ , I ), r ≥ 3,
and δ + is the positive-part Stein estimator. Stein’s argument was heuristic, but Brown
(1966) and Joshi (1967) proved the inadmissibility of C 0 if r ≥ 3 (without giving an
explicit dominating procedure). Joshi (1969b) also showed that C 0 was admissible if
r ≤ 2.
Advances in this problem were made by Olshen (1977), Morris (1977, 1983a), Faith
(1976), and Berger (1980), each demonstrating (but not proving) dominance of C 0 by
Stein-like set estimators. Analytic dominance of C 0 by C + was established by Hwang
and Casella (1982, 1984) and, in subsequent papers (Casella and Hwang 1983, 1987),
dominance in both coverage probability and volume was achieved (the latter was only
demonstrated numerically).
Many other results followed. Generalizations were given by Ki and Tsui (1985) and
Shinozaki (1989), and domination results for non-normal distributions by Hwang and
Chen (1986), Robert and Casella (1990), and Hwang and Ullah (1994).
All of these improved confidence sets have the property that their coverage probability is uniformly greater than that of C 0 , but the infimum of the coverage probability
(the confidence coefficient) is equal to that of C 0 . As this is the value that is usually
reported, unless there is a great reduction in volume, the practical advantages of such
sets may be minimal. For example, recentered sets such as C + will present the same
volume and confidence coefficient to an experimenter. Other sets, which attain some
volume reduction but maintain the same confidence coefficient as C 0 , still are somewhat
“wasteful” because they have coverage probabilities higher than that of C 0 . However,
this deficiency now seems to be overcome. By adapting results of Brown et al. (1995),
Tseng and Brown (1997) have constructed an improved confidence set, C ∗ , with the
property that Pθ (θ ∈ C ∗ (X)) = Pθ (θ ∈ C 0 (X)) for every θ , and vol(C ∗ ) < vol(C 0 ),
achieving a maximal amount of volume reduction while maintaining the same coverage
probability as C 0 .
9.5 Estimation of the Loss Function
In the proof of Theorem 5.1, the integration-by-parts technique yielded an unbiased
estimate of the risk, that is, a function D(x) satisfying Eθ D(X) = Eθ L(θ , δ) = R(θ , δ).
Of course, we could also consider D(x) as an estimate of L(θ , δ), and ask if D(x) is a
reasonable estimator using, perhaps, another loss function such as
L(L, D) = (L(θ , δ) − D(x))2 .
If we think of L(θ , δ) as a measure of accuracy of δ, then we are looking for good
estimators of this accuracy. Note, however, that this problem is slightly more complex
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than the ones we have considered, as the “parameter” L(θ , δ(x)) is a function of both θ
and x.
Loss estimation was first addressed by Rukhin (1988a, 1988b, 1988c) and Johnstone
(1988). Rukhin considered “decision-precision” losses, that combined the estimation
of θ and L(θ , δ) into one loss. Johnstone looked at the multivariate
 normal problem,
and showed that 1 is an inadmissible estimator of L(θ , x) = 1/r ri=1 (θi − xi )2 (recall
that Eθ [L(θ , X)] = 1) and showed that estimates of the form D(x) = 1 − (c/r)/|x|2
dominate it, where 0 ≤ c ≤ 2(r − 4). Note that this implies r ≥ 5. Further advances in
loss estimation are found in Lu and Berger (1989a, 1989b) and Fourdrinier and Wells
(1995).
The loss estimation problem is closely tied to the problem of set estimation, and actually
transforms the set estimation problem into one of point estimation. Suppose C(x) is a
set estimator (or confidence set) for θ , and we measure the worth of C(x) with the loss
function
0 if θ ∈ C
L(θ , C) =
1 if θ ∈
/ C.
We usually calculate R(θ , C) = Eθ L(θ , C(X)) = Pθ (θ ∈ C(X)), the probability of coverage of C. Moreover, 1 − α = inf θ Pθ (θ ∈ C(X)) is usually reported as our confidence
in C. However, it is really of interest to estimate L(θ , C), the actual coverage. We can
thus ask how well 1 − α estimates this quantity, and if there are estimators γ (x) (known
as estimators of accuracy) that are better. Using the loss function
L(θ , γ ) = (L(θ , C) − γ (x))2 ,
a number of interesting (and some surprising) results have been obtained. In the multivariate normal problem improved estimates have been found for the accuracy of the
usual confidence set (Lu and Berger 1989a, 1989b, Robert and Casella 1994) and for the
accuracy of Stein-type confidence sets (George and Casella, 1994). However, Hwang
and Brown (1991) have shown that under an additional constraint (that of frequency
validity), the estimator 1 − α is an admissible estimator of the accuracy of the usual
confidence set.
Other situations have also been considered. Goutis and Casella (1992) have demonstrated
that the accuracy statement of Student’s t interval can be uniformly increased, and will
still dominate 1 − α under squared error loss. Hwang et al. (1992) have looked at
accuracy estimation in the context of testing, where complete classes are described and
the question of the admissibility of the p value is addressed. More recently, Lindsay and
Yi (1996) have shown that, up to second-order terms, the observed Fisher information is
the best estimator of the expected Fisher information, which is the variance (or loss) of
the MLE. One can think of this result as a decision-theoretic formalization of the work
of Efron and Hinkley (1978).
This variant of loss estimation as confidence estimation also has roots in the work
of Kiefer (1976, 1977) who considered an alternate approach to the assignment of
confidence (see also Brown 1978).
9.6 Shrinkage and Multicollinearity
In Sections 5 and 6, we have assumed that the covariance is known, and hence, without
loss of generality, that it is the identity. This has led to shrinkage estimators of the form
δi (x) = (1 − h(x))xi , that is, estimators that shrink every coefficient by the same fraction.
If the original variances are unequal, say X ∼ Nr (θ , ), then it may be more desirable
to shrink some coordinates more than others (Efron and Morris 1973a, 1973b, Morris
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1983a). Intuitively, it seems reasonable for the amount of shrinkage to be proportional
to the size of the componentwise variance, that is, the greater the variance the greater
the shrinkage. This would tend to leave alone the coefficients with small variance, and
to shrink the coefficients with higher variance relatively more, bringing the ensemble
information more to bear on these coefficients (and improving the variance of the coefficient estimates). This strategy reflects the shrinkage pattern of a Bayes estimator with
prior θ ∼ N(0, τ 2 I ).
However, general minimax estimators of Hudson (1974) and Berger (1976a, 1976b)
(see also Berger 1985, Section 5.4.3, and Chen 1988), on the contrary, shrink the lower
variance coordinates more than the higher variance coordinates. What happens is that
the variance/bias trade-off is profitable for coordinates with low variance, but not so for
coordinates with high variance, where Xi is minimax anyway.
This minimax shrinkage pattern is directly opposite to what is advocated to relieve the
problem of multicollinearity in multiple regression problems. For that problem, work
that started from ridge regression (Hoerl and Kennard 1971a, 1971b) advocated shrinkage patterns that are similar to those arising from the N (0, τ 2 I ) prior—and were in the
opposite direction of the minimax pattern. There is a large literature on ridge regression,
with much emphasis on applications and data analysis, and less on this dichotomy of
shrinkage patterns. A review of ridge regression is given by Draper and van Nostrand
(1979), and some theoretical properties are investigated by Brown and Zidek (1980),
Casella (1980), and Obenchain (1981); see also Oman 1985 for a discussion of appropriate prior distributions. Casella (1985b) attempts to resolve the minimax/multicollinear
shrinkage dilemma.
9.7 Other Minimax Considerations
The following provides a guide to some additional minimax literature.
(i) Bounded mean
The multiparameter version of Example 2.9 suffers from the additional complication that many different shapes of the bounding set may be of interest. Shapes that
have been considered are convex sets (DasGupta, 1985), spheres and rectangles
(Berry, 1990), and hyperrectangles (Donoho, et al. 1990). Other versions of this
problem that have been investigated include different loss functions (Bischoff and
Fieger 1992, Eichenauer-Herrmann and Fieger 1992), gamma-minimax estimation
(Vidakovic and DasGupta 1994), other distributions (Eichenauer-Herrmann and
Ickstadt 1992), and other restrictions (Fan and Gijbels 1992, Spruill 1986, Feldman 1991). Some other advances in this problem have come from application of
bounds on the risk function, often derived using the information inequality (Gajek
1987, 1988, Brown and Gajek 1990, Brown and Low 1991, Gajek and Kaluzka
1995). Truncated mean problems also underlie many deeper problems in estimation, as illustrated by Donoho (1994) and Johnstone (1994).
(ii) Selection of shrinkage target
In Stein estimation, much has been written on the problem of selecting a shrinkage
target. Berger (1982a, 1982b) shows how to specify elliptical regions in which maximal risk improvement is obtained, and also shows that desirable Bayesian properties
can be maintained. Oman (1982a, 1982b) and Casella and Hwang (1987) describe
shrinking toward linear subspaces, and Bock (1982) shows how to shrink toward
convex polyhedra. George (1986a, 1986b) constructs estimators that shrink toward
multiple targets, using properties of superharmonic functions establish minimaxity
of multiple shrinkage estimators.
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(iii) A Bayes/minimax compromise
Bayes estimation subject to a bound on the maximum risk was first considered by
Hodges and Lehmann (1952). Although such problems tend to be computationally
difficult, the resulting estimators often show good performance on both frequentist
and Bayesian measures (Berger 1982a, 1982b, 1985, Section 4.7.7, DasGupta and
Bose 1988, Chen 1988, DasGupta and Studden 1989) Some of these properties are
related to those of Stein-type shrinkage estimators (Bickel 1983, 1984, Kempthorne
1988a, 1988b) and some are discussed in Section 5.7.
(iv) Superharmonicity
The superharmonic condition, although often difficult to verify, has sometimes
proved helpful in not only establishing minimaxity, but also in understanding what
types of prior distributions may lead to minimax Bayes estimators. Berger and
Robert (1990) applied the condition to a family of hierarchical Bayes estimators
and Haff and Johnson (1986) generalized it to the estimation of means in exponential
families. More recently, Fourdrinier, Strawderman, and Wells (1998) have shown
that no superharmonic prior can be proper, and were able to use Corollary 5.11 to
establish minimaxity of a class of proper Bayes estimators, in particular, the Bayes
estimator using a Cauchy prior. The review article of Brandwein and Strawderman
(1990) contains other examples.
(v) Minimax robustness
Minimax robustness of Stein estimators, that is, the fact that minimaxity holds
over a wide range of densities, has been established for many different spherically
symmetric densities. Strawderman (1974) was the first author to exhibit minimax
Stein estimators for distributions other than the normal. [The work of Stein (1956b)
and Brown (1966) had established the inadmissibility of the best invariant estimator,
but explicit improvements had not been given.] Brandwein and Strawderman (1978,
1980) have established minimax results for wide classes of mixture distributions,
under both quadratic and concave loss. Elliptical distributions were considered by
Srivastava and Bilodeau (1989) and Cellier, Fourdrinier, and Robert (1989), where
domination was established for an entire class of distributions.
(vi) Stein estimation
Other topics of Stein estimation that have received attention include matrix estimation (Efron and Morris 1976b, Haff 1979, Dey and Srinivasan 1985, Bilodeau
and Srivastava 1988, Carter et al. 1990, Konno 1991), regression problems (Zidek
1978, Copas 1983, Casella 1985b, Jennrich and Oman 1986, Gelfand and Dey
1988, Rukhin 1988c, Oman 1991), nonnormal distributions (Bravo and MacGibbon 1988, Chen and Hwang 1988, Srivastava and Bilodeau 1989, Cellier et al. 1989,
Ralescu et al. 1992), robust estimation (Liang and Waclawiw 1990, Konno 1991),
sequential estimation (Natarajan and Strawderman 1985, Sriram and Bose 1988,
Ghosh et al. 1987), and unknown variances (Berger and Bock 1976, Berger et al.
1977, Gleser 1979, 1986, DasGupta and Rubin 1988, Honda 1991, Tan and Gleser
1992).

9.8 Other Admissibility Considerations
The following provides a guide to some additional admissibility literature.
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(i) Establishing admissibility
Theorems 7.13 and 7.15 (and their generalizations; see, for example, Farrell 1968)
represent the major tools for establishing admissibility. The other admissibility result we have seen (Karlin’s theorem, Theorem 2.14) can actually be derived using
Blyth’s method. (See Zidek 1970, Portnoy 1971, and Brown and Hwang 1982 for
more general Karlin-type theorems, and Berger 1982b for a partial converse.) Combining these theorems with a thorough investigation of the differential inequality
that results from an integration by parts can also lead to some interesting characterizations of the behavior of admissible estimators (Portnory 1975, Berger 1976d,
1976e, 1980a, Brown 1979, 1988). A detailed survey of admissibility is given by
Rukhin (1995).
(ii) Dimension doubling
Note that for the Poisson case, in contrast to the normal case, the factor r −1 tends to
appear (instead of r −2). This results in the Poisson sample mean being inadmissible
in two dimensions. This occurrence was first explained by Brown (1978, Section
2.3), who noted that the Poisson problem in k dimensions is ”qualitatively similar”
to the location problem in 2k dimensions (in terms of a differential inequality
derived to establish admissibility). In Johnstone and MacGibbon (1992), this idea
of “dimension doubling” also occurs and provides motivation for the transformed
version of the Poisson problem that they consider.
(iii) Finite populations
Although we did not cover the topic of admissibility in finite population sampling,
there are interesting connections between admissibility in multinomial, nonparametric, and finite population problems.
Using results of Meeden and Ghosh (1983) and Cohen and Kuo (1983), Meeden,
Ghosh and Vardeman (1985) present a theorem that summarizes the admissibility
connection, relating admissibility in a multinomial problem to admissibility in a
nonparametric problem.
Stepwise Bayes arguments, which originated with Johnson (1971) [see also Alam
1979, Hsuan 1979, Brown 1981] are useful tools for establishing admissibility in
these situations.
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CHAPTER 6

Asymptotic Optimality

1 Performance Evaluations in Large Samples
The performance of the estimators developed in the preceding chapters—UMVU,
MRE, Bayes, and minimax—is often difficult to evaluate exactly. This difficulty
can frequently be overcome by computing power (particularly by simulation).
Although such an approach works well on a case-by-case basis, it lacks the ability
to provide an overall picture of performance which is needed, for example, to
assess robustness and efficiency. We shall consider an alternative approach here:
to obtain approximations to or limits of performance measures as the sample size
gets large. Some of the probabilistic tools required for this purpose were treated
in Section 1.8.
One basic result of that section concerned the consistency of estimators, that
is, their convergence in probability to the parameters that they are estimating. For
example, if X1 , X2 , . . . are iid with E(Xi ) = ξ and var(Xi ) = σ 2 < ∞, it was
seen in Example 1.8.3 that the sample mean X̄ is a consistent estimator of ξ . More
detailed information about the large-sample behavior of X̄ can be obtained from
the central limit theorem (Theorem 1.8.9), which states that
√
L
(1.1)
n(X̄ − ξ ) → N(0, σ 2 ).
The limit theorem (1.1) suggests the approximation




W
W
P X̄ ≤ ξ + √
(1.2)
≈X √
n
n
where X denotes the standard normal distribution function.
Instead of the probabilities (1.2), one may be interested in the expectation,
variance, and higher moments of X̄ and then find
(1.3)

E(X̄) = ξ,

E(X̄ − ξ )2 =

E(X̄ − ξ )3 =

1
µ3 ,
n2

σ2
;
n

E(X̄ − ξ )4 =

1
3(n − 1) 4
µ4 +
σ
n3
n3

where µk = E(X1 − ξ )k . We shall be concerned with the behavior corresponding
to (1.1) and (1.3) not only of X̄ but also of functions of X̄.
As we shall see, performance evaluation of statistics h(X̄n ) based on, respectively, (1.1) and (1.3)—the asymptotic distribution and limiting moment approach—
agree often but not always. It is convenient to have both approaches since they tend
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to be applicable in different circumstances. In the present section, we shall begin
with (1.3) and then take up (1.1).
(a) The limiting moment approach
Theorem 1.1 Let X1 , . . . , Xn be iid with E(X1 ) = ξ , var(X1 ) = σ 2 , and finite
fourth moment, and suppose h is a function of a real variable whose first four
derivatives h (x), h (x), h (x), and h(iv) (x) exist for all x ∈ I , where I is an
interval with P (X1 ∈ I ) = 1. Furthermore, suppose that |h(iv) (x)| ≤ M for all
x ∈ I , for some M < ∞. Then,
σ 2 
h (ξ ) + Rn ,
2n
and if, in addition, the fourth derivative of h2 is also bounded,
(1.4)

E[h(X̄)] = h(ξ ) +

σ2 
[h (ξ )]2 + Rn ,
n
where the remainder Rn in both cases is O(1/n2 ), that is, there exist n0 and A < ∞
such that Rn (ξ ) < A/n2 for n > n0 and all ξ .
Proof. The reason for the possibility of such a result is the strong set of assumptions concerning h, which permit an expansion of h(X̄n ) about h(ξ ) with bounded
coefficients. Using the assumptions on the fourth derivative h(iv) (x), we can write
1
(1.6)
h(x̄n ) = h(ξ ) + h (ξ )(x̄n − ξ ) + h (ξ )(x̄n − ξ )2
2
1
+ h (ξ )(x̄n − ξ )3 + R(xn , ξ )
6
where
M(x̄n − ξ )4
(1.7)
.
|R(x̄n , ξ )| ≤
24
Using (1.3) and taking expectations of both sides of (1.6), we find
 
1  σ 2
1
+O
(1.8)
.
E[h(X̄n )] = h(ξ ) + h (ξ )
2
n
n2
(1.5)

var[h(X̄)] =

Here, the term in h (ξ ) is missing since E(X̄n ) = ξ , and the order of the remainder
term follows from (1.3) and (1.7).
To obtain an expansion of var[h(X̄n )], apply (1.8) to h2 in place of h, using the
fact that
[h2 (ξ )] = 2{h(ξ )h (ξ ) + [h (ξ )]2 }.
(1.9)
This yields
 
σ2
1
(1.10)
,
+O
E[h2 (X̄n )] = h2 (ξ ) + [h(ξ )h (ξ ) + (h (ξ ))2 ]
n
n2
and it follows from (1.8) that
(1.11)

σ2
+O
[Eh(X̄n )] = h (ξ ) + h(ξ )h (ξ )
n
2

2





1
n2


.
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Taking the difference proves the validity of (1.5).
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✷

Equation (1.4) suggests the following definition.
Definition 1.2 A sequence of estimators δn of h(ξ ) is unbiased in the limit if
E[δn ] → h(ξ )

(1.12)

as n → ∞,

that is, if the bias of δn , E[δn ] − h(ξ ), tends to 0 as n → ∞.
Whenever (1.4) holds, the estimator h(X̄) of h(ξ ) is unbiased in the limit.
Example 1.3 Approximate variance of a binomial UMVU estimator. Consider
the UMVU estimator T (n − T )/n(n − 1) of pq in Example 2.3.1. Note that
ξ = E(X) = p and σ 2 = pq and that X̄ = T /n, and write the estimator as
n
.
δ(X̄) = X̄(1 − X̄)
n−1
To obtain an approximation of its variance, let us consider first h(X̄) = X̄(1 − X̄).
Then, h (p) = 1 − 2p = q − p and var[h(X̄)] = (1/n)pq(q − p)2 + O(1/n2 ). Also,
2
 

1
1
2
n
.
=
=1+ +O
2
n−1
(1 − 1/n)
n
n2
Thus,

2
n
var h(X̄)
var δ(X̄) =
n−1

  
 
pq(q − p)2
2
1
1
=
1
+
+O
+
O
2
n
n
n
n2


pq(q − p)2
1
=
+O
.
n
n2


The exact variance of δ(X̄) given in Problem 2.3.1(b) shows that the error is
2p2 q 2 /n(n − 1) which is, indeed, of the order 1/n2 . The maximum absolute error
occurs at p = 1/2 and is 1/8n(n − 1). It is a decreasing function of n which, for
n = 10, equals 1/720. On the other hand, the relative error will tend to be large,
unless p is close to 0 or 1 (Problem 1.2; see also Examples 1.8.13 and 1.8.15). 
In this example, the bounded derivative condition of Theorem 1.1 is satisfied
for all polynomials h because X̄ is bounded. On the other hand, the condition fails
when h is polynomial of degree k ≥ 4 and the X’s are, for example, normally
distributed. However, (1.5) continues to hold in these circumstances. To see this,
carry out an expansion like (1.6) to the (k−1)st power. The kth derivative of h is then
a constant M, and instead of (1.7), the remainder will satisfy R = M(X̄ − δ)k /k!.
This result then follows from the fact that all moments of the X’s of order ≤ k exist
and from Problem 1.1. This argument proves the following variant of Theorem 1.1.
Theorem 1.4 In the situation of Theorem 1.1, formulas (1.4) and (1.5) remain
valid if for some k ≥ 3 the function h has k derivatives, the kth derivative is
bounded, and the first k moments of the X’s exist.
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$

δn (X̄) = X

(1.13)

[ 6.1



n
(u − X̄)
n−1

of p in Example 2.2.2, in which the function h depends on n, a slight generalization
of Theorem 1.1 is required.
Theorem 1.5 Suppose that the assumptions of Theorem 1.1 hold, and that cn is a
sequence of constants satisfying
 
a
1
cn = 1 + + O
(1.14)
.
n
n2
Then, the variance of
(1.15)

δn (X̄) = h(cn X̄)

satisfies

σ2 
[h (ξ )]2 + O
n
The proof is left as an exercise (Problem 1.3).
(1.16)



var[δn (X̄)] =

1
n2


.

Example 1.6 Approximate variance of a normal probability estimator. For
the estimator δn (X̄) given by (1.13), we have
$


 
n
1
1 −1/2
1
cn =
=1+
= 1−
+O
n−1
n
2n
n2
and
δn = h(cn Ȳ ) = X(−cn Ȳ )
Thus,
(1.17)

where Yi = Xi − u.

h (ξ ) = −φ(ξ ), h (ξ ) = ξ φ(ξ )

and hence from (1.16)
(1.18)

var δn (X̄) =

1 2
φ (u − ξ ) + O
n



1
n2


.

Since ξ is unknown, it is of interest to note that to terms of order 1/n, the maximum
variance is 1/2πn.
√
If the factor n/(n − 1) is neglected and the maximum likelihood estimator
δ(X̄) = X(u − X̄) is used instead of δn , the variance is unchanged (up to the order
1/n); however, the estimator is now biased. It follows from (1.8) and (1.17) that
 
ξ −u
1
Eδ(X̄) = p +
φ(u − ξ ) + O
2n
n2
so that the bias is of the order 1/n. The MLE is therefore unbiased in the limit. 
The approximations of the accuracy of an estimator indicated by the above
theorems may appear somewhat restrictive in that they apply only to functions
of sample means. However, this covers all sufficiently smooth estimators based
on samples from one-parameter exponential families. For on the basis of such a
sample, T̄ = T (Xi )/n [in the notation of (8.1)] is a sufficient statistic, so that
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attention can be restricted to estimators that are functions of T̄ (and possibly n).
Extensions of the approximations of Theorems 1.1 - 1.5 to functions of higher
sample moments are given by Cramér (1946a, Sections 27.6 and 28.4) and Serfling (1980, Section 2.2). On the other hand, this type of approximation is not
applicable to optimal estimators for distributions whose support depends on the
unknown parameter, such as the uniform or exponential distributions. Here, the
minimal sufficient statistics and the estimators based on them are governed by
different asymptotic laws with different convergence rates. (Problems 1.15–1.18
and Examples 7.11 - 7.14).
The conditions on the function h(·) of Theorem
1.1 are fairly stringent and do
√
not apply, for example, to h(x) = 1/x or x (unless the Xi are bounded away
from zero) and the corresponding fact also limits the applicability of multivariate
versions of these theorems (see Problem 1.27). When the assumptions of the theorems are not satisfied, the conclusions may or may not hold, depending on the
situation.
Example 1.7 Limiting variance in the exponential distribution. Suppose that
X1 , . . . , Xn are iid from the exponential distribution with density (1/θ )e−x/θ , x >
0, θ > 0, so that EXi = θ and varXi = θ 2 . The assumptions of Theorem
1.1 do not
√
√
hold for h(x) = x, so we cannot use (1.5) to approximate var( X̄). However,
an exact calculation shows that (Problem 1.14)


 
 
1 H(n + 1/2) 2
var
X̄ = 1 −
θ
n
H(n)
√
and that limn→∞ n var( X̄) = θ/4 = θ 2 [h (θ)]2 .
Thus, although the assumptions of Theorem 1.1 do not apply, the limit of the
approximation (1.5) is correct. For an example in which the conclusions of the
theorem do not hold, see Problem 1.13(a).

Let us next take up the second approach mentioned at the beginning of the
section.
(b) The asymptotic distribution approach
Instead of the behavior of the moments E[h(X̄)] and var[h(X̄)], we now consider
the probabilistic behavior of h(X̄).
Theorem 1.8 If X1 , . . . , Xn are iid with expectation ξ , and h is any function which
is continuous at ξ , then
(1.19)

P

h(X̄) → h(ξ ) as n → ∞.
P

Proof. It was seen in Section 1.8 (Example 8.3) that X̄ → ξ . The conclusion
(1.19) is then a consequence of the following general result.
✷
Theorem 1.9 If a sequence of random variables Tn tends to ξ in probability and
P

if h is continuous at ξ , then h(Tn ) → h(ξ ).
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Proof. To show that P (|h(Tn ) − h(ξ )| < a) → 1, it is enough to notice that by the
continuity of h, the difference |h(Tn ) − h(ξ )| will be arbitrarily small if Tn is close
to ξ , and that for any a, the probability that |Tn − ξ | < a tends to 1 as n → ∞.
We leave a detailed proof to Problem 1.30
✷
Consistency can be viewed as a probabilistic analog of unbiasedness in the
limit but, as Theorem 1.8 shows, requires much weaker assumptions on h. Unlike
those needed for Theorem
√ 1.1, they are satisfied, for example, when ξ = 0 and
h(x) = 1/x or h(x) = 1/ x.
The assumptions of Theorem 1.1 provide sufficient conditions in order that
√
var[ n h(X̄)] → σ 2 [h (ξ )]2 as n → ∞.
(1.20)
On the other hand, it follows from Theorem 8.12 of Section√1.8 that v 2 = σ 2 [h (ξ )]
is also the variance of the limiting distribution N (0, v 2 ) of n[h(X̄) − h(ξ )]. This
asymptotic normality holds under the following weak assumptions on h.
Theorem 1.10 Let X1 , . . . , Xn be iid with E(Xi ) = ξ and var(Xi ) = σ 2 . Suppose
that
(a) the function h has a derivative h with h (ξ ) = 0,
(b) the constants cn satisfy cn = 1 + a/n + O(1/n2 ).
Then,
√
n[h(cn X̄) − h(ξ )] has the normal limit distribution with mean zero and
variance σ 2 [h (ξ )]2 ;

(i)

L

(ii) if h (ξ ) = 0 but h (ξ ) exists and is not 0, then n[h(cn x̄)−h(ξ )] → 21 σ 2 h (ξ )χ12 .
Proof. Immediate consequence of Theorems 1.8.10 - 1.8.14.

✷

Example 1.11 Continuation of Example 1.6. For Yi = Xi − u, we have EYi =
ξ − u and var Yi = σ 2 . The maximum likelihood estimator of X(u − ξ ) is given
by δn = X(−Ȳn ) and Theorem 1.10 shows
√ 
D
n[δn − X(u − ξ )] → N (0, φ 2 (u − ξ )).
The UMVU estimator is δn = X(−cn Ȳn ) as in (1.13), and again by Theorem 1.10,
√
D
n[δn − X(u − ξ )] → N (0, ϕ 2 (u − ξ )).

Example 1.12 Asymptotic distribution of squared mean estimators. Let X1 ,
. . ., Xn be iid N(θ, σ 2 ), and let the estimand be θ 2 . Three estimators of θ 2 (Problems
2.2.1 and 2.2.2) are
δ1n = X̄ 2 −
δ2n = X̄ 2 −
δ3n = X̄ 2

σ2
n

(UMVU when σ is known),

S2
(UMVU when σ is unknown)
n(n − 1)
where S 2 = (Xi − X̄)2 ,

(MLE in either case).
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For each of these three sequences of estimators δ(X),
√ let us find the limiting distribution of [δ(X) − θ 2 ] suitably normalized. Now, n(δ3n − θ ) → N (0, σ 2 ) in law
by the central limit theorem. Using h(u) = u2 in Theorem 1.8.10, it follows that
√
L
(1.21)
n(X̄ 2 − θ 2 ) → N (0, 4σ 2 θ 2 ),
provided h (θ ) = 2θ = 0.
Next, consider δ1n . Since


√
√
σ2
σ2
2
2
n X̄ −
− θ = n(X̄ 2 − θ 2 ) − √ ,
n
n
it follows from Theorem 1.8.9 that
√
L
(1.22)
n(δ1n − θ 2 ) → N (0, 4σ 2 θ 2 ).
Finally, consider

√
n X̄2 −



 2 
1
S
n(X̄ 2 − θ 2 ) − √
.
n n−1
√
Now, S 2 /(n−1) tends to σ 2 in probability, so S 2 / n (n−1) tends to 0 in probability.
Thus,
√
L
n(δ2n − θ 2 ) → N (0, 4σ 2 θ 2 ).
S2
− θ2
n(n − 1)

=

√

Hence, when θ = 0, all three estimators have the same limit distribution.
There remains the case θ = 0. It is seen from the Taylor expansion [for example,
Equation (1.6)] that if h (θ ) = 0, then
√
n[h(Tn ) − h(θ )] → 0 in probability.
√
Thus, in particular, in the present situation, when θ√= 0, n[δ(X) − θ 2 ] → 0 in
probability for all three estimators. When h (θ) = 0, n is no longer the appropriate
normalizing factor: it tends to infinity too slowly.
Let us therefore apply the second part of Theorem 1.10 to the three estimators
δin (i = 1, 2, 3) when θ = 0. Since h (0) = 2, it follows that for δ3n = X̄2 ,
n(X̄2 − θ 2 ) = n(X̄2 − 02 ) →

1 2
σ (2χ12 ) = σ 2 χ12 .
2

√
Actually, since the distribution of nX̄ is N (0, σ 2 ) for each n, the statistic nX̄ 2
is distributed exactly as σ 2 χ12 , so that no asymptotic argument would have been
necessary.
For δ1n , we find


σ2
2
2
− θ = nX̄ 2 − σ 2 ,
n X̄ −
n
and the right-hand side tends in law to σ 2 (χ12 − 1). In fact, here too, this is the
exact rather than just a limit distribution. Finally, consider δ2n . Here,


S2
S2
2
2
− θ = nX̄ 2 −
,
n X̄ −
n(n − 1)
n−1
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and since S 2 /(n − 1) tends in probability to σ 2 , the limiting distribution is again
σ 2 (χ12 − 1).
Although, for θ = 0, the three sequences of estimators have the same limit
distribution, this is no longer true when θ = 0. In this case, the limit distribution
of n(δ − θ 2 ) is σ 2 (χ12 − 1) for δ1n and δ2n but σ 2 χ12 for the MLE δ3n . These
two distributions differ only in their location. The distribution of σ 2 (χ12 − 1) is
centered so that its expectation is zero, while that of σ 2 χ12 has expectation σ 2 .
So, although δ1n and δ2n suffer from the disadvantage of taking on negative values
with probability > 0, asymptotically they are preferable to the MLE δ3n .
The estimators δ1n and δ2n of Example 1.12 can be thought of as bias-corrected
versions of the MLE δ3n . Typically, the MLE θ̂n has bias of order 1/n, say
 
B(θ )
1
bn (θ ) =
.
+O
n
n2
The order of the bias can be reduced by subtracting from θ̂n an estimator of the
bias based on the MLE. This leads to the bias-corrected ML estimator
(1.23)

B(θ̂n )
θ̂ˆ n = θ̂n −
n

whose bias will be of order 1/n2 . (For an example, see Problem 1.25; see also
Example 7.15.)

To compare these bias-correcting approaches, consider the following example.
Example 1.13 A family of estimators. The estimators δ1n and δ3n for θ 2 of Example 1.12 are special cases (with c = 1 or 0) of the family of estimators
cσ 2
.
n
As in Example 1.12, it follows from Theorems 1.8.10 and 1.8.12 that for θ = 0,
√ (c)
L
(1.25)
n[δn − θ 2 ] → N (0, 4σ 2 θ 2 ),
(1.24)

δn(c) = X̄2 −

so that the asymptotic variance is 4σ 2 θ 2 .
If, instead, we apply Theorem 1.1 with h(θ) = θ 2 , we see that
 
 
σ2
1
E X̄2 = θ 2 +
(1.26)
,
+O
2n
n2
 
  4σ 2 θ 2
1
var X̄2 =
.
+O
n
n2
Thus, to the first order, the two approaches give the same result.
Since the common value of the asymptotic and limiting variance does not involve
c, this first-order approach does not provide a useful comparison of the estimators
(1.25) corresponding to different values of c. To obtain such a comparison, we
must take the next-order terms into account. This is easy for approach (a), where
we only need to take the Taylor expansions (1.10) and (1.11) a step further. In fact,
in the present case, it is easy to calculate var(δn(c) ) exactly (Problem 1.26).
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However, since the estimators δn(c) are biased when c = 1, they should be compared not in terms of their variances but in terms of the expected squared error,
which is (Problem 1.26)

2
cσ 2
4σ 2 θ 2 (c2 − 2c + 3)σ 4
E X̄2 −
− θ2 =
+
(1.27)
.
n
n
n2
In terms of this measure, the estimator is better the smaller c2 − 2c + 3 is. This
quadratic has its minimum at c = 1, and the UMVU estimator δn(1) therefore
minimizes the risk (1.27) among all estimators (1.25).
Equality of the asymptotic variance and the limit of the variance does not always hold (Problem 1.38). However, what can be stated quite generally is that
the appropriately normalized limit of the variance is greater than or equal to the
asymptotic variance. To see this, let us state the following lemma.
Lemma 1.14 Let Yn , n = 1, 2, . . ., be a sequence of random variables such that
D

Yn → Y , where E(Y ) = 0 and var(Y 2 ) = E(Y 2 ) = v 2 < ∞. For a constant A,
define YnA = Yn I (|Yn | ≤ A) + AI (|Yn | > A), the random variable Yn truncated at
A. Then,
(a) limA→∞ limn→∞ E(Yn2A ) = limA→∞ limn→∞ E[min(Yn2 , A)] = v 2 ,
(b) if EYn2 → w 2 , then w 2 ≤ v 2 .
Proof. (a) By Theorem 1.8.8,
2
lim E(YnA
) = E[Y 2 I (|Y | ≤ A)] + A2 P (|Y | > A),

n→∞

and as A → ∞, the right side tends to v 2 .
(b) It follows from Problem 1.39 that
(1.28)

lim lim E(Yn2A ) ≤ lim lim E(Yn2A ),

A→∞ n→∞

n→∞ A→∞

provided the indicated limit exists. Now, limA→∞ E(Yn2A ) = E(Yn2 ), so that the
right side of (1.28) is w2 , while the left side is v 2 by part (a).
✷
Suppose now that Tn is a sequence of statistics for which Yn = kn [Tn − E(Tn )]
tends in law to a random variable Y with zero expectation. Then, the asymptotic
variance v 2 = var(Y ) and the limit of the variances w 2 = lim E(Yn2 ), if it exists,
satisfy v 2 ≤ w 2 as was claimed. (Note that w 2 need not be finite.) Conditions for
v 2 and w 2 to coincide are given by Chernoff (1956). For the special case that Tn is a
function of a sample mean of iid variables, the two coincide under the assumptions
of Theorems 1.1 and 1.8.12.

2 Asymptotic Efficiency
The large-sample approximations of the preceding section not only provide a convenient method for assessing the performance of an estimator and for comparing
different estimators, they also permit a new approach to optimality that is less
restrictive than the theories of unbiased and equivariant estimation developed in
Chapters 2 and 3.
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It was seen that estimators1 of interest typically are consistent as the sample
sizes tend to infinity and, suitably normalized, are asymptotically normally distributed about the estimand with a variance v(θ) (the asymptotic variance), which
provides a reasonable measure of the accuracy of the estimator sequence. (In this
connection, see Problem 2.1.) Within this class of consistent asymptotically normal estimators, it turns out that under additional restrictions, there exist estimators
that uniformly minimize v(θ ). The remainder of this chapter is mainly concerned
with the development of fairly explicit methods of obtaining such asymptotically
efficient estimators.
Before embarking on this program, it may be helpful to note an important difference between the present large-sample approach and the small-sample results
here and elsewhere. Both UMVU and MRE estimators tend to be unique (Theorem
1.7.10) and so are at least some of the minimax estimators derived in Chapter 5.
On the other hand, it is in the nature of asymptotically optimal solutions not to be
unique, since asymptotic results refer to the limiting behavior of sequences, and
the same limit is shared by many different sequences. More specifically, if
√
L
n[δn − g(θ)] → N (0, v)
and {δn } is asymptotically optimal in the sense of minimizing v, then δn + Rn is
also optimal, provided
√
n Rn → 0 in probability.
As we shall see later, asymptotically equivalent optimal estimators can be obtained
from quite different starting points.
The goal of minimizing the asymptotic variance is reasonable only if the estimators under consideration have the same asymptotic expectation. In particular, we
shall be concerned with estimators whose asymptotic expectation is the quantity
being estimated.
L

Definition 2.1 If kn [δn − g(θ)] → H for some sequence kn , the estimator δn of
g(θ) is asymptotically unbiased if the expectation of H is zero.
Note that the definition of asymptotic unbiasedness is analogous to that of
asymptotic variance. Unlike Definition 1.2, it is concerned with properties of the
limiting distribution rather than limiting properties of the distribution of the estimator sequence. To see that Definition 2.1 is independent of the normalizing
constant, see Problem 2.2.
Under the conditions of Theorem 1.8.12, the estimator h(Tn ) is asymptotically
unbiased for the parameter h(θ ). The estimator of Theorem 1.1 is unbiased in the
limit.
Example 2.2 Large-sample behavior of squared mean estimators. In Example
1.12, all three estimators of θ 2 are asymptotically unbiased and unbiased in the
limit. We note that these results continue to hold if the assumption of normality is
replaced by that of finite variance.

1

We shall frequently use estimator instead of the more accurate but cumbersome term estimator
sequence.
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In Example 1.12, the MLE was found to be asymptotically unbiased for θ = 0 but
asymptotically biased when the range of the distribution depends on the parameter.
Example 2.3 Asymptotically biased estimator. If X1 , . . . , Xn are iid as U (0, θ ),
the MLE of θ is X(n) and satisfies (Problem 2.6)
L

n(θ − X(n) ) → E(0, θ ),
and, hence, is asymptotically biased, but it is unbiased in the limit.
A similar situation occurs in sampling from an exponential E(a, b) distribution.
See Examples 7.11 and 7.12 for further details.

The asymptotic analog of a UMVU estimator is an asymptotically unbiased
estimator with minimum asymptotic variance. In the theory of such estimators,
an important role is played by an asymptotic analog of the information inequality
(2.5.31). If X1 , . . . , Xn are iid according to a density fθ (x) (with respect to µ)
satisfying suitable regularity conditions, this inequality states that the variance of
any unbiased estimator δ of g(θ ) satisfies
(2.1)

var θ (δ) ≥

[g  (θ)]2
,
nI (θ)

where I (θ ) is the amount of information in a single observation defined by (2.5.10).
Suppose now that δn = δn (X1 , . . . , Xn ) is asymptotically normal, say that
√
L
n[δn − g(θ)] → N [0, v(θ )], v(θ ) > 0.
(2.2)
Then, it turns out that under some additional restrictions, one also has
(2.3)

v(θ) ≥

[g  (θ)]2
.
I (θ)

However, although the lower bound (2.1) is attained only in exceptional circumstances (Section 2.5), there exist sequences {δn } that satisfy (2.2) with v(θ ) equal
to the lower bound (2.3) subject only to quite general regularity conditions.
Definition 2.4 A sequence {δn } = {δn (X1 , . . . , Xn )}, satisfying (2.2) with
(2.4)

v(θ) =

[g  (θ)]2
I (θ)

is said to be asymptotically efficient.
At first glance, (2.3) might be thought to be a consequence of (2.1). Two differences between the inequalities (2.1) and (2.3) should be noted, however.
(i) The estimator δ in (2.1) is assumed to be unbiased, whereas (2.2) only implies
asymptotic unbiasedness and consistency of {δn }. It does not imply that δn is
unbiased or even that its bias tends to zero (Problem 2.11).
(ii) The quantity v(θ ) in (2.3) is an asymptotic variance whereas (2.1) refers to
the actual variance of δ. It follows from Lemma 1.14 that
(2.5)

v(θ) ≤ lim inf[n var θ δn ]
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but equality need not hold. Thus, (2.3) is a consequence of (2.1), provided
√
var{ n[δn − g(θ)]} → v(θ )
(2.6)
and if δn is unbiased, but not necessarily if these requirements do not hold.
For a long time, (2.3) was nevertheless believed to be valid subject only to
regularity conditions on the densities fθ . This belief was exploded by the example
(due to Hodges; see Le Cam 1953) given below. Before stating the example, note
that in discussing the inequality (2.3) under assumption (2.2), if θ is real-valued
and g(θ) is differentiable, it is enough to consider the case g(θ) = θ , for which
(2.3) reduces to
1
v(θ) ≥
(2.7)
.
I (θ)
For if
√
L
(2.8)
n(δn − θ ) → N [0, v(θ)]
and if g has derivative g  , it was seen in Theorem 1.8.12 that
√
L
(2.9)
n[g(δn ) − g(θ)] → N [0, v(θ)[g  (θ )]2 ].
After the obvious change of notation, this implies (2.3).
Example 2.5 Superefficient estimator. Let X1 , . . . , Xn be iid according to the
normal distribution N(θ, 1) and let the estimand be θ . It was seen in Table 2.5.1
that in this case, I (θ ) = 1 so that (2.7) reduces to v(θ ) ≥ 1. On the other hand,
consider the sequence of estimators,
δn =
Then (Problem 2.8),

X̄
a X̄

if |X̄| ≥ 1/n1/4
if |X̄| < 1/n1/4 .

√
L
n(δn − θ ) → N [0, v(θ)],

where v(θ ) = 1 when θ = 0 and v(θ) = a 2 when θ = 0. If a < 1, inequality (2.3)
is therefore violated at θ = 0.

This phenomenon is quite general (Problems 2.4 - 2.5). There will typically exist
estimators satisfying (2.8) but with v(θ) violating (2.7) for at least some values of
θ , called points of superefficiency. However, (2.7) is almost true, for it was shown
by Le Cam (1953) that for any sequence δn satisfying (2.8), the set S of points of
superefficiency has Lebesgue measure zero. The following version of this result,
which we shall not prove, is due to Bahadur (1964). The assumptions are somewhat
stronger but similar to those of Theorem 2.5.15.
Remark on notation. Recall that we are using Xi and X, and xi and x for realvalued random variables and the values they take on, respectively, and X and x for
the vectors (X1 , . . . , Xn ) and (x1 , . . . , xn ), respectively.
Theorem 2.6 Let X1 , . . . , Xn be iid, each with density f (x|θ ) with respect to a
σ -finite measure µ, where θ is real-valued, and suppose the following regularity
conditions hold.
(a) The parameter space is an open interval (not necessarily finite).
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(b) The distributions Pθ of the Xi have common support, so that the set A = {x :
f (x|θ) > 0} is independent of θ.
(c) For every x ∈ A, the density f (x|θ) is twice differentiable with respect to θ ,
and the second derivative is continuous in θ .
(d) The integral
sign.

f (x|θ ) dµ(x) can be twice differentiated under the integral

(e) The Fisher information I (θ) defined by (3.5.10) satisfies 0 < I (θ ) < ∞.
(f) For any given θ0 ∈ , there exists a positive number c and a function M(x)
(both of which may depend on θ0 ) such that
|∂ 2 log f (x|θ)/∂θ 2 | ≤ M(x)
for all x ∈ A, θ0 − c < θ < θ0 + c
and
Eθ0 [M(X)] < ∞.
Under these assumptions, if δn = δn (X1 , . . . , Xn ) is any estimator satisfying
(2.8), then v(θ ) satisfies (2.7) except on a set of Lebesgue measure zero.
Note that by Lemma 2.5.3, condition (d) ensures that for all θ ∈
(g)

E[∂ log f (X|θ )/∂θ] = 0
and

(h)

E[−∂ 2 log f (X|θ)/∂θ 2 ] = E[∂ log f (X|θ)/∂θ ]2 = I (θ ).

Condition (d) can be replaced by conditions (g) and (h) in the statement of the
theorem.
The example makes it clear that no regularity conditions on the densities f (x|θ )
can prevent estimators from violating (2.7). This possibility can be avoided only by
placing restrictions on the sequence of estimators also. In view of the information
inequality (2.5.31), an obvious sufficient condition is (2.6) [with g(θ ) = θ] together
with
bn (θ) → 0
(2.10)
where bn (θ ) = Eθ (δn ) − θ is the bias of δn .
If I (θ) is continuous, as will typically be the case, a more appealing assumption
is perhaps that v(θ ) also be continuous. Then, (2.7) clearly cannot be violated at
any point since, otherwise, it would be violated in an interval around this point in
contradiction to Theorem 2.6. As an alternative, which under mild assumptions
on f implies continuity of v(θ ), Rao (1963) and Wolfowitz (1965) require the
convergence in (2.2) to be uniform in θ. By working with coverage probabilities
rather than asymptotic variance, the latter author also removes the unpleasant
assumption that the limit distribution in (2.2) must be normal. An analogous result
is proved by Pfanzagl, (1970), who requires the estimators to be asymptotically
median unbiased.
The search for restrictions on the sequence {δn }, which would ensure (2.7) for all
values of θ , is motivated in part by the hope of the existence, within the restricted
class, of uniformly best estimators for which v(θ ) attains the lower bound. It is
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further justified by the fact, brought out by Le Cam (1953), Huber (1966), and Hájek
(1972), that violation of (2.7) at a point θ0 entails certain unpleasant properties of
the risk of the estimator in the neighborhood of θ0 .
This behavior can be illustrated in the Hodges example.
Example 2.7 Continuation of Example 2.5. The normalized risk function
Rn (θ) = nE(δn − θ )2

(2.11)

of the Hodges estimator δn can be written as
 I¯n
√
Rn (θ ) = 1 − (1 − a 2 )
(x + n θ)2 φ(x) dx
In

√
+2θ n(1 − a)



I¯n

(x +
In

√

n θ)φ(x) dx

√
√
√
√
where I¯n = 4 n − n θ and I n = − 4 n − n θ. When the integrals are broken up
into their three and two terms, respectively, and the relations
X (x) = φ(x)
are used, Rn (θ ) reduces to

and φ  (x) = −xφ(x)





Rn (θ) = 1 − (1 − a )
2

I¯n

In


x φ(x) dx
2

+nθ 2 (1 − a)2 [X(I¯n ) − X(I n )]
√
+2 n θa(1 − a)[φ(I¯n ) − φ(I n )].
√
Consider now the sequence of parameter values θn = 1/ 4 n, so that
√
n θn = n1/4 , I n = −2n1/4 , I¯n = 0.
Then,

√
n θn φ(I n ) → 0,
so that the third term tends to infinity as n → ∞. Since the second term is positive
and the first term is bounded, it follows that
√
Rn (θn ) → ∞ for θn = 1/ 4 n,

and hence, a fortiori, that
supθ Rn (θ) → ∞.
Let us now compare this result with the fact that (Problem 2.12) for any fixed θ
Rn (θ) → 1

for θ = 0,

Rn (0) → a 2 .

(This shows that in the present case, the limiting risk is equal to the asymptotic
variance (see Problem 2.4).) The functions Rn (θ) are continuous functions of θ
with discontinuous limit function
L(θ) = 1 for

θ = 0,

L(0) = a 2 .

However, each of the functions with large values of n rises to a high above the
limit value 1, at values of θ tending to the origin with n, and with the value of the
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Figure 2.1. Risk functions Rn (θ ) of the superefficient estimator δn of Example 2.5 for a = .5.

peak tending to infinity with n. This is illustrated in Figure 2.1, where values of
Rn (θ ) are given for various values of n.
As Figure 2.1 shows, the improvement (over X̄) from 1 to a 2 in the limiting risk
at the origin and hence for large finite n also near the origin, therefore, leads to an
enormous increase in risk at points slightly further away but nevertheless close to
the origin. (In this connection, see Problem 2.14.)

3 Efficient Likelihood Estimation
Under smoothness assumptions similar to those of Theorem 2.6, we shall in the
present section prove the existence of asymptotically efficient estimators and provide a method for determining such estimators which, in many cases, leads to an
explicit solution.
We begin with the following assumptions:
(A0) The distributions Pθ of the observations are distinct (otherwise, θ cannot be
estimated consistently2 ).
(A1) The distributions Pθ have common support.
2

But see Redner (1981) for a different point of view
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(A2) The observations are X = (X1 , . . . , Xn ), where the Xi are iid with probability
density f (xi |θ) with respect to µ.
(A3) The parameter space contains an open set ω of which the true parameter
value θ0 is an interior point.
Note: The true value of θ will be denoted by θ0 .
The joint density of the sample, f (x1 |θ ) · · · f (xn |θ ) = Of (xi |θ ), considered as
a function of θ , plays a central role in statistical estimation, with a history dating
back to the eighteenth century (see Note 10.1).
Definition 3.1 For a sample point x = (x1 , . . . , xn ) from a density f (x|θ), the
likelihood function L(θ |x) = f (x|θ) is the sample density considered as a function
of θ for fixed x .
In the case of iid observations, we have L(θ|x) = Oni=1 f (xi |θ ). It is then often
easier to
work with the logarithm of the likelihood function, the log likelihood
l(θ|x) = ni=1 log f (xi |θ).
Theorem 3.2 Under assumptions (A0)–(A2),
Pθ0 (L(θ0 |X) > L(θ |X)) → 1 as n → ∞
(3.1)
for any fixed θ = θ0 .
Proof. The inequality is equivalent to
1
 log[f (Xi |θ )/f (Xi |θ0 )] < 0.
n
By the law of large numbers, the left side tends in probability toward
Eθ0 log[f (X|θ)/f (X|θ0 )].
Since − log is strictly convex, Jensen’s inequality shows that
Eθ0 log[f (X|θ)/f (X|θ0 )] < log Eθ0 [f (X|θ )/f (X|θ0 )] = 0,
and the result follows.

✷

By (3.1), the density of X at the true θ0 exceeds that at any other fixed θ with
high probability when n is large. We do not know θ0 , but we can determine the
value θ̂ of θ which maximizes the density of X, that is, which maximizes the
likelihood function at the observed X = x. If this value exists and is unique, it is
the maximum likelihood estimator (MLE) of θ .3 The MLE of g(θ ) is defined to be
g(θ̂ ). If g is 1:1 and ξ = g(θ ), this agrees with the definition of ξ̂ as the value of ξ
that maximizes the likelihood, and the definition is consistent also in the case that
g is not 1:1. (In this connection, see Zehna 1966 and Berk 1967b.)
Theorem 3.2 suggests that if the density of X varies smoothly with θ , the MLE
of θ typically should be close to the true value of θ, and hence be a reasonable
estimator.
3

For a more general definition, see Strasser (1985, Sections 64.4 and 84.2) or Scholz (1980, 1985).
A discussion of the MLE as a summarizer of the data rather than an estimator is given by Efron
(1982a).
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Example 3.3 Binomial MLE. Let X

have the binomial
distribution

n
x n−x
b(p, n). Then, the MLE of p is obtained by maximizing
p q
and hence
x
is p̂ = X/n (Problem 3.1).

Example 3.4 Normal MLE. If X1 , . . . , Xn are iid as N (ξ, σ 2 ), it is convenient to
obtain the MLE by maximizing the logarithm of the density, −n log σ −1/2σ 2 (xi
− ξ )2 − c. When (ξ, σ ) are both unknown, the maximizing values are ξ̂ = x̄, σ̂ 2 =
(x − x̄)2 /n (Problem 3.3).

As a first question regarding the MLE for iid variables, let us ask whether it is
consistent. We begin with the case in which is finite, so that θ can take on only
a finite number of values. In this case, a sequence δn is consistent if and only if
(3.2)

Pθ (δn = θ) → 1 for all θ ∈

(Problem 3.6).
Corollary 3.5 Under assumptions (A0)–(A2) if is finite, the MLE θ̂n exists, it is
unique with probability tending to 1, and it is consistent.
Proof. The result is an immediate consequence of Theorem 3.2 and the fact that if
P (Ain ) → 1 for i = 1, . . . , k, then also P [A1n ∩ · · · ∩ Akn ] → 1 as n → ∞. ✷
The proof of Corollary 3.5 breaks down when is not restricted to be finite.
That the consistency conclusion itself can break down even if is only countably
infinite is shown by the following example due to Bahadur (1958) and Le Cam
(1979b, 1990).
Example 3.6 An inconsistent MLE. Let h be a continuous function defined on
(0, 1], which is strictly decreasing, with h(x) ≥ 1 for all 0 < x ≤ 1 and satisfying
 1
(3.3)
h(x) dx = ∞.
0

Given a constant 0 < c < 1, let ak , k = 0, 1, . . ., be a sequence of constants defined
inductively as follows: a0 = 1; given a0 , . . . , ak−1 , the constant ak is defined by
 ak−1
(3.4)
[h(x) − c] dx = 1 − c.
ak

It is easy to see that there exists a unique value 0 < ak < ak−1 satisfying (3.4)
(Problem 3.8). Since the sequence {ak } is decreasing, it tends to a limit a ≥ 0. If
a were > 0, the left side of (3.4) would tend to zero which is impossible. Thus,
ak → 0 as k → ∞.
Consider now the sequence of densities
fk (x) =

c
h(x)

if x ≤ ak or x > ak−1
if ak < x ≤ ak−1 ,

and the problem of estimating the parameter k on the basis of independent observations X1 , . . . , Xn from fk . We shall show that the MLE exists and that it tends
to infinity in probability regardless of the true value k0 of k and is, therefore, not
consistent, provided h(x) → ∞ sufficiently fast as x → 0.
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Let us denote the joint density of the X’s by
pk (x) = fk (x1 ) · · · fk (xn ).
That the MLE exists follows from the fact that pk (x) = cn < 1 for any value of
k for which the interval Ik = (ak , ak−1 ] contains none of the observations, so that
the maximizing value of k must be one of the ≤ n values for which Ik contains at
least one of the x’s.
For n = 1, the MLE is the value of k for which X1 ∈ Ik , and for n = 2, the MLE
is the value of k for which X(1) ∈ Ik . For n = 3, it may happen that one observation
lies in Ik and two in Il (k < l), and whether the MLE is k or l then depends on
whether c · h(x(1) ) is greater than or less than h(x(2) )h(x(3) ).
We shall now prove that the MLE K̂n (which is unique with probability tending
to 1) tends to infinity in probability, that is, that
P (K̂n > k) → 1 for every k,

(3.5)

provided h satisfies
2
h(x) ≥ e1/x
(3.6)
for all sufficiently small values of x.
To prove (3.5), we will show that for any fixed j ,
P [pKn∗ (X) > pj (X)] → 1 as n → ∞

(3.7)
Kn∗

where
is the value of k for which X(1) ∈ Ik . Since pK̂n (X) ≥ pKn∗ (X), it then
follows that for any fixed k,
p[K̂n > k] ≥ P [pK̂n (X) > pj (X) for j = 1, . . . , k] → 1.
To prove (3.7), consider
Lj k = log

fk (x1 ) · · · fk (xn )
h(xi )
h(xi )
= i(1) log
− i(2) log
fj (x1 ) · · · fj (xn )
c
c

where  (1) and  (2) extend over all i for which xi ∈ Ik and xi ∈ Ij , respectively.
Now xi ∈ Ij implies that h(xi ) < h(aj ), so that
 (2) log[h(xi )/c] < νj n log[h(aj )/c]
where νj n is the number of x’s in Ij . Similarly, for k = Kn∗ ,
 (1) log[h(xi )/c] ≥ log[h(x(1) )/c]
since log[h(x)/c] ≥ 0 for all x. Thus,
h(aj )
1
1
h(x(1) ) 1
Lj,Kn∗ ≥ log
− νj n log
.
n
n
c
n
c
Since vj n /n tends in probability to P (X1 ∈ Ij ) < 1, it only remains to show that
1
log h(X(1) ) → ∞ in probability.
n
Instead of X1 , . . . , Xn , consider a sample Y1 , . . . , Yn from the uniform distribution U (0, 1/c). Then, for any x, P (Yi > x) ≥ P (Xi > x) and hence
(3.8)

P [h(Y(1) ) > x] ≤ P [h(X(1) ) > x],
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and it is therefore enough to prove that (1/n) log h(Y(1) ) → ∞ in probability. If
2
h satisfies (3.6), (1/n) log h(Y(1) ) ≥ 1/nY(1)
, and the right side tends to infinity in
probability since nY(1) tends to a limit distribution (Problem 2.6). This completes
the proof.

For later reference, note that the proof has established not only (2.5) but the fact
that for any fixed A (Problem 3.9),
(3.9)

P [pKn∗ (X) > An pj (X)] → 1.

The example suggests (and this suggestion will be verified in the next section)
that also for densities depending smoothly on a continuously varying parameter
θ , the MLE need not be consistent. We shall now show, however, that a slightly
weaker conclusion is possible under relatively mild conditions. Throughout the
present section, we shall assume θ to be real-valued. The case of several parameters
will be taken up in Section 6.5.
In the following, we shall frequently use the shorthand notation l(θ) for the log
likelihood
l(θ |x) =  log f (xi |θ ),
(3.10)


and l (θ ), l (θ ), . . . for its derivatives with respect to θ .
A way around the difficulty presented by this example was found by Cramér
(1946a, 1946b), who replaced the search for a global maximum of the likelihood
function with that for a local maximum.
Theorem 3.7 Let X1 , . . . , Xn satisfy (A0)–(A3) and suppose that for almost all
x, f (x|θ ) is differentiable with respect to θ in ω, with derivative f  (x|θ). Then,
with probability tending to 1 as n → ∞, the likelihood equation
∂
(3.11)
l(θ|x) = 0
∂θ
or, equivalently, the equation
(3.12)

l  (θ |x) = 

f  (xi |θ )
=0
f (xi |θ )

has a root θ̂n = θ̂n (x1 , . . . , xn ) such that θ̂n (X1 , . . . , Xn ) tends to the true value θ0
in probability.
Proof. Let a be small enough so that (θ0 − a, θ0 + a) ⊂ ω, and let
(3.13)

Sn = {x : l(θ0 |x) > l(θ0 − a|x)

and

l(θ0 |x) > l(θ0 + a|x)}.

By Theorem 3.2, Pθ0 (Sn ) → 1. For any x ∈ Sn , there thus exists a value θ0 − a <
θ̂n < θ0 + a at which l(θ ) has a local maximum, so that l  (θ̂n ) = 0. Hence, for any
a > 0 sufficiently small, there exists a sequence θ̂n = θ̂n (a) of roots such that
(3.14)

Pθ0 (|θ̂n − θ0 | < a) → 1.

It remains to show that we can determine such a sequence, which does not depend
on a.
Let θn∗ be the root closest to θ0 . [This exists because the limit of a sequence of
roots is again a root by the continuity of l(θ).] Then, clearly, Pθ0 (|θn∗ −θ0 | < a) → 1
and this completes the proof.
✷
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In connection with this theorem, the following comments should be noted.
1. The proof yields the additional fact that with probability tending to 1, the
roots θ̂n (a) can be chosen to be local maxima and so, therefore, can the θn∗ if
we let θn∗ be the closest root corresponding to a maximum.
2. On the other hand, the theorem does not establish the existence of a consistent
estimator sequence since, with the true value θ0 unknown, the data do not tell
us which root to choose so as to obtain a consistent sequence. An exception,
of course, is the case in which the root is unique.
3. It should also be emphasized that the existence of a root θ̂n is not asserted for
all x (or for a given n even for any x). This does not affect consistency, which
only requires θ̂n to be defined on a set Sn , the probability of which tends to 1
as n → ∞.
4. Although the likelihood equation can have many roots, the consistent sequence of roots generated by Theorem 3.7 is essentially unique. For a more
precise statement of this result, which is due to Huzurbazar (1948), see Problem 3.28.
5. Finally, there is a technical question concerning the measurability of the estimator sequence θ̂n (a), and hence of the sequence θ̂n∗ . Recall from Section 1.2
that θ̂n (a) is measurable function if the set {a : θ̂n (a) > t} is a measurable set
for every t. Since θ̂n (a) is defined implicitly, its measurability (and also that
of θ̂n∗ ) is not immediately obvious. Happily, it turns out that the sequences
θ̂n (a) and θ̂n∗ are measurable. (For details, see Problem 3.29.)
Corollary 3.8 Under the assumptions of Theorem 3.7, if the likelihood equation
has a unique root δn for each n and all x, then {δn } is a consistent sequence of
estimators of θ . If, in addition, the parameter space is an open interval (θ , θ̄ ) (not
necessarily finite), then with probability tending to 1, δn maximizes the likelihood,
that is, δn is the MLE, which is therefore consistent.
Proof. The first statement is obvious. To prove the second, suppose the probability
of δn being the MLE does not tend to 1. Then, for sufficiently large values of n, the
likelihood must tend to a supremum as θ tends toward θ or θ̄ with positive probability. Now with probability tending to 1, δn is a local maximum. This contradicts
the assumed uniqueness of the root.
✷
The conclusion of Corollary 3.8 holds, of course, not only when the root of the
likelihood equation is unique but also when the probability of multiple roots tends
to zero as n → ∞. On the other hand, even when the root is unique, the corollary
says nothing about its properties for finite n.
Example 3.9 Minimum likelihood. Let X take on the values 0, 1, 2 with probabilities 6θ 2 − 4θ + 1, θ − 2θ 2 , and 3θ − 4θ 2 (0 < θ < 1/2). Then, the likelihood
equation has a unique root for all x, which is a minimum for x = 0 and a maximum
for x = 1 and 2 (Problem 3.11).

Theorem 3.7 establishes the existence of a consistent root of the likelihood
equation. The next theorem asserts that any such sequence is asymptotically normal
and efficient.
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Theorem 3.10 Suppose that X1 , . . . , Xn are iid and satisfy the assumptions of
Theorem 2.6, with (c) and (d) replaced by the corresponding assumptions on
the third (rather than the second) derivative, that is, by the existence of a third
derivative satisfying
 3

∂



(3.15)
 ∂θ 3 log f (x|θ) ≤ M(x)
for all x ∈ A, θ0 − c < θ < θ0 + c
with
(3.16)

Eθ0 [M(X)] < ∞.

Then, any consistent sequence θ̂n = θ̂n (X1 , . . . , Xn ) of roots of the likelihood
equation satisfies


√
1
£
n(θ̂n − θ ) → N 0,
(3.17)
.
I (θ)
We shall call such a sequence θ̂n an efficient likelihood estimator (ELE) of θ . It
is typically (but need not be, see Example 4.1) provided by the MLE. Note also
that any sequence θ̂n∗ satisfying (3.19) is asymptotically efficient in the sense of
Definition 2.4.
Proof of Theorem 3.10. For any fixed x, expand l  (θ̂n ) about θ0 ,
1
l  (θ̂n ) = l  (θ0 ) + (θ̂n − θ0 )l  (θ0 ) + (θ̂n − θ0 )2 l  (θn∗ )
2
where θn∗ lies between θ0 and θ̂n . By assumption, the left side is zero, so that
√
√
(1/ n) l  (θ0 )
n(θ̂n − θ0 ) =
−(1/n)l  (θ0 ) − (1/2n)(θ̂n − θ0 )l  (θn∗ )
where it should be remembered that l(θ ), l  (θ), and so on are functions of X as
well as θ . We shall show that
(3.18)

1
L
√ l  (θ0 ) → N [0, I (θ0 )],
n

that
(3.19)

−

1 
P
l (θ0 ) → I (θ0 )
n

and that
1  ∗
l (θn ) is bounded in probability.
n
The desired result then follows from Theorem 1.8.10.
Of the above statements, (3.18) follows from the fact that
 

√ 1
1
f  (Xi |θ0 )
f (Xi |θ0 )
− Eθ 0
√ l  (θ0 ) = n
n
f (Xi |θ0 )
f (Xi |θ0 )
n
(3.20)

since the expectation term is zero, and then from the central limit theorem (CLT)
and the definition of I (θ).
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Next, (3.19) follows because
1
1
− l  (θ0 ) =
n
n

f 2 (Xi |θ0 ) − f (Xi |θ0 )f  (Xi |θ0 )
,
f 2 (Xi |θ0 )

and, by the law of large numbers, this tends in probability to
I (θ0 ) − Eθ0

f  (Xi |θ0 )
= I (θ0 ).
f (Xi |θ0 )

Finally, (3.20) is established by noting
1
1 
l (θ ) =
n
n
so that by (3.15),

∂3
log f (Xi |θ )
∂θ 3



 1  ∗  1
 l (θ ) < [M(X1 ) + · · · + M(Xn )]
n 
n
n

with probability tending to 1. The right side tends in probability to
✷
Eθ0 [M(X)], and this completes the proof.
Although the conclusions of Theorem 3.10 are quite far-reaching, the proof is
remarkably easy. The reason is that Theorem 3.7 already puts θ̂n into the neighborhood of the true value θ0 , so that an expansion about θ0 essentially linearizes the
problem and thereby prepares the way for application of the central limit theorem.
Corollary 3.11 Under the assumptions of Theorem 3.10, if the likelihood equation
has a unique root for all n and x, and more generally if the probability of multiple
roots tends to zero as n → ∞, the MLE is asymptotically efficient.
To establish the assumptions of Theorem 3.10, one must verify the following
two conditions that may not be obvious.
(a) That f (x|θ ) dµ(x) can be differentiated twice with respect to θ by differentiating under the integral sign.
(b) The third derivative is uniformly bounded by an integrable function [see
(3.15)].
Conditions when (a) holds are given in books on calculus (see also Casella
and Berger 1990, Section 2.4) although it is often easier simply to calculate the
difference quotient and pass to the limit.
Condition (b) is usually easy to check after realizing that it is not necessary for
(3.15) to hold for all θ, but that it is enough if there exist θ1 < θ0 < θ2 such that
(3.15) holds for all θ1 ≤ θ ≤ θ2 .
Example 3.12 One-parameter exponential family. Let X1 , . . . , Xn be iid according to a one-parameter exponential family with density
f (xi |η) = eηT (xi )−A(η)
(3.21)
with respect to a σ -finite measure µ, and let the estimand be η. The likelihood
equation is
1
T (xi ) = A (η),
(3.22)
n
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which, by (1.5.14), is equivalent to
1
T (xi ).
n
The left side of (3.23) is a strictly increasing function of η since, by (1.5.15),
(3.23)

Eη [T (Xj )] =

d
[Eη T (Xj )] = var η T (Xj ) > 0.
dη
It follows that Equation (3.23) has at most one solution. The conditions of Theorem
3.10 are easily checked in the present case. In particular, condition (a) follows
from Theorem 1.5.8 and (b) from the fact that the third derivative of log f (x|η)
is independent of x and a continuous function of η. With probability tending
to 1, (3.23) therefore has a solution η̂. This solution is unique, consistent, and
asymptotically efficient, so that
√
L
(3.24)
n(η̂ − η) → N (0, var T )
where T = T (Xi ) and the asymptotic variance follows from (2.5.18).



Example 3.13 Truncated normal. As an illustration of the preceding example,
consider a sample of n observations from a normal distribution N (ξ, 1), truncated
at two fixed points a < b. The density of a single X is then


1
1
√ exp − (x − ξ )2 / [X(b − ξ ) − X(a − ξ )] , a < x < b,
2
2π
which satisfies (3.21) with η = ξ, T (x) = x. An ELE will therefore be the unique
solution of Eξ (X) = x̄ if it exists. To see that this equation has a solution for any
value a < x̄ < b, note that as ξ → −∞ or +∞, X tends in probability to a or
b, respectively (Problem 3.12). Since X is bounded, this implies that also Eξ (X)

tends to a or b. Since Eξ (X) is continuous, the existence of ξ̂ follows.
For densities that are members of location or scale families, it is fairly straightforward to determine the existence and behavior of the MLE. (See Problems 3.15
–3.19.)
We turn to one last example, which is not covered by Theorem 3.10.
Example 3.14 Double exponential. For the double exponential density DE(θ, 1)
given in Table 1.5.1, it is not true that for all (or almost all) x, f (x − θ ) is differentiable with respect to θ, since for every x there exists a value (θ = x) at which
the derivative does not exist. Despite this failure, the MLE (which is the median
of the X’s) satisfies the conclusion of Theorem 3.10 and is asymptotically normal
with variance 1/n (see Problem 3.25). This was established by Daniels (1961),
who proved a general theorem, not requiring differentiability of the density, that
was motivated by this problem. (See Note 10.2.)

4 Likelihood Estimation: Multiple Roots
When the likelihood equation has multiple roots, the assumptions of Theorem 3.10
are no longer sufficient to guarantee consistency of the MLE, even when it exists
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for all n. This is shown by the following example due to Le Cam (1979b, 1990),
which is obtained by embedding the sequence {fk } of Example 3.6 in a sufficiently
smooth continuous-parameter family.
Example 4.1 Continuation of Example 3.6. For k ≤ θ < k + 1, k = 1, 2, . . . ,
let
(4.1)
f (x|θ ) = [1 − u(θ − k)]fk (x) + u(θ − k)fk+1 (x),
with fk defined as in Example 3.6 and u defined on (−∞, ∞) such that u(x) = 0
for x ≤ 0 and u(x) = 1 for x ≥ 1 is strictly increasing on (0, 1) and infinitely
differentiable on (−∞, ∞) (Problem 4.1). Let X1 , . . . , Xn be iid, each with density
f (x|θ ), and let p(x|θ ) = Of (xi |θ ).
Since for any given x, the density p(x|θ ) is bounded and continuous in θ and is
equal to cn for all sufficiently large θ and greater than cn for some θ , it takes on
its maximum for some finite θ, and the MLE θ̂n therefore exists.
To see that θ̂n → ∞ in probability, note that for k ≤ θ < k + 1,
p(x|θ) ≤ O max[fk (xi ), fk+1 (xi )] = p̄k (x).

(4.2)

If K̂n and Kn∗ are defined as in Example 3.6, the argument of that example shows
that it is enough to prove that for any fixed j ,
P [pKn∗ (X) > p̄j (X)] → 1 as n → ∞,

(4.3)

where pk (x) = p(x|k). Now
L̄j k =

pk (x)
h(xi )
h(xi )
h(xi )
=  (1) log
−  (2) log
−  (3) log
p̄j (x)
c
c
c

where  (1) ,  (2) , and  (3) extend over all i for which xi ∈ Ik , xi ∈ Ij , and xi ∈ Ij +1 ,
respectively. The argument is now completed as before to show that θ̂n → ∞ in
probability regardless of the true value of θ and is therefore not consistent.
The example is not yet completely satisfactory since ∂f (x|θ )/∂θ = 0 and, hence,
I (θ) = 0 for θ = 1, 2, . . . [The remaining conditions of Theorem 3.10 are easily
checked (Problem 4.2).] To remove this difficulty, define
(4.4)

g(x|θ ) =

1
2
[f (x|θ ) + f (x|θ + αe−θ )],
2

θ ≥ 1,

for some fixed α < 1.
If X1 , . . . , Xn are iid according to g(x|θ), we shall now show that the MLE θ̂n
continues to tend to infinity for any fixed θ. We have, as before
P [θ̂n > k] ≥ P [Og(xi |Kn∗ ) > Og(xi |θ ) for all θ ≤ k]
 1
2"
1
1
∗
−θ 2
≥P
Of
(x
|K
)
>
O
|θ
)
+
f
(x
|θ
+
αe
)
.
f
(x
i
i
i
n
2n
2
For j ≤ θ < j + 1, it is seen from (4.1) that [f (xi |θ ) + f (xi |θ + αe−θ )]/2 is
a weighted average of fj (xi ), fj +1 (xi ), and possibly fj +2 (xi ). By using p̄j (x) =
O max[fj (xi ), fj +1 (xi ), fj +2 (xi )] in place of pj (x), the proof can now be completed as before. Since the densities g(xi |θ ) satisfy the conditions of Theorem
2
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3.10 (Problem 4.3), these conditions are therefore not enough to ensure the consistency of the MLE. (For another example, see Ferguson 1982.)

Even under the assumptions of Theorem 3.10, one is thus, in the case of multiple
roots, still faced with the problem of identifying a consistent sequence of roots.
Following are three possible approaches.
(a) In many cases, the maximum likelihood estimator is consistent. Conditions
which ensure this were given by, among others, Wald (1949), Wolfowitz
(1965), Le Cam (1953, 1955, 1970), Kiefer and Wolfowitz (1956), Kraft
and Le Cam (1956), Bahadur (1967), and Perlman (1972). A survey of the
literature can be found in Perlman (1983). This material is technically difficult,
and even when the conditions are satisfied, the determination of the MLE may
present problems (see Barnett 1966). We shall therefore turn to somewhat
simpler alternatives.
The following two methods require that some sequence of consistent (but not
necessarily efficient) estimators be available. In any given situation, it is usually
easy to construct a consistent sequence, as will be illustrated below and in the next
section.
(b) Suppose that δn is any consistent estimator of θ and that the assumptions of
Theorem 3.10 hold. Then, the root θ̂n of the likelihood equation closest to δn
(which exists by the proof of Theorem 3.7) is also consistent, and hence is
efficient by Theorem 3.10.
To see this, note that by Theorem 3.10, there exists a consistent sequence of
roots, say θ̂n∗ . Since θ̂n∗ − δn → 0 in probability, so does θ̂n − δn .
The following approach, which does not require the determination of the closest
root and in which the estimators are no longer exact roots of the likelihood equation,
is often more convenient.
(c) The usual iterative methods for solving the likelihood equation
l  (θ) = 0

(4.5)

are based on replacing the left side by the linear terms of its Taylor expansion
about an approximate solution θ̃. If θ̂ denotes a root of (4.5), this leads to the
approximation
.
0 = l  (θ̂) = l  (θ̃) + (θ̂ − θ̃ )l  (θ̃ ),
(4.6)
and hence to
(4.7)

θ̂ = θ̃ −

l  (θ̃)
l  (θ̃)

.

The procedure is then iterated by replacing θ̃ by the value θ̃˜ of the right
side of (4.7), and so on. This is the Newton-Raphson iterative process. (For
a discussion of the performance of this procedure, see, for example, Barnett
1966, Stuart and Ord 1991, Section 18.21, or Searle et al. 1992, Section 8.2.)
Here, we are concerned only with the first step and with the performance of
the one-step approximation (4.7) as an estimator of θ. The following result gives
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conditions on θ̃ under which the resulting sequence of estimators is consistent,
asymptotically normal, and efficient. It relies on the sequence of estimators possessing the following property.
√
√
Definition 4.2 A sequence of estimators δn is n-consistent
for θ if n(δn − θ )
√
is bounded in probability, that is, if δn − θ = Op (1/ n).
Theorem 4.3 Suppose that the
√ assumptions of Theorem 3.10 hold and that θ̃n is
not only a consistent but a n-consistent4 estimator of θ . Then, the estimator
sequence
l  (θ̃n )
δn = θ̃n −
(4.8)
l  (θ̃n )
is asymptotically efficient, that is, it satisfies (3.17) with δn in place of θ̂n .
Proof. As in the proof of Theorem 3.10, expand l  (θ̃n ) about θ0 as
1
l  (θ̃n ) = l  (θ0 ) + (θ̃n − θ0 )l  (θ0 ) + (θ̃n − θ0 )2 l  (θn∗ )
2
where θn∗ lies between θ0 and θ̃n . Substituting this expression into (4.8) and simplifying, we find
√
√
(1/ n)l  (θ0 ) √
(4.9)
n(δn − θ0 ) =
+ n(θ̃n − θ0 )
−(1/n)l  (θ̃n )


l  (θ0 ) 1
l  (θn∗ )
× 1−
− (θ̃n − θ0 )
.
l  (θ̃n ) 2
l  (θ̃n )
The result now follows from the following facts:
√
(1/ n)l  (θ0 ) L
(a)
→ N (0, I −1 (θ0 )]
−(1/n)l  (θ0 )
√
(b)
n(θ̂n − θ0 ) = Op (1)
(c)
(d)

l



(θn∗ )

l  (θ̃n )

[(3.18) and (3.19)]

= Op (1)

[assumption]
[(3.19) and (3.20)]

l  (θ̃n )
→ 1 in probability
l  (θ0 )

[see below]

Here, (d) follows from the fact that
(4.10)

1
1
1 
l (θ̃n ) = l  (θ0 ) + (θ̃n − θ0 )l  (θn∗∗ ),
n
n
n

for some θn∗∗ between θ0 and θ̃n . Now (3.19), (3.20), and consistency of θ̃n applied
to (4.10) imply (d). In turn, (b)-(d) show that the entire second term in (4.9)
converges to zero in probability, and (a) shows that the first term has the correct
limit distribution.
✷
4

A general method for constructing
See also Bickel et al. (1993).

√

n-consistent estimators is given by Le Cam (1969, p. 103).
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Corollary 4.4 Suppose that the assumptions of Theorem 4.3 hold and that the
Fisher information I (θ) is a continuous function of θ. Then, the estimator
(4.11)

δn = θ̃n +

l  (θ̃n )
nI (θ̃n )

is also asymptotically efficient.
Proof. By (d) in the proof of Theorem 4.3, condition (h) of Theorem 2.6, and
the law of large numbers, −(1/n)l  (θ̃n ) → I (θ0 ) in probability. Also, since I (θ )
is continuous, I (θ̃n ) → I (θ0 ) in probability, so that −(1/n)l  (θ̃n )/I (θ̃n ) → 1 in
probability, and this completes the proof.
✷
The estimators (4.8) and (4.11) are compared by Stuart (1958), who gives a
heuristic argument why (4.11) might be expected to be closer to the ELE than
(4.8) and provides a numerical example supporting this argument. See also Efron
and Hinkley 1978 and Lindsay and Yi 1996.
Example 4.5 Location parameter. Consider the case of a symmetric location
family, with density f (x − θ ), in which the likelihood equation
(4.12)

f  (xi − θ )
=0
f (xi − θ )

has multiple roots. [For the Cauchy distribution, for example, it has been shown
by Reeds (1985) that if (4.12) has K + 1 roots, then as n → ∞, K tends in law
to a Poisson distribution with expectation 1/π. The Cauchy case has also been
considered by Barnett (1966) and Bai and
√ Fu (1987).] If var(X) < ∞, it follows
from the CLT that the sample mean X̄n is n-consistent and that an asymptotically
efficient estimator of θ is therefore provided by (4.8) or (4.11) with θ̃n = X̄ as long
as f (x − θ ) satisfies the conditions of Theorem 3.10. For distributions such as the
Cauchy for which E(X2 ) = ∞, one can, instead, take for θ̃n the sample median
provided f (0) > 0; other robust estimators provide still further possibilities (see,
for example, Huber 1973, 1981 or Haberman 1989).

Example 4.6 Grouped or censored observations. Suppose that X1 , . . ., Xn are
iid according to a location family with cdf F (x − θ ), with F known and with
0 < F (x) < 1 for all x, but that it is only observed whether each Xi falls below
a, between a and b, or above b where a < b are two given constants. The n
observations constitute n trinomial trials with probabilities p1 = p1 (θ ) = F (a −θ ),
p2 (θ ) = F (b − θ) − F (a − θ), p3 (θ) = 1 − F (b − θ ) for the three outcomes. If V
denotes the number of observations less than a, then


√ V
L
(4.13)
n
− p1 → N [0, p1 (1 − p1 )]
n
and, by Theorem 1.8.12,




V
Ṽn = a − F
(4.14)
n
√
is a n-consistent estimator of θ . Since the estimator is not defined when V = 0 or
V = n, some special definition has to be adopted in these cases whose probability
however tends to zero as n → ∞.
−1
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If the trinomial distribution for a single trial satisfies the assumptions of Theorem 3.10 as will be the case under mild assumptions on F , the estimator (4.8)
is asymptotically efficient (but see the comment following Example 7.15). The
approach applies, of course, equally to the case of more than three groups.
A very similar situation arises when the X’s are censored, say at a fixed point
a. For example, they might be lengths of life of light bulbs or patients, with observation discontinued at time a. The observations can then be represented as
(4.15)

Yi =

Xi
a

if Xi < a
if Xi ≥ a.

Here, the value a of Yi when Xi ≥ a has no significance; it simply indicates that
the value of Xi is ≥ a. The Y ’s are then iid with density
(4.16)

g(y|θ ) =

f (y − θ)
if y < a
1 − F (a − θ) if y = a

with respect to the measure µ which is Lebesgue measure on (−∞, a) and assigns
measure 1 to the point y = a.
√
The estimator (4.14) continues to be n-consistent in the present situation. An
alternative starting point is, for example, the best linear combination of the ordered
X’s less than a (see, for example, Chan 1967).

Example 4.7 Mixtures. Let X1 , . . . , Xn be a sample from a distribution θG+(1−
θ )H , 0 < θ < 1, where G and H are two specified distributions with densities g
and h. The log likelihood of a single observation is a concave function of θ, and
so therefore is the log likelihood of a sample (Problem 4.5). It follows that the
likelihood equation has at most one solution. [The asymptotic performance of the
ML estimator is studied by Hill (1963).]
Even when the root is unique, as it is here, Theorem 4.3 provides an alternative,
which may be√
more convenient than the MLE. In the mixture problem, as in many
other cases, a n-consistent estimator can be obtained by the method of moments,
which consists in equating the first k moments of X to the corresponding sample
moments, say
1 n r
Eθ (Xir ) =
(4.17)
X , r = 1, . . . , k,
n j =1 j
where k is the number of unknown parameters. (For further discussion, see, for
example, Cramér 1946a, Section 33.1 and Serfling 1980, Section 4.3.1). In the
present case, suppose that E(Xi ) = ξ or η when X is distributed as G or H where
η = ξ and G and H have finite variance. Since k = 1, the method of moments
estimates θ as the solution of the equation
ξ θ + η(1 − θ) = X̄n
and hence by
X̄n − η
.
ξ −n
[If η = ξ but the second moments of Xi under H and G differ, one can, instead,
equate E(Xi2 ) with Xj2 /n (Problem 4.6).] An asymptotically efficient estimator
θ̃n =
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is then provided by (4.8).
Estimation under a mixture distribution provides interesting challenges, and has
many application in practice. There is a large literature on mixtures, and entry can
be found through the books by Everitt and Hand (1981), Titterington et al. (1985),
McLachlan and Basford (1988), and McLachlan (1997).

√
In the context of choosing a n-consistent estimator θ̃n for (4.8), it is of interest
to note that in sufficiently regular situations good efficiency of θ̃n is equivalent to
high correlation with θ̂n . This is made precise by the following result, which is
concerned only with first-order approximations.
√
Theorem 4.8 Suppose θ̂n is an ELE estimator and θ̃n a n-consistent estimator,
for which the joint distribution of
√
√
Tn = n(θ̂n − θ ) and Tn = n(θ̃n − θ )
tends to a bivariate limit distribution H with zero means and covariance matrix
 = ||σij ||. Let (T , T  ) have distribution H and suppose that the means and
covariance matrix of (Tn , Tn ) tend toward those of (T , T  ) as n → ∞. Then,
(4.18)

var T
= ρ2
var T 

√
where ρ = σ12 / σ11 σ22 is the correlation coefficient of (T , T  ).
Proof. Consider var[(1 − α)Tn + αTn ] which tends to
(4.19)

var[(1 − α)T + αT  ] = (1 − α)2 σ11 + 2α(1 − α)σ12 + α 2 σ22 .

This is non-negative for all values of α and takes on its minimum at α = 0 since θ̂n
is asymptotically efficient. Evaluating the derivative
√ of (4.19) at α = 0 shows that
we must have σ11 = σ12 (Problem 4.7). Thus, ρ = σ11 /σ22 , as was to be proved.
✷
The ratio of the asymptotic variances in (4.18) is a special case of asymptotic
relative efficiency (ARE). See Definition 6.6.
√
In Examples 4.6 and 4.7, we used the method of moments to obtain nconsistent estimators and then applied the one-step estimator (4.8) or (4.11). An
alternative approach, when the direct calculation of an ELE is difficult, is the following expectation-maximization (EM) algorithm for obtaining a stationary point
of the likelihood.
The idea behind the EM algorithm is to replace one computationally difficult
likelihood maximization with a sequence of easier maximizations whose limit is the
answer to the original problem. More precisely, let Y1 , . . . , Yn be iid with density
g(y|θ ), and#suppose that the object is to compute the value θ̂ that maximizes
L(θ |y) = ni=1 g(yi |θ). If L(θ|y) is difficult to work with, we can sometimes
augment the data y = (y1 , . . . , yn ) and create a new likelihood function L(θ|y, z)
that has a simpler form.
Example 4.9 Censored data likelihood. Suppose that we observe Y1 , . . ., Yn ,
iid, with density (4.16), and we have ordered the observations so that (y1 , . . . , ym )
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are uncensored and (ym+1 , . . . , yn ) are censored (and equal to a). The likelihood
function is then
n
m


L(θ |y) =
(4.20)
g(yi |θ ) =
f (yi |θ ) [1 − F (a − θ)]n−m .
i=1

i=1

If we had observed the last n − m values, say z = (zm+1 , . . . , zn ), the likelihood
would have had the simpler form
m
n


L(θ|y, z) =
f (yi |θ )
f (zi |θ ).
i=1

i=m+1

More generally, the EM algorithm is useful when the density of interest, g(yi |θ ),
can be expressed as

(4.21)

g(y|θ) =

Z

f (y, z|θ ) dz,

for some simpler function f (y, z|θ ). The z vector merely serves to simplify calculations, and its choice does not affect the value of the estimator. An illustration
of a typical construction of the density f is the case of ”filling in” missing data,
for example, by turning an unbalanced data set into a balanced one.
Example 4.10 EM in a one-way layout. In a one-way layout (Example 3.4.9),
suppose there are four treatments with the following data
Treatments
1

2

3

4

y11
y21
z1

y12
y22
y32

y13
y23
z3

y14
y24
y34

where the yij ’s represent the observed data, and the dummy variables z1 and z3
represent missing observations. Under the usual assumptions, the Yij ’s are independently normally distributed as N (µ + αi , σ 2 ). If we let θ = (µ, α1 , . . . , α4 , σ 2 )
and let nij denote the number of observations per treatment, the incomplete-data
likelihood is given by

10  n
ij
4
1
2
2
L(θ |y) = g(y|θ) = √
e i=1 j =1 (yij −µ−αi ) /σ
2
2πσ
while the complete-data likelihood is

12  
4
3
1
2
2
L(θ |y, z) = f (y, z|θ ) = √
e i=1 j =1 (yij −µ−αi ) /σ ,
2
2πσ
where y31 = z1 and y33 = z3 . By integrating out z1 and z3 , the original likelihood
is recovered.
Although estimation in the original problem (with only the yij ’s) is not difficult,
it is easier in the augmented problem. [The computational advantage of the EM
algorithm becomes more obvious as we move to higher-order designs, for example,
the two-way layout (see Problem 4.14).]
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The EM algorithm is often useful for obtaining an MLE when, as in Example
4.10, we should like to maximize L(θ |y), but it would be much easier, if certain
additional observations z were available, to work with the joint density f (y, z|θ ) =
L(θ |y, z) and the conditional density of Z given y, that is,
(4.22)

L(θ |y, z)

and k(z|θ, y) =

f (y, z|θ)
.
g(y|θ )

These quantities are related by the identity
(4.23)

log L(θ|y) = log L(θ|y, z) − log k(z|θ, y).

Since z is not available, we replace the right side of (4.23) with its expectation,
using the conditional distribution of Z given y. With an initial guess θ0 (to start
the iterations), we define

Q(θ|θ0 , y) = log L(θ|yk(z|θ0 , y) dz,
(4.24)

H (θ|θ0 , y) = log k(z|θ, y)|θ0 , y) dz.
As the left side of (4.23) does not depend on z, the expected value of log L(θ |y) is
then given by
L(θ |y) = Q(θ|θ0 , y) − H (θ|θ0 , y).
(4.25)
Let the value of θ maximizing Q(θ|θ0 , y) be θ̂(1) . The process is then repeated
with θ0 in (4.24) and (4.22) replaced by the updated value θ̂(1) , so that (4.24)
is replaced by Q(θ |θ̂(1) , y). In this manner, a sequence of estimators θ̂(j ) , j =
1, 2, . . . is obtained iteratively where θ̂(j ) is defined as the value of θ maximizing
Q(θ |θ̂(j −1) , y), that is,
(4.26)

Q(θ̂(j ) |θ̂(j −1) , y) = max Q(θ|θ̂(j −1) , y).
θ

(It is sometimes written θ̂(j ) = argmaxθ Q(θ|θ̂(j −1) , y), that is, θ̂(j ) is the value of
the argument θ that maximizes Q.)
The quantities log L(θ |y), log L(θ|y, z), and Q(θ|θ0 , y) are referred to as the
incomplete, complete, and expected log likelihood. The term EM for this algorithm
stands for Expectation-Maximization since the j th step of the iteration consists
of the calculating the expectation (4.24), with θ0 replaced by θ̂(j −1) , and then
maximizing it.
The following is a key property of the sequence {θ̂(j ) }.
Theorem 4.11 The sequence {θ̂(j ) } defined by (4.26) satisfies
(4.27)

L(θ̂(j +1) |y) ≥ L(θ̂(j ) |y),

with equality holding if and only if Q(θ̂(j +1) |θ̂(j ) , y) = Q(θ̂(j ) |θ̂(j ) , y).
Proof. On successive iterations, the difference between the logarithms of the left
and right sides of (4.25) is
log L(θ̂(j +1) |y) − log L(θ̂(j ) |y)
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1
2
= Q(θ̂(j +1) |θ̂(j ) , y) − Q(θ̂(j ) |θ̂(j ) , y)
1
2
− H (θ̂(j +1) |θ̂(j ) , y) − H (θ̂(j ) |θ̂(j ) , y) .

The first expression in (4.28) is non-negative by definition of θ̂(j +1) . It remains to
show that the second term is non-negative, that is,
 1
2
log k(z|θ̂(j +1) , y) − log k(z|θ̂(j ) , y) k(z|θ̂(j ) , y) dz ≤ 0.
(4.29)
Since the difference of the logarithms is the logarithm of the ratio, this integral can
be written as




k(z|θ̂(j +1) , y)
log
k(z|θ̂(j ) , y) dz ≤ log k(z|θ̂(j +1) , y)dz = 0.
(4.30)
k(z|θ̂(j ) , y)
The inequality follows from Jensen’s inequality (see Example 1.7.7, Inequality
(1.7.13), and Problem 4.17), and this completes the proof.
✷
Although Theorem 4.11 guarantees that the likelihood will increase at each iteration, we still may not be able to conclude that the sequence {θ̂(j ) } converges to a
maximum likelihood estimator.
To ensure convergence, we require further conditions on the mapping θ̂(j ) →
θ̂(j +1) . These conditions are investigated by Boyles (1983) and Wu (1983); see also
Finch et al. 1989. The following theorem is, perhaps, the most easily applicable
condition to guarantee convergence to a stationary point, which may be a local
maximum or saddlepoint.
Theorem 4.12 If the expected complete-data likelihood Q(θ |θ0 , y) is continuous
in both θ and θ0 , then all limit points of an EM sequence {θ̂(j ) } are stationary points
of L(θ|y), and L(θ̂(j ) |y) converges monotonically to L(θ̂|y) for some stationary
point θ̂ .
Example 4.13 Continuation of Example 4.9. The situation of Example 4.9 does
not quite fit the conditions under which the EM algorithm was described above
since the observations ym+1 , . . . , yn are not missing completely but only partially.
(We know that they are ≥ a.) However, the situation reduces to the earlier one if we
just ignore ym+1 , . . . , yn , so that y now stands for (y1 , . . . , ym ). To be specific, let
the density f (y|θ ) of (4.16) be the N (θ, 1) density, so that the likelihood function
(4.20) is

1
2
− 21 m
i=1 (yi −θ ) .
L(θ|y) =
e
(2π)m/2
We replace ym+1 , . . . , yn with n − m phantom variables z = (z1 , . . . , zn−m ) which
are distributed as n−m iid variables from the conditional normal distribution given
that they are all ≥ a; thus, for zi ≥ a, i = 1, . . . , n − m,
4
3

2
exp − 21 n−m
1
i=1 (zi − θ )
k(z|θ, y) = √
.
[1 − X(a − θ)]n−m
( 2π )(n−m)/2
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At the j th step in the EM sequence, we have
Q(θ |θ̂(j ) , y) ∝ −

1
2

m

(yi − θ )2 −

i=1

1 n−m
2 i=1


a

∞
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(zi − θ )2 k(z|θ̂(j ) , y) dzi ,

and differentiating with respect to θ yields
1
2
m(ȳ − θ) + (n − m) E(Z|θ̂(j ) ) − θ = 0
or
θ̂(j +1) =
where


E(Z|θ̂(j ) ) =

a

∞

mȳ + (n − m)E(Z|θ̂(j ) )
n

zk(z|θ̂(j ) , y) dz = θ̂(j ) +

φ(a − θ̂(j ) )
1 − X(a − θ̂(j ) )

.

Thus, the EM sequence is defined by
θ̂(j +1)



φ(a − θ̂(j ) )
n−m
m
,
= ȳ +
θ̂(j ) +
n
n
1 − X(a − θ̂(j )

which converges to the MLE θ̂ (Problem 4.8).



Quite generally, in an exponential family, computations are somewhat simplified
because we can write
!
Q(θ|θ̂(j ) , y) = Eθ̂(j ) log L(θ |y, Z)|y)
 2

= Eθ̂(j ) log (h(y, Z) e ηi (θ)Ti −B(θ ) |y
!
!
= Eθ̂(j ) log h(y, Z) +
ηi (θ)Eθ̂(j ) Ti |y − B(θ ).
Thus, calculating
the complete-data MLE only involves the simpler expectation
!
Eθ̂(j ) Ti |y .
The books by Little and Rubin (1987), Tanner (1996), and McLachlan and
Krishnan (1997) provide good overviews of the EM literature. Other references
include Louis (1982), Laird et al. (1987), Meng and Rubin (1993), Smith and
Roberts (1993), and Liu and Rubin (1994).
5 The Multiparameter Case
In the preceding sections, asymptotically efficient estimators were obtained when
the distribution depends on a single parameter θ . When extending this theory to
probability models involving several parameters θ1 , . . . , θs , one may be interested
either in the simultaneous estimation of these parameters (or certain functions
of them) or with the estimation of one of the parameters at a time, the remaining
parameters then playing the role of nuisance or incidental parameters. In the present
section, we shall primarily take the latter point of view.
Let X1 , . . . , Xn be iid with a distribution that depends on θ = (θ1 , . . . , θs ) and
satisfies assumptions (A0)–(A3) of Section 6.3. For the time being, we shall assume
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s to be fixed. Suppose we wish to estimate θj . Then, it was seen in Section 2.6 that
the variance of any unbiased estimator δn of θj , based on n observations, satisfies
the inequality
var(δn ) ≥ [I (θ )]−1
(5.1)
jj /n
where the numerator on the right side is the jj th element of the inverse of the
information matrix I (θ ) with elements Ij k (θ ), j, k = 1, . . . , s, defined by


∂
∂
(5.2)
log f (X|θ ),
log f (X|θ ) .
Ij k (θ ) = cov
∂θj
∂θk
It was further shown by Bahadur (1964) under conditions analogous to those of
Theorem 2.6 that for any sequence of estimators δn of θj satisfying
√
L
(5.3)
n (δn − θj ) → N (0, v(θ )],
the asymptotic variance v satisfies
v(θ ) ≥ [I (θ )]−1
jj ,

(5.4)

except on a set of values θ having measure zero.
We shall now show under assumptions generalizing those of Theorem 3.10
that with probability tending to 1, there exist solutions θ̂ n = (θ̂1n , . . . , θ̂sn ) of the
likelihood equations
∂
[f (x1 |θ ) · · · f (xn |θ )] = 0,
∂θj

(5.5)
or, equivalently,

∂
[l(θ )] = 0,
∂θj

(5.6)

j = 1, . . . , s,

j = 1, . . . , s,

such that θ̂j n is consistent for estimating θj and asymptotically efficient in the
sense of satisfying (5.3) with
v(θ ) = [I (θ )]−1
jj .

(5.7)

We state first some assumptions:
(A) There exists an open subset ω of containing the true parameter point θ 0
such that for almost all x, the density f (x|θ ) admits all third derivatives
(∂ 3 /∂θj ∂θk ∂θl )f (x|θ ) for all θ ∈ ω.
(B) The first and second logarithmic derivatives of f satisfy the equations

Eθ

(5.8)


∂
log f (X|θ ) = 0
∂θj

and
(5.9)



for j = 1, . . . , s


∂
∂
log f (X|θ ) ·
log f (X|θ )
∂θj
∂θk


∂2
= Eθ −
log f (X|θ ) .
∂θj ∂θk

Ij k (θ ) = Eθ

Clearly, (5.8) and (5.9) imply (5.2).
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(C) Since the s × s matrix I (θ ) is a covariance matrix, it is positive semidefinite.
In generalization of condition (v) of Theorem 2.6, we shall assume that the
Ij k (θ ) are finite and that the matrix I (θ ) is positive definite for all θ in ω, and
hence that the s statistics
∂
∂
log f (X|θ ), . . . ,
log f (X|θ )
∂θ1
∂θs
are affinely independent with probability 1.
(D) Finally, we shall suppose that there exist functions Mj kl such that




∂3


 ∂θ ∂θ ∂θ log f (x|θ ) ≤ Mj kl (x) for all θ ∈ ω
j
k
l
where
mj kl = Eθ 0 [Mj kl (X)] < ∞ for all j, k, l.
Theorem 5.1 Let X1 , . . . , Xn be iid, each with a density f (x|θ ) (with respect to
µ) which satisfies (A0)–(A2) of Section 6.3 and assumptions (A)–(D) above. Then,
with probability tending to 1 as n → ∞, there exist solutions θ̂ n = θ̂ n (X1 , . . . , Xn )
of the likelihood equations such that
(a) θ̂j n is consistent for estimating θj ,
√
(b) n(θ̂ n − θ ) is asymptotically normal with (vector) mean zero and covariance
matrix [I (θ )]−1 , and
(c) θ̂j n is asymptotically efficient in the sense that
√
L
(5.10)
n(θ̂j n − θj ) → N {0, [I (θ )]−1
jj }.
Proof. (a) Existence and Consistency. To prove the existence, with probability
tending to 1, of a sequence of solutions of the likelihood equations which is consistent, we shall consider the behavior of the log likelihood l(θ ) on the sphere Qa
with center at the true point θ 0 and radius a. We will show that for any sufficiently
small a, the probability tends to 1 that
l(θ ) < l(θ 0 )
at all points θ on the surface of Qa , and hence that l(θ ) has a local maximum
in the interior of Qa . Since at a local maximum the likelihood equations must
be satisfied, it will follow that for any a > 0, with probability tending to 1 as
n → ∞, the likelihood equations have a solution θ̂ n (a) within Qa and the proof
can be completed as in the one-dimensional case.
To obtain the needed facts concerning the behavior of the likelihood on Qa for
small a, we expand the log likelihood about the true point θ 0 and divide by n to
find
1
1
l(θ ) − l(θ 0 )
n
n
1
= Aj (x)(θj − θj0 )
n
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Bj k (x)(θj − θj0 )(θk − θk0 )
2n
1
+
(θj − θj0 )(θk − θk0 )(θl − θl0 )
6n j k l

[ 6.5

+

n

γj kl (xi )Mj kl (xi )

i=1

= S1 + S2 + S3
where



∂
l(θ )
Aj (x) =
∂θj
θ=θ 0

and



∂2
l(θ )
,
Bj k (x) =
∂θj ∂θk
θ=θ 0
and where, by assumption (D),
0 ≤ |γj kl (x)| ≤ 1.

To prove that the maximum of this difference for θ on Qa is negative with probability tending to 1 if a is sufficiently small, we will show that with high probability
the maximum of S2 is negative while S1 and S3 are small compared to S2 . The
basic tools for showing this are the facts that by (5.8), (5.9), and the law of large
numbers,


1
1 ∂
(5.11)
l(θ )
→ 0 in probability
Aj (X) =
n
n ∂θj
θ=θ 0
and


1 ∂2
1
(5.12)
l(θ )
→ −Ij k (θ 0 ) in probability.
Bj k (X) =
n
n ∂θj ∂θk
0
θ=θ
Let us begin with S1 . On Qa , we have
|S1 | ≤

1
a|Aj (X)|.
n

For any given a, it follows from (5.11) that |Aj (X)|/n < a 2 and hence that
|S1 | < sa 3 with probability tending to 1. Next, consider
(5.13)

2S2 = [−Ij k (θ 0 )(θj − θj0 )(θk − θk0 )]
"
!
1
+
Bj k (X) − −Ij k (θ 0 ) (θj − θj0 )(θk − θk0 ).
n

For the second term, it follows from an argument analogous to that for S1 that its
absolute value is less than s 2 a 3 with probability tending to 1. The first term is a
negative (nonrandom) quadratic form in the variables (θj − θj0 ). By an orthogonal
transformation, this can be reduced to diagonal form λi ζi2 with Qa becoming
ζi2 = a 2 . Suppose that the λ’s that are negative are numbered so that λs ≤ λs−1 ≤
· · · ≤ λ1 < 0. Then, λi ζi2 ≤ λi ζi2 = λ1 a 2 . Combining the first and second
terms, we see that there exist c > 0 and a0 > 0 such that for a < a0
S2 < −ca 2
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with probability tending to 1.
Finally, with probability tending to 1,



1
 Mj kl (Xi ) < 2mj kl

n
and hence |S3 | < ba 3 on Qa where
s3
mj kl .
3
Combining the three inequalities, we see that
b=

(5.14)

max(S1 + S2 + S3 ) < −ca 2 + (b + s)a 3 ,

which is less than zero if a < c/(b + s), and this completes the proof of (i).
(b) and (c) Asymptotic Normality and Efficiency. This part of the proof is basically the same as that of Theorem 3.10. However, the single equation derived
there from the expansion of θ̂ n − θ 0 is now replaced by a system of s equations
which must be solved for the differences (θ̂j n − θj0 ). This makes the details of the
argument somewhat more cumbersome. In preparation, it will be convenient to
consider quite generally a set of random linear equations in s unknowns,
s

Aj kn Ykn = Tj n

(5.15)

(j = 1, . . . , s).

k=1

✷
Lemma 5.2 Let (T1n , . . . , Tsn ) be a sequence of random vectors tending weakly to
(T1 , . . . , Ts ) and suppose that for each fixed j and k, Aj kn is a sequence of random
variables tending in probability to constants aj k for which the matrix A = ||aj k ||
is nonsingular. Let B = ||bj k || = A−1 . Then, if the distribution of (T1 , . . . , Ts ) has
a density with respect to Lebesgue measure over Es , the solutions (Y1n , . . . , Ysn )
of (5.15) tend in probability to the solutions (Y1 , . . . , Ys ) of
s

(5.16)

aj k Yk = Tj

(j = 1, . . . , s)

k=1

given by
(5.17)

Yj =

s

bj k Tk .

k=1

Proof. With probability tending to 1, the matrices ||Aj kn || are nonsingular, and
by Theorem 1.8.19 (Problem 5.1), the elements of the inverse of ||Aj kn || tend
in probability to the elements of B. Therefore, by a slight extension of Theorem
1.8.10, the solutions of (5.15) have the same limit distribution as those of
(5.18)

Yj n =

s

bj k Tkn .

k=1

By applying Theorem 1.8.19 to the set S,
(5.19)

b1k Tk ≤ y1 , . . . , bsk Tk ≤ ys ,

466

ASYMPTOTIC OPTIMALITY

[ 6.5

it is only necessary to show that the distribution of (T1 , . . . , Ts ) assigns probability
zero to the boundary of (5.19). Since this boundary is contained in the union of
the hyperplanes bj k Tk = yj , the result follows.
✷
Proof of Parts (b) and (c) of Theorem 5.1. In the generalization of the proof of
Theorem 3.10, expand ∂l(θ )/∂θj = lj (θ ) about θ 0 to obtain
lj (θ ) = lj (θ 0 ) + (θk − θk0 )ljk (θ 0 )
1
+ (θk − θk0 )(θl − θl0 )ljkl (θ ∗ )
2
where ljk and ljkl denote the indicated second and third derivatives of l and where
θ ∗ is a point on the line segment connecting θ and θ 0 . In this expansion, replace
θ by a solution θ̂ n of the likelihood equations, which by part (a) of the theorem
can be assumed to exist with probability tending to 1 and to be consistent. The left
side of (5.20) is then zero and the resulting equations can be written as


√
1
1
(5.21)
n (θ̂k − θk0 ) ljk (θ 0 ) +
(θ̂l − θl0 )ljkl (θ ∗ )
n
2n
1  0
= − √ lj (θ ).
n
(5.20)

These have the form (5.15) with
Ykn =
(5.22)

Aj kn
Tj n

√

n (θ̂k − θk0 ),
1
1
= ljk (θ 0 ) +
(θ̂l − θl0 )ljkl (θ ∗ ),
n
2n


√ 1 n ∂
1  0
= − √ lj (θ ) = − n
log f (Xi |θ )
n i=1 ∂θj
n

.

θ =θ 0

Since Eθ 0 [(∂/∂θj ) log f (Xi |θ )] = 0, the multivariate central limit theorem (Theorem 1.8.21) shows that (T1n , . . . , Tsn ) has a multivariate normal limit distribution
with mean zero and covariance matrix I (θ 0 ).
On the other hand, it is easy to see—again in parallel to the proof of Theorem
3.10—that
P
Aj kn → aj k = E[ljk (θ 0 )] = −Ij k (θ 0 ).
(5.23)
The limit distribution of the Y ’s is therefore that of the solution (Y1 , . . . , Ys ) of the
equations
s

Ij k (θ 0 )Yk = Tj

(5.24)
k=1

where T = (T1 , . . . , Ts ) is multivariate normal with mean zero and covariance
matrix I (θ 0 ). It follows that the distribution of Y is that of
[I (θ 0 )]−1 T ,
which is a multivariate distribution with zero mean and covariance matrix [I (θ 0 )]−1 .
This completes the proof of asymptotic normality and efficiency.
✷
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If the likelihood equations have a unique solution θ̂ n , then θ̂ n is consistent,
asymptotically normal, and efficient. It is, however, interesting to note that even if
the parameter space is an open interval, it does not follow as in Corollary 3.8 that
the MLE exists and hence is consistent (Problem 5.6). Sufficient conditions for
existence and uniqueness are given in Mäkeläinen, Schmidt, and Styan (1981).
As in the one-parameter case, if the solution of the likelihood equations is not
unique, Theorem 5.1 does not establish the existence of an efficient estimator of θ .
However, the methods mentioned in Section 2.5 also work in the present case. In
particular, if θ̃ n is a consistent sequence of estimators of θ , then the solutions θ̂ n of
the likelihood equations closest to θ̃ n , for example, in the sense that (θ̂j n − θ̃j n )2
is smallest, is asymptotically efficient.
More convenient, typically, is the approach of Theorem 4.3, which we now
generalize to the multiparameter case.
Theorem
5.3 Suppose that the assumptions of Theorem 5.1 hold and that θ̃j n is
√
a n-consistent estimator of θj for j = 1, . . . , s. Let {δkn , k = 1, . . . , s} be the
solution of the equations
s

(5.25)
k=1

(δkn − θ̃kn )ljk (θ̃ n ) = −lj (θ̃ n ).

Then, δn = (δ1n , . . . , δsn ) satisfies (5.10) with δj n in place of θ̂j n and, thus, is
asymptotically efficient.
Proof. The proof is a simple combination of the proofs of Theorem 4.3 and 5.1
and we shall only sketch it. Expanding the right side about θ 0 allows us to rewrite
(5.25) as
k (δkn − θ̃kn )ljk (θ̃ n ) = −lj (θ 0 ) − k (θ̃kn − θk0 )ljk (θ 0 ) + Rn
where

1
Rn = − k l (θ̃kn − θk0 )(θ̃ln − θl0 )ljkl (θ ∗n )
2

and hence as
√
1
n k (δkn − θk0 ) ljk (θ̃ n )
n


1  0 √
1
1
1
(5.26) = − √ lj (θ ) + n k (θ̃kn − θk0 ) ljk (θ̃ n ) − ljk (θ 0 ) + √ Rn .
n
n
n
n
This has the form (5.15), and it is easy to check (Problem 5.2) that the limits (in
probability) of the Aj kn are the same aj k as in (5.23) and that the second and
third terms on the right side of (5.26) tend toward zero in probability. Thus, the
joint distribution of the right side is the same √
as that of the Tj n given by (5.22). If
follows that the joint limit distribution of the n (δkn − θk0 ) is the same as that of
√
✷
the n (θ̂kn − θk0 ) in Theorem 3.2, and this completes the proof.
The following result generalizes Corollary 4.4 to the multiparameter case.
Corollary 5.4 Suppose that the assumptions of Theorem 5.3 hold and that the
elements Ij k (θ ) of the information matrix of the X’s are continuous. Then, the
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solutions δkn
of the equations

− θ̃kn )Ij k (θ̃ n ) = lj (θ̃ n )
n(δkn

(5.27)

are asymptotically efficient.
The proof is left to Problem 5.5.
6 Applications
Maximum likelihood (together with some of its variants) is the most widely used
method of estimation, and a list of its applications would cover practically the
whole field of statistics. [For a survey with a comprehensive set of references,
see Norden 1972-1973 or Scholz 1985.] In this section, we will discuss a few
applications to illustrate some of the issues arising. The discussion, however, is
not carried to the practical level, and in particular, the problem of choosing among
alternative asymptotically efficient methods is not addressed. Such a choice must
be based not only on theoretical considerations but requires empirical evidence
on the performance of the estimators at various sample sizes. For any specific
example, the relevant literature should be consulted.
Example 6.1 Weibull distribution. Let X1 , . . . , Xn be iid according to a twoparameter Weibull distribution, whose density it is convenient to write in a parameterization suggested by Cohen (1965b) as
γ γ −1 −x γ /β
x e
(6.1)
, x > 0, β > 0, γ > 0,
β
where γ is a shape parameter and β 1/γ a scale parameter. The likelihood equations,
after some simplification, reduce to (Problem 6.1)
γ

h(γ ) =

(6.2)

xi log xi
1 1
− =  log xi
γ
γ
n
xi

and
(6.3)

γ

β = xi /n.

To show that (6.2) has at most one solution, note that h (γ ) exceeds the derivative
of the first term, which equals (Problem 6.2) ai2 pi − (ai pi )2 with
ai = log xi ,

(6.4)

pi = eγ ai /

e γ aj .
j



It follows that h (γ ) > 0 for all γ > 0. That (6.2) always has a solution follows
from (Problem 6.2):
(6.5)

− ∞ = lim h(γ ) <
γ →0

1
 log xi < log x(n) = lim h(γ ).
γ →∞
n

This example, therefore, illustrates the simple situation in which the likelihood
equations always have a unique solution.

Example 6.2 Location-scale families. Let X1 , . . . , Xn be iid, each with density
(1/a)f [(x−ξ )/a]. The calculation of an ELE is easy when the likelihood equations
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have a unique root (ξ̂ , â). It was shown by Barndorff-Nielsen and Blaesild (1980)
that sufficient conditions for this to be the case is that f (x) is positive, twice
differentiable for all x, and strongly unimodal. Surprisingly, Copas (1975) showed
that it is unique also when f is Cauchy, despite the fact that the Cauchy density
is not strongly unimodal and that in this case the likelihood equation can have
multiple roots when a is known. Ferguson (1978) gave explicit formulas for the
Cauchy MLEs for n = 3 or 4. See also Haas et al. 1970 and McCullagh 1992.
In the presence √
of multiple roots, the simplest approach typically is that of
Theorem 5.3. The n-consistent estimators of ξ and a required by this theorem
are easily obtained in the present case. As was pointed out in Example 4.5, the
mean or median of the X’s will usually have the desired property for ξ . (When
f is asymmetric, this requires that ξ be specified to be some particular location
measure such
of the distribution of the Xi .) If E(Xi4 ) <
 as the mean or median
√
2
∞, ân = (Xi − X̄) /n will be n-consistent for a if the latter is taken to be
the population standard deviation. If E(Xi4 ) = ∞, one can instead, for example,
take a suitable multiple of the interquartile range X(k) − X(j ) , where k = [3n/4]
and j = [n/4] (see, for example, Mosteller 1946).
√
√
If f satisfies the assumptions of Theorem 5.1, then [ n(ξ̂n − ξ ), n(ân − a)]
have a joint bivariate normal distribution with zero means and covariance matrix
I −1 (a) = ||Iij (a)||−1 , which is independent of ξ and where I (a) is given by (2.6.20)
and (2.6.21).

If the distribution of the Xi depends on θ = (θ1 , . . . , θs ), it is interesting to
compare the estimation of θj when the other parameters are unknown with the
situation in which they are known. The mathematical meaning of this distinction
is that an estimator is permitted to depend on known parameters but not on unknown ones. Since the class of possible estimators is thus more restricted when the
nuisance parameters are unknown, it follows from Theorems 3.10 and 5.1 that the
asymptotic variance of an efficient estimator when some of the θ ’s are unknown
can never fall below its value when they are known, so that
(6.6)

1
≤ [I (θ )]−1
jj ,
Ijj (θ )

as was already shown in Section 2.6 as (2.6.25). There, it was also proved that
equality holds in (6.6) whenever


∂
∂
cov
(6.7)
log f (X|θ ),
log f (X|θ ) = 0 for all j = k,
∂θj
∂θk
and that this condition, which states that
(6.8)

I (θ )

is diagonal,

is also necessary for equality. For the location-scale families of Example 6.2, it
follows from (2.6.21) that I12 = 0 whenever f is symmetric about zero but not
necessarily otherwise. For symmetric f , there is therefore no loss of asymptotic
efficiency in estimating ξ or a when the other parameter is unknown.
Quite generally, if the off-diagonal elements of the information matrix are zero,
the parameters are said to be orthogonal. Although it is not always possible to find
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an entire set of orthogonal parameters, it is always possible to obtain orthogonality
between a scalar parameter of interest and the remaining (nuisance) parameters.
See Cox and Reid 1987 and Problem 6.5.
As another illustration of efficient likelihood estimation, consider a multiparameter exponential family. Here, UMVU estimators often are satisfactory solutions
of the estimation problem. However, the estimand may not be U -estimable and
then another approach is needed. In some cases, even when a UMVU estimator
exists, the MLE has the advantage of not taking on values outside the range of the
estimand.
Example 6.3 Multiparameter exponential families. Let X = (X1 ,. . ., Xn ) be
distributed according to an s-parameter exponential family with density (1.5.2)
with respect to a σ -finite measure µ, where x takes the place of x and where it is
assumed that T1 (X), . . . , Ts (X) are affinely independent with probability 1. Using
the fact that
∂
∂
(6.9)
[l(η )] = −
[A(η )] + Tj (x)
∂ηj
∂ηj
and other properties of the densities (1.5.2), one sees that the conditions of Theorem
5.1 are satisfied when the X’s are iid. By (1.5.14), the likelihood equations for the
η’s reduce to
Tj (x) = Eη [Tj (X)].

(6.10)

If these equations have a solution, it is unique (and is the MLE) since l(η ) is a
strictly concave function of η . This follows from Theorem 1.7.13 and the fact that,
by (1.5.15),
(6.11)

−

∂2
∂2
[l(η )] =
[A(η )] = cov[Tj (X), Tk (X)]
∂ηj ∂ηk
∂ηj ∂ηk

and that, by assumption, the matrix with entries (6.11) is positive definite.
Sufficient conditions for the existence of a solution of the likelihood equations
are given by Crain (1976) and Barndorff-Nielsen (1978, Section 9.3, 9.4), where
they are shown to be satisfied for the two-parameter gamma family of Table 1.5.1.
An alternative method for obtaining asymptotically efficient estimators for the
parameters of an exponential family is based on the mean-value parameterization (2.6.17). Slightly changing the formulation of the model, consider a sample
(X1 , . . . , Xn ) of size n from the family (1.5.2), and let T̄j = [T√
j (X1 ) + · · · +
Tj (Xn )]/n and θj = E(Tj ). By the CLT, the joint distribution of the n(T̄j − θj ) is
multivariate normal with zero means and covariance matrix σij = cov[Ti (X), Tj (X)].
This proves the T̄j to be asymptotically efficient estimators by (2.6.18).

For further discussion of maximum likelihood estimation in exponential families, see Berk 1972b, Sundberg 1974, 1976, Barndorff-Nielsen 1978, Johansen
1979, Brown 1986a, and Note 10.4.
In the next two examples, we shall consider in somewhat more detail the most
important case of Example 6.3, the multivariate and, in particular, the bivariate
normal distribution.
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Example 6.4 Multivariate normal distribution. Suppose we let (X1ν , . . . , Xpν ),
ν = 1, . . . , n, be a sample from a nonsingular normal distribution with means
E(Xiν ) = ξi and covariances cov(Xiν , Xj ν ) = σij . By (1.4.15), the density of the
X’s is given by


1
|F|n/2 (2π )−pn/2 exp − ηj k Sj k
(6.12)
2
where
Sj k = ν (Xj ν − ξj )(Xkν − ξk ), j, k = 1, . . . , p,
(6.13)
and where F = ||ηj k || is the inverse of the covariance matrix ||σj k ||.
Consider, first, the case in which the ξ ’s are known. Then, (6.12) is an exponential
family with Tj k = −(1/2)Sj k . If the matrix ||σj k || is nonsingular, the Tj k are affinely
independent with probability 1, so that the result of the preceding example applies.
Since E(Sj k ) = nσj k , the likelihood equations (6.10) reduce to nσj k = Sj k and
thus have the solutions
1
σ̂j k = Sj k .
(6.14)
n
The sample moments and correlations are, therefore, ELEs of the population
variances, covariances, and correlation coefficients. Also, the (j k)th element of
||σ̂j k ||−1 is an asymptotically efficient estimator of ηj k . In addition to being the
MLE, σ̂j k is the UMVU estimator of σj k (Example 2.2.4).
If the ξ ’s are unknown,
1
ν Xj ν = Xj ,
n
and σ̂j k , given by (6.14) but with Sj k now defined as
ξ̂j =

Sj k = ν (Xj ν − Xj .)(Xkν − Xk .),

(6.15)

continue to be ELEs for ξj and σj k (Problem 6.6).
If ξ is known, the asymptotic distribution of Sj k given by (6.13) is immediate from the central limit theorem since Sj k is the sum of n iid variables with
expectation
E(Xj ν − ξj )(Xkν − ξk ) = σj k
and variance
E[(Xj ν − ξj )2 (Xkν − ξk )2 ] − σj2k .
If j = k, it follows from Problem 1.5.26 that
E[(Xj ν − ξj )2 (Xkν − ξk )2 ] = σjj σkk + 2σj2k
so that
var[(Xj ν − ξj )(Xkν − ξk )] = σjj σkk + σj2k

Sj k
L
− σj k → N (0, σjj σkk + σj2k ).
(6.16)
n
n
If ξ is unknown, the Sj k given by (6.15) are independent of the Xi , and the
asymptotic distribution of (6.15) is the same as that of (6.13) (Problem 6.7).


and

√
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Example 6.5 Bivariate normal distribution. In the preceding example, it was
seen that knowing the means does not affect the efficiency with which the covariances can be estimated. Let us now restrict attention to the covariances and, for
the sake of simplicity, suppose that p = 2. With an obvious change of notation,
let (Xi , Yi ), i = 1, . . . , n be iid, each with density (1.4.16). Since the asymptotic
distribution of σ̂ , τ̂ , and ρ̂ are not affected by whether or not ξ and η are known,
let us assume ξ = η = 0. For the information matrix I (θ ) [where θ = (σ 2 , τ 2 , ρ)],
we find [Problem 6.8(a)]


−ρ 2
−ρ
2 − ρ2
 4σ 4
4σ 2 τ 2
2σ 2 






2
2
−ρ
2
−
ρ
−ρ


(6.17)
(1 − ρ 2 )I (θ ) = 
.
4
2
 4σ 2 τ 2
4τ
2τ 




2 
 −ρ
−ρ
1+ρ
2σ 2
2τ 2
1 − ρ2
√
Inversion of this matrix gives the covariance matrix of the n(θ̂j −θj ) as [Problem
6.8(b)]


2σ 4
2ρ 2 σ 2 τ 2
ρ(1 − ρ 2 )σ 2
 2ρ 2 σ 2 τ 2
2τ 4
ρ(1 − ρ 2 )τ 2  .
(6.18)
2
2
2 2
ρ(1 − ρ )σ ρ(1 − ρ )τ
(1 − ρ 2 )2
Thus, we find that
√
L
n(σ̂ 2 − σ 2 ) → N (0, 2σ 4 ),
√ 2
L
(6.19)
n(τ̂ − τ 2 ) → N (0, 2τ 4 ),
√
L
n(ρ̂ − ρ) → N [0, (1 − ρ 2 )2 ].
On the other hand, if σ and τ are known to be equal to 1, the MLE ρ̂ˆ of ρ satisfies
(Problem 6.9)


√ ˆ
(1 − ρ 2 )2
L
n (ρ̂ − ρ) → N 0,
(6.20)
,
1 + ρ2
whereas if ρ and τ are known, the MLE σ̂ˆ of σ satisfies (Problem 6.10)


√ ˆ2
4σ 4 (1 − ρ 2 )
2 L
(6.21)
.
n(σ̂ − σ ) → N 0,
2 − ρ2

A criterion for comparing ρ̂ to ρ̂ˆ is provided by the asymptotic relative efficiency.
√
L
Definition 6.6 If the sequence of estimators δn of g(θ) satisfies n[δn − g(θ )] →
N(0, τ 2 ), and the sequence of estimators δn  , where δn  is based on n = n (n) ob√
L
servations, also satisfies n [δn  − g(θ )] → N (0, τ 2 ), then the asymptotic relative
efficiency (ARE) of {δn } with respect to {δn } is
n (n)
,
n→∞ n

eδ,δ = lim
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provided the limit exists and is independent of the subsequences n .
The interpretation is clear. Suppose, for example, the e = 1/2. Then, for large
values of n, n is approximately equal to (1/2)n. To obtain the same limit distribution (and limit variance), half as many observations are therefore required with
δ  as with δ. It is then reasonable to say that δ  is twice as efficient as δ or that δ is
half as efficient as δ  .
The following result shows that in order to obtain the ARE, it is not necessary
to evaluate the limit n (n)/n.
√
L
Theorem 6.7 If n [δin − g(θ )] → N (0, τi2 ), i = 1, 2, then the ARE of {δ2n } with
respect to {δ1n } exists and is e2,1 = τ12 /τ22 .
Proof. Since

$

n√ 
n [δ2n − g(θ )],
n
it follows from
! same limit distribution
√ Theorem 1.8.10 that the left side has the
N(0, τ12 ) as n [δ1n − g(θ )] if and only if lim n/n (n) exists and
n
τ22 lim 
= τ12 ,
n (n)
√

n [δ2n − g(θ )] =

✷

as was to be proved.

Example 6.8 Continuation of Example 6.5. It follows from (6.19) and 6.20) that
the efficiency of ρ̂ to ρ̂ˆ is
1
eρ̂,ρ̂ˆ =
(6.22)
.
1 + ρ2
This is 1 when ρ = 0 but can be close to 1/2 when |ρ| is close to 1. Similarly,
(6.23)

e

σ̂ 2 ,σ̂ˆ

2

=

2(1 − ρ)2
.
2 − ρ2

This efficiency is again 1 when ρ = 0 but tends to zero as |ρ| → 1. This last result,
which at first may seem surprising, actually is easy to explain. If ρ were equal to
1, and τ = 1 say, we would have Xi = σ Yi . Since both Xi and Yi are observed, we
could then determine σ without error from a single observation.

Example 6.9 Efficiency of nonparametric UMVU estimator. As another example of an efficiency calculation, recall Example 2.2.2. If X1 , . . ., Xn are iid
according to N(θ, 1), it was found that the UMVU estimator of
p = P (X1 ≤ a)

n
(a − X̄) .
n−1
Suppose now that we do not trust the assumption of normality; then, we might,
instead of (6.24), prefer to use the nonparametric UMVU estimator derived in
Section 2.4, namely
1
δ2n = (No. of Xi ≤ a).
(6.25)
n
$

is

(6.24)

δ1n = X
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What do we lose by using (6.25) instead of (6.24) if the X’s are N (0, 1) after
all? Note that p is then given by
p = X(a − θ)

(6.26)
and that

√

n(δ1n − p) → N [0, φ 2 (a − θ )].
On the other hand, nδ2n is the number of successes in n binomial trials with success
probability p, so that
√
n(δ2n − p) → N (0, p(1 − p)).
It thus follows from Theorem 6.7 that
(6.27)

e2,1 =

φ 2 (a − θ )
.
X(a − θ)[1 − X(a − θ )]

At a = θ (when p = 1/2), e2,1 = (1/2π)/(1/4) = 2/π ≈ 0.637. As a − θ → ∞,
the efficiency tends to zero (Problem 6.12). It can be shown, in fact, that (6.27) is
a decreasing function of |a − θ| (for a proof, see Sampford, 1953). The efficiency
loss resulting from the use of δ2n instead of δ1n is therefore quite severe. If the
underlying distribution is not normal, however, this conclusion could change (see
Problem 6.13).

Example 6.10 Normal mixtures. Let X1 , . . . , Xn be iid, each with probability
p as N(ξ, σ 2 ) and probability q = 1 − p as N (η, τ 2 ). (The Tukey models are
examples of such distributions with η = ξ.) The joint density of the X’s is then
given by

"


n

q
p
1
1
2
2
(6.28)
.
(xi − η)
exp − 2 (xi − ξ ) + √
exp
√
2σ
2τ 2
2πσ
2πτ
i=1
This is a sum of non-negative terms of which one, for example, is proportional to


1
1 n
1
2
2
exp − 2 (x1 − ξ ) − 2
(xi − η) .
σ τ n−1
2σ
2τ i=2
When ξ = x1 and σ → 0, this term tends to infinity for any fixed values of η, τ , and
x2 , . . . , xn . The likelihood is therefore unbounded and the MLE does not exist. (The
corresponding result holds for any other mixture with density O{(p/σ )f [(xi −
ξ )/σ ] + (q/τ )f [(xi − η)/τ ]} when f (0) = 0.)
On the other hand, the conditions of Theorem 5.1 are satisfied (Problem 6.10)
so that efficient solutions of the likelihood equations exist and asymptotically
efficient estimators can be obtained
through Theorem 5.3. One approach to the
√
determination of the required n-consistent estimators is the method of moments.
In the present case, this means equating the first five moments of the X’s with the
corresponding sample moments and then solving for the five parameters. For the
normal mixture problem, these estimators were proposed in their own right by K.
Pearson (1894). For a discussion and possible simplifications, see Cohen 1967,
and for more details on mixture problems, see Everitt and Hand 1981, Titterington
et al. 1985, McLachlan and Basford 1988, and McLachlan 1997.
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A study of the improvement of an asymptotically efficient estimator over that
obtained by the method of moments has been carried out for the case for which it
is known that τ = σ (Tan and Chang 1972). If W = (η − ξ )/σ , the AREs for the
estimation of all four parameters depend only on W and p. As an example, consider
the estimation of p. Here, the ARE is < 0.01 if W < 1/2 and p < 0.2; it is < 0.1
if W < 1/2 and 0.2 < p < 0.4, and is > 0.9 if W > 0.5. (For an alternative
starting point for the application of Theorem 5.3, see Quandt and Ramsey 1978,
particularly the discussion by N. Kiefer.)

Example 6.11 Multinomial experiments. Let (X0 , X1 , . . . , Xs ) have the multinomial distribution (1.5.4). In the full-rank exponential representation,
exp[n log p0 + x1 log(p1 /p0 ) + · · · + xs log(ps /p0 )]h(x),
the statistics Tj can be taken to be the Xj . Using the mean-value parameterization,
the likelihood equations (6.10) reduce to npj = Xj so that the MLE of pj is
p̂j = Xj /n (j = 1, . . . , s). If Xj is 0 or n, the
 likelihood equations have no
solution in the parameter space 0 < pj < 1, sj =1 pj < 1. However, for any
fixed vector p, the probability of any Xj taking on either of these values tends
to zero as n → ∞. (But the convergence is not uniform, which causes trouble
for asymptotic confidence intervals; see Lehmann and Loh 1990.) That the MLEs
p̂j are asymptotically efficient is seen by introducing the indicator variables Xj ν ,
ν = 1, . . . , n, which are 1 when the νth trial results in outcome j and are 0
otherwise. Then, the vectors (Xoν , . . . , Xsν ) are iid and Tj Xj 1 + · · · + Xj n , so that
asymptotic efficiency follows from Example 6.3.

In applications of the multinomial distribution to contingency tables, the p’s are
usually subject to additional restrictions. Theorem 5.1 typically continues to apply,
although the computation of the estimators tend to be less obvious. This class of
problems is treated comprehensively in Haberman (1973, 1974), Bishop, Fienberg, and Holland (1975), and Agresti (1990). Empty cells often present special
problems.
7 Extensions
The discussion of efficient likelihood estimation so far has been restricted to the iid
case. In the present section, we briefly mention extensions to some more general
situations, which permit results analogous to those of Sections 6.3–6.5. Treatments
not requiring the stringent (but frequently applicable) assumptions of Theorem 3.10
and 5.1 have been developed by Le Cam 1953, 1969, 1970, 1986, and others. For
further work in this direction, see Pfanzagl 1970, 1994, Weiss and Wolfowitz 1974,
Ibragimov and Has’minskii 1981, Blyth 1982, Strasser 1985, and Wong(1992).
The theory easily extends to the case of two or more samples. Suppose that the
variables Xα1 , . . . , Xαnα in the αth sample are iid according to the distribution with
density fα,θ (α = 1, . . . , r) and that the r samples are independent. In applications,
it will typically turn out that the vector parameter θ = (θ1 , . . . , θs ) has some
components occurring in more than one of the r distributions, whereas others may
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be specific to just one distribution. However, for the present discussion, we shall
permit each of the distributions to depend on all the parameters.
The limit situation we shall consider supposes that each of the sample sizes nα
tends to infinity, all at the same rate, but that r remains fixed. Consider, therefore,
r
sequences of sample sizes nα,k (k = 1, . . . , ∞) with total sample size Nk = α=1
nα k
such that
(7.1)
nα,k /Nk → λα as k → ∞
where λα = 1 and the λα are > 0.
Theorem 7.1 Suppose the assumptions of Theorem 5.1 hold for each of the densities fα,θ . Let I (α) (θ ) denote the information matrix corresponding to fα,θ and
let
(7.2)
I (θ ) = λα I (α) (θ ).
The log likelihood l(θ ) is given by
l(θ ) =

r

nα

log fα,θ (xαj )

α=1 j =1

and the likelihood equations by
(7.3)

∂
l(θ ) = 0
∂θj

(j = 1, . . . , s).

With these identifications, the conclusions of Theorem 5.1 remain valid.
The proof is an easy extension of that of Theorem 5.1 since l(θ ), and therefore
each term of its Taylor expansion, is a sum of r independent terms of the kind
considered in the proof of Theorem 5.1 (Problem 7.1). (For further discussion of
this situation, see Bradley and Gart 1962.)
That asymptotic efficiency continues to have the meaning it had in Theorems
3.10 and 5.1and follows from the fact that Theorem 2.6 and its extension to the multiparameter case also extends to the present situation (see Bahadur 1964, Section
4).
Corollary 7.2 Under the assumptions of Theorem 7.1, suppose that for each α,
all off-diagonal elements in the j th row and j th column of I (α) (θ ) are zero. Then,
the asymptotic variance of θ̂j is the same when the remaining θ ’s are unknown as
when they are known.
Proof. If the property in question holds for each I (α) (θ ), it also holds for I (θ ) and
the result thus follows from Problem 6.3.
✷
The following four examples illustrate some applications of Theorem 7.1.
Example 7.3 Estimation of a common mean. Let X1 , . . . , Xm and Y1 , . . . , Yn
be independently distributed according to N (ξ, σ 2 ) and N (ξ, τ 2 ), respectively,
with ξ , σ , and τ unknown. The problem of estimating ξ was considered briefly in
Example 2.2.3 where it was found that a UMVU estimator for ξ does not exist.
Complications also arise in the problem of asymptotically efficient estimation of
ξ.
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Since the MLEs of the mean and variance of a single normal distribution are
asymptotically independent, Corollary 7.2 applies and shows that ξ can be estimated with the efficiency that is attainable when σ and τ are known. Now, in that
case, the MLE—which is also UMVU—is
ξ̂ =

(m/σ 2 )X̄ + (n/τ 2 )Ȳ
.
m/σ 2 + n/τ 2

It is now tempting to claim that Theorem 1.8.10 implies that the asymptotic distribution of ξ̂ is not changed when σ 2 and τ 2 are replaced by
(7.4)

σ̂ 2 =

1
(Xi − X̄)2
m−1

and

τ̂ 2 =

1
(Yj − Ȳ )2
n−1

and the resulting estimator, say ξ̂ˆ , is asymptotically normal and efficient. However,
this does not immediately follow. To see why, let us look at the simple case where
m = n and, hence, var(ξ̂ ) = (σ 2 + τ 2 )/n. Consider the asymptotic distribution of
√ ξ̂ˆ − ξ
√ ξ̂ˆ − ξ̂
√ ξ̂ − ξ
n√
= n√
+ n√
.
σ2 + τ2
σ2 + τ2
σ2 + τ2
√
Since ξ̂ is efficient, efficiency of ξ̂ˆ will follow if n(ξ̂ˆ − ξ̂ ) → 0, which is not
the case. But Theorem 7.1 does apply, and an asymptotically efficient estimator is
given by the full MLE (see Problem 7.2).

(7.5)

Example 7.4 Balanced one-way random effects model. Consider the estimation
of variance components σA2 and σ 2 in model (3.5.1). In the canonical form (3.5.2),
we are dealing with independent normal variables Z11 and Zi1 , (i = 2, . . . , s), and
Zij , (i = 1, . . . , s, j = 2, . . . , n). We shall restrict attention to the second and third
group, as suggested by Thompson (1962), and we are then dealing with samples
of sizes s − 1 and (n − 1)s from N (0, τ 2 ) and N (0, σ 2 ), where τ 2 = σ 2 + nσA2 .
The assumptions of Theorem 7.1 are satisfied with r = 2, θ = (σ 2 , τ 2 ), and the
parameter space
= {(σ, τ ) : 0 < σ 2 < τ 2 }. For fixed n, the sample sizes
n1 = s − 1 and n2 = s(n − 1) tend to infinity as s → ∞, with λ1 = 1/n and
λ2 = (n − 1)/n.
The joint density of the second and third group of Z’s constitutes a two-parameter
exponential family; the log likelihood is given by
(7.6)

− l(θ ) = n2 log σ + n1 log τ +

S2
SA2
+
+c
2σ 2 2τ 2

 

2
where S 2 = si=1 nj=2 Zij2 and SA2 = si=1 Zi1
. By Example 7.8, the likelihood
equations have at most one solution. Solving the equations yields
(7.7)

σ̂ 2 = S 2 /n2 ,

τ̂ 2 = SA2 /n1 ,

and these are the desired (unique, ML) solution, provided they are in
they satisfy
(7.8)

σ̂ 2 < τ̂ 2 .

, that is,
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It follows from Theorem 5.1 that the probability of (7.8) tends to 1 as s → ∞ for
any θ ∈ ; this can also be seen directly from the fact that σ̂ 2 and τ̂ 2 tend to σ 2
and τ 2 in probability.
What can be said when (7.8) is violated? The likelihood equations then have no
root in and an MLE does not exist (the likelihood attains its maximum at the
boundary point σ̂ 2 =τ̂ 2 =(SA2 + S 2 )/(n1 + n2 ) which is not in ). However, none of
this matters from the present point of view since the asymptotic theory has nothing
to say about a set of values whose probability tends to zero. (For small-sample
computations of the mean squared error of a number of estimators of σ 2 and σA2 ,
see Klotz, Milton and Zacks 1969, Portnoy 1971, and Searle et al. 1992.)
The joint asymptotic distribution of σ̂ 2 and τ̂ 2 can be obtained from Theorem
6.7 or directly from the distribution of SA2 and S 2 and the CLT, and a linear transformation of the limit distribution then gives the joint asymptotic distribution of
σ̂ 2 and σ̂A2 (Problem 7.3).

Example 7.5 Balanced two-way random effects model. A new issue arises as we
go from the one-way to the two-way layout with the model given by (3.5.5). After
elimination of Z111 (in the notation of Example 5.2), the data in canonical form
consist of four samples Zi11 (i = 2, . . . , I ), Z1j 1 (j = 2, . . . , J ), Zij 1 (i = 2, . . . , I ,
j = 2, . . . , J ), and Zij k (i = 1, . . . , I , j = 1, . . . , J , k = 2, . . . , n), and the
parameter is θ = (σ, τA , τB , τC ) where
(7.9)

τC2 = σ 2 + nσC2 ,

τB2 = nI σB2 + nσC2 + σ 2 ,

τA2 = nJ σA2 + nσC2 + σ 2

so that = {θ : σ 2 < τC2 < τA2 , τB2 }. The joint density of these variables constitutes
a four-parameter exponential family. The likelihood equations thus again have at
most one root, and this is given by
σ̂ 2 = S 2 /(n − 1)I J,

τ̂C2 = SC2 /(I − 1)(J − 1),

τ̂B2 = SB2 /(J − 1),

τ̂A2 = SA2 /(I − 1)

when σ̂ 2 < τ̂C2 < τˆA 2 , τˆB 2 . No root exists when these inequalities fail.
In this case, asymptotic theory requires that both I and J tend to infinity, and
assumption (7.1) of Theorem 7.1 then does not hold. Asymptotic efficiency of the
MLEs follows, however, from Theorem 5.1 since each of the samples depends
on only one of the parameters σ 2 , τA2 , τB2 , and τC2 . The apparent linkage of these
parameters through the inequalities σ 2 < τC2 < τA2 , τB2 is immaterial. The true point
θ 0 = (σ 0 , τA0 , τB0 , τC0 ) is assumed to satisfy these restrictions, and each parameter
can then independently vary about the true value, which is all that is needed for
Theorem 5.1. It, therefore, follows√as in the preceding example that the MLEs are
asymptotically efficient, and that (n − 1)I J (σ̂ 2 − σ 2 ), and so on. have the limit
distributions given by Theorem 5.1 or are directly obtainable from the definition
of these estimators.

A general large-sample treatment both of components of variance and the more
general case of mixed models, without assuming the models to be balanced was
given by Miller (1977); see also Searle et al. 1992, Cressie and Lahiri 1993, and
Jiang 1996, 1997.
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Example 7.6 Independent binomial experiments. As in Section 3.5, let Xi
(i = 1, . . . , s) be independently distributed according to the binomial distributions b(pi , ni ), with the pi being functions of a smaller number of parameters.
If the ni tend to infinity at the same rate, the situation is of the type considered
in Theorem 7.1, which will, in typical cases, ensure the existence of an efficient
solution of the likelihood equations with probability tending to 1.
As an illustration, suppose, as in (3.6.12), that the p’s are given in terms of the
logistic distribution, and more specifically that
e−(α+βti )
1 + e−(α+βti )
where the t’s are known numbers and α and β are the parameters to be estimated.
The likelihood equations
pi =

(7.10)

(7.11)

n i pi =

xi ,

ni ti pi =

ti xi

have at most one solution (Problem 7.6) which will exist with probability tending
to 1 (but may not exist for some particular finite values) and which can be obtained
by standard iterative methods.
That the likelihood equations have at most one solution is true not only for the
model (7.10) but more generally when


pi = 1 − F
βj tj
(7.12)
where the ts are known, the βs are being estimated, and F is a known distribution
function with log F (x) and log[1 − F (x)] strictly concave. (See Haberman 1974,
Chapter 8; and Problem 7.7.) For further discussion of this and more general
logistic regression models, see Pregibon 1981 or Searle et al. 1992, Chapter 10. 
For the multinomial problem mentioned in the preceding section and those of
Example 7.6, alternative methods have been developed which are asymptotically
equivalent to the ELEs, and hence also asymptotically efficient. These methods
are based on minimizing χ 2 or some other functions measuring the distance of the
vector of probabilities from that of the observed frequencies. (See, for example,
Neyman 1949, Taylor 1953, Le Cam 1956, 1990, Wijsman 1959, Berkson 1980,
Amemiya 1980, and Ghosh and Sinha 1981 or Agresti 1990 for entries to the
literature on choosing between these different estimators.)
The situation of Theorem 7.1 shares with that of Theorem 3.10 the crucial property that the total amount of information T (θ ) asymptotically becomes arbitrarily
large. In the general case of independent but not identically distributed variables,
this need no longer be the case.
Example 7.7 Total information. Let Xi (i = 1, . . . , n) be independent Poisson
variables with E(Xi ) = γi λ where the γ ’s are known numbers. Consider two cases.
∞
(a)
i=1 γi < ∞. The amount of information Xi contains about λ is γi /λ
by (2.5.11) and Table 2.5.1 and the total amount of information Tn (λ) that
(X1 , . . . , Xn ) contains about λ is therefore
(7.13)

Tn (λ) =

1
λ

n
i=1

γi .
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It is intuitively plausible that in these circumstances λ cannot be estimated consistently because only the early observations provide an appreciable amount
n
of information. To prove this formally, note that Yn = i=1
Xi is a sufficient
statistic for λ on the basis of (X1 , . . . , Xn ) and that Yn has Poisson distribun
tion with mean λi=1
γi . Thus, all the Y ’s are less informative than a random
∞
variable Y with distribution P (λi=1
γi ) in the sense that the distribution of
any estimator based on Yn can be duplicated by one based on Y (Problem
7.9). Since λ cannot be estimated exactly on the basis of Y , the result follows.
n
n
∞
(b) i=1
γi = ∞. Here, the MLE δn = i=1
Xi /i=1
γi is consistent and asymptotically normal (Problem 7.10) with

1/2
n

(7.14)

γi

L

(δn − λ) → N (0, λ).

i=1

Thus, δn is approximately distributed as N [λ, 1/Tn (λ)] and an extension of Theorem 2.6 to the present case (see Bahadur 1964) permits the conclusion that δn is
asymptotically efficient.
Note: The
constant required for asymptotic normality must be propor norming
n
tional to i=1
γi . Depending on the nature of the √
γ ’s, this can be any function
of n tending to infinity rather than the customary n. In general, it is the total
amount of information rather than the sample size which governs the asymptotic
distribution
estimator. In the iid case, Tn (θ ) = nI (θ ),
√ of an asymptotically efficient
√
so that Tn (θ ) is proportional to n.

A general treatment of the case of independent random variables with densities
fj (xj |θ ), θ = (θ1 , . . . , θr ), along the lines of Theorems 3.10 and 5.1 has been given
by Bradley and Gart (1962) and Hoadley (1971) (see also Nordberg 1980). The
proof (for r = 1) is based on generalizations of (3.18)-(3.20) (see Problem 7.14)
and hence depends on a suitable law of large numbers and central limit theorem for
sums of independent nonidentical random variables. In the multiparameter case,
of course, it may happen that some of the parameters can be consistently estimated
and others not.
The theory for iid variables summarized by Theorems 2.6, 3.10, and 5.1 can be
generalized not only to the case of independent nonidentical variables but also to
dependent variables whose joint distribution depends on a fixed number of parameters θ = (θ1 , . . . , θr ) where, for illustration, we take r = 1. (The generalization
to r > 1 is straightforward.) The log likelihood l(θ) is now the sum of the logarithms of the conditional densities fj (xj |θ, x1 , . . . , xj −1 ) and the total amount of
information Tn (θ ) is the sum of the expected conditional amounts of information
Ij (θ ) in Xj , given X1 , . . . , Xj −1 :
 

2 
2
∂
∂
Ij (θ ) = E E
=E
log fj (Xj |θ, X1 , . . . , Xj −1 )
log fj (Xj |θ ) .
∂θ
∂θ
Under regularity conditions on the fj ’s, analogous to those of Theorems 3.10
and 5.1 together with additional conditions to ensure that the total amount of
information tends to infinity as n → ∞ and that the appropriate CLT for dependent
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variables is applicable, it can be shown that with probability tending to 1, there
√
L
exists a root θ̂n of the likelihood equations such that Tn (θ)(θ̂n − θ) → N (0, 1).
This program has been carried out in a series of papers by Bar-Shalom (1971),
Bhat (1974), and Crowder (1976).5 [The required extension of Theorem 2.6 can be
obtained from Bahadur (1964); see also Kabaila 1983.] The following illustrates
the theory with a simple classic example.
Example 7.8 Normal autoregressive Markov series. Let
(7.15)

Xj = βXj −1 + Uj ,

j = 2, . . . , n,

where the Uj are iid as N (0, 1), where β is an unknown parameter satisfying
|β| < 1,6 and where X1 is N (0, σ 2 ). The X’s all have marginal normal distributions
with mean zero. The variance of Xj satisfies
(7.16)

var (Xj ) = β 2 var(Xj −1 ) + 1

and hence var(Xj ) = σ 2 for all j provided
(7.17)

σ 2 = 1/(1 − β 2 ).

This is the stationary case in which (Xj1 , . . . , Xj k ) has the same distribution as
(Xj1 +r , . . . , Xjk +r ) for all r = 1, 2, . . . (Problem 7.15).
The amount of information that each Xj (j > 1) contains about β is (Problem
7.17) Ij (θ ) = 1/(1 − β 2 ), so that Tn (β) ∼ n/(1 − β 2 ). The general theory therefore
suggests the existence of a root β̂n of the likelihood equation such that
√
L
n(β̂n − β) → N (0, 1 − β 2 ).
(7.18)
That (7.18) does hold can also be checked directly (see, for example, Brockwell
and Davis 1987, Section 8.8 ).

The conclusions of this section up to this point can be summarized by saying
that the asymptotic theory developed for the iid case in Sections 6.2–6.6 continues
to hold—under appropriate safeguards—even if the iid assumption is dropped,
provided the number of parameters is fixed and the total amount of information
goes to infinity.
We shall now briefly consider two generalizations of the earlier situation to
which this conclusion does not apply. The first concerns the case in which the
number of parameters tends to infinity with the total sample size.
In Theorem 7.1, the number r of samples was considered fixed, whereas the
sample sizes nα were assumed to tend to infinity. Such a model is appropriate when
one is dealing with a small number of moderately large samples. A quite different
asymptotic situation arises in the reverse case of a large number (considered as
tending to infinity) of finite samples. Here, an important distinction arises between
structural parameters such as ξ in Example 7.3, which are common to all the
samples and which are the parameters of interest, and incidental parameters such
5
6

A review of the literature of maximum likelihood estimation in both discrete and continuous parameter stochastic processes can be found in Basawa and Prakasa Rao(1980).
For a discussion without this restriction, see Anderson (1959) and Heyde and Feigin (1975).

482

ASYMPTOTIC OPTIMALITY

[ 6.7

as σ 2 and τ 2 in Example 7.3, which occur in only one of the samples. That Theorem
5.1 does not extend to this case is illustrated by the following two examples.
Example 7.9 Estimation of a common variance. Let Xαj (j = 1, . . . , r) be
independently distributed according to N (θα , σ 2 ), α = 1, . . . , n. The MLEs are
1
(Xαj − Xα .)2 .
rn
Furthermore, these are the unique solutions of the likelihood equations.
However, in the present case, the MLE of σ 2 is not even consistent. To see this,
note that the statistics
Sα2 = (Xαj − Xα .)2
(7.19)

θ̂α = Xα· ,

σ̂ 2 =

are identically independently distributed with expectation
E(Sα2 ) = (r − 1)σ 2 ,
so that Sα2 /n → (r − 1)σ 2 and hence
(7.20)

σ̂ 2 →

r −1 2
σ
r

in probability.

A consistent and efficient estimator sequence of σ 2 is available in the present case,
namely
2
1
σ̂ˆ =
S 2 .
(r − 1)n α

The study of this class of problems (including Example 7.9) was initiated by
Neyman and Scott (1948), who also considered a number of other examples including one in which an MLE is consistent but not efficient.
A reformulation of the problem of structural parameters was proposed by Kiefer
and Wolfowitz (1956), who considered the case in which the incidental parameters
are themselves random variables, identically independently distributed according
to some distribution, but, of course, unobservable. This will often bring the situation
into the area of applicability of Theorems 5.1 or 7.1.
Example 7.10 Regression with both variables subject to error. Let Xi and Yi
(i = 1, . . . , n) be independent normal with means E(Xi ) = ξi and E(Yi ) = ηi and
variances σ 2 and τ 2 , where ηi = α+βξi . There is, thus, a linear relationship between
ξ and η, both of which are observed with independent, normally distributed errors.
We are interested in estimating β and, for the sake of simplicity, shall take α as
known to be zero. Then, θ = (β, σ 2 , τ 2 , ξ1 , . . . , ξn ), with the first three parameters
being structural and the ξ ’s incidental. The likelihood is proportional to


1
1
1
2
2
(7.21)
exp − 2 (xi − ξi ) − 2 (yi − βξi ) .
σ nτ n
2σ
2τ
The likelihood equations have two roots, given by (Problem 7.20),
6
yi2
1
(7.22) β̂ = ±
, 2nσ̂ 2 = xj2 − xj yj , 2nτ̂ 2 = yj2 − β̂xj yj ,
xi2
β̂
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i = 1, . . . , n

and the likelihood is larger at the root for which β̂xi yi > 0. If Theorem 5.1
applies, one of these roots must be consistent and, hence, tend to β in probability. Since SX2 = Xj2 and SY2 = Yj2 are independently distributed according to
noncentral χ 2 -distributions with noncentrality parameters λ2n = jn=1 ξj2 and β 2 λ2n ,
their limit behavior depends on that of λn . (Note, incidentally, that for λn = 0, the
parameter β becomes unidentifiable.) Suppose that λ2n /n → λ2 > 0. The distribution of SX2 and SY2 is unchanged if we replace each ξi2 by λ2n /n, and by the law
of large numbers, Xj2 /n therefore has the same limit as
E(X12 ) = σ 2 +

1 2
λ → σ 2 + λ2 .
n n
P

Similarly, Yj2 /n tends in probability to τ 2 + β 2 λ2 and, hence, β̂n2 → (τ 2 +
β 2 λ2 )/(σ 2 + λ2 ). Thus, neither of the roots is consistent. [It was pointed out by
Solari (1969) that the likelihood in this problem is unbounded so that an MLE
does not exist (Problem 7.21). The solutions (7.22) are, in fact, saddlepoints of the
likelihood surface.]
If in (7.21) it is assumed that τ = σ , it is easily seen that the MLE of β is
consistent (Problem 7.18). For a discussion of this problem and some of its generalizations, see Anderson 1976, Gleser 1981, and Anderson and Sawa 1982. Another
modification leading to a consistent MLE is suggested by Copas (1972a).
Instead of (7.21), it is sometimes assumed that the ξ ’s are themselves iid according to a normal distribution N (µ, γ 2 ). The pairs (Xi , Yi ) then constitute a sample
from a bivariate normal distribution, and asymptotically efficient estimators of the
parameters µ, γ , β, σ , and τ can be obtained from the MLEs of Example 6.4. An
analogous treatment is possible for Example 7.9.

Kiefer and Wolfowitz (1956) have considered not only this problem and that
of Example 7.9, but a large class of problems of this type by postulating that
the ξ ’s are iid according to a distribution G, but treating G as unknown, subject
only to some rather general regularity assumptions. Alternative approaches to the
estimation of structural parameters in the presence of a large number of incidental
parameters are discussed by Andersen (1970b) and Kalbfleisch and Sprott (1970).
A discussion of Example 7.10 and its extension to more general regression models
can be found in Stuart and Ord (1991, Chapters 26 and 28), and of Example 7.9
in Jewell and Raab (1981).
A review of these models, also known as measurement error models, is given
by Gleser (1991) and is the topic of the book by Carroll, Ruppert, and Stefanski
(1995).
Another extension of likelihood estimation leads us along the lines of Example
4.5, in which it was seen that an estimator such as the sample median, which
was not the MLE, was a desirable alternative. Such situations can lead naturally
to replacing the likelihood function by another function, often with the goal of
obtaining a robust estimator.
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Such an approach was suggested by Huber (1964), resulting in a compromise between
the mean and

 the median. The mean and the median minimize, respectively,
(xi − a)2 and |xi − a|. Huber suggested minimizing instead
n

(7.23)

ρ(xi − a)

i=1

where ρ is given by
(7.24)

ρ(x) =

1 2
x
2

k|x| −

1 2
k
2

if |x| ≤ k
if |x| ≥ k.

This function is proportional to x 2 for |x| ≤ k, but outside this interval, it replaces
the parabolic arcs by straight lines. The pieces fit together so that ρ and its derivative
ρ  are continuous (Problem 7.22). As k gets larger, ρ will agree with 21 x 2 over most
of its range, so that the estimator comes close to the mean, As k gets smaller, the
estimator will become close to the median. As a moderate compromise, the value
k = 1.5 is sometimes suggested.
The Huber estimators minimizing (7.23) with ρ given by (7.24) are a subset of
the class of M-estimators obtained by minimizing (7.23) for arbitrary ρ. If ρ is
convex and even, as is the case for (7.24), it follows from Theorem 1.7.15 that the
minimizing values of (7.23) constitute a closed interval; if ρ is strictly convex, the
minimizing value is unique. If ρ has a derivative ρ  = ψ, the M-estimators Mn
may be defined as the solutions of the equation
n

(7.25)

ψ(xi − a) = 0.

i=1

If X1 , . . . , Xn are iid according to F (x − θ) where F is symmetric about zero
and has density f , it turns out under weak assumptions on ψ and F that
√
(7.26)
n(Mn − θ ) → N [0, σ 2 (F, ψ)]
where

ψ 2 (x)f (x)dx
,
[ ψ  (x)f (x)dx]2
provided both numerator and denominator on the right side are finite and the
denominator is positive.
Proofs of (7.26) can be found in Huber (1981), in which a detailed account of the
theory of M-estimators is given not only for location parameters, but also in more
general settings. See also Serfling 1980, Chapter 7, Hampel et al. 1986, Staudte
and Sheather 1990, as well as Problems 7.24-7.26.
For
(7.28)
ρ(x) = − log f (x),
#
minimizing (7.23) is equivalent to maximizing f (xi − a), and the M-estimator
then coincides with the maximum likelihood estimator. In particular, for known
F , the M-estimator of θ corresponding to (7.28) satisfies (7.26) with σ 2 = 1/If
(see Theorem 3.10). Further generalizations are discussed in Note 10.4.
(7.27)

σ 2 (F, ψ) =
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The results of this chapter have all been derived in the so-called regular case,
that is, when the densities satisfy regularity assumptions such as those of Theorems
2.6, 3.10, and 5.1. Of particular importance for the validity of the conclusions is
that the support of the distributions Pθ does not vary with θ . Varying support brings
with it information that often makes it possible to estimate some of the parameters
with greater accuracy than that attainable in the regular case.
Example 7.11 Uniform MLE. Let X1 , . . . , Xn be iid as U (0, θ ). Then, the MLE
of θ is θ̂n = X(n) and satisfies (Problem 2.6)
(7.29)

L

n(θ − θ̂n ) → E(0, θ ).

Since θ̂n always underestimates θ and has a bias of order 1/n, the order of the
error θ̂n − θ , considers as an alternative the UMVU estimator δn = [(n + 1)/n]X(n) ,
which satisfies
L
(7.30)
n(θ − δn ) → E(−θ, θ).
The two asymptotic distributions have the same variance, but the first has expectation θ, whereas the second is asymptotically unbiased with expectation zero and
is thus much better centered.
The improvement of δn over θ̂n is perhaps seen more clearly by considering
expected squared error. We have (Problem 2.7)
(7.31)

E[n(θ̂n − θ)]2 → 2θ 2 ,

E[n(δn − θ )]2 → θ 2 .

Thus, the risk efficiency of θ̂n with respect to δn is 1/2.



The example illustrates two ways in which such situations differ from
√ the regular
iid cases. First, the appropriate normalizing factor is n rather than
√ n, reflecting
the fact that the error of the MLE is of order 1/n instead of 1/ n. Second, the
MLE need no longer be asymptotically optimal even when it is consistent.
Example 7.12 Exponential MLE. Let X1 , . . . , Xn be iid according to the exponential distribution E(ξ, b). Then, the MLEs of ξ and b are
1
[Xi − X(1) ].
n
It follows from Problem 1.6.18 that n[X(1) − ξ ]/b is exactly (and hence asymptotically) distributed as E(0, 1). As was the case for θ̂ in the preceding example,
ξ̂ is therefore asymptotically biased. More satisfactory is the UMVU estimator δn
given by (2.2.23), which is obtained from ξ̂ by subtracting an estimator of the bias
(Problem 7.27).
2
It was further seen in Problem 1.6.18 that 2nb̂/b is distributed as χ2n−2
. Since
√
√
2
2
(χn − n)/ 2n → N(0, 1) in law, it is seen that n(b̂ − b) → N (0, b ). We shall
now show that b̂ is asymptotically efficient. For this purpose, consider the case that
ξ is known. The resulting one-parameter family of the X’s is an exponential family
√
and the MLE b̂ˆ of b is asymptotically efficient and satisfies n(b̂ˆ − b) → N (0, b2 )
(7.32)

ξ̂ = X(1)

and

b̂ =

(Problem 7.27). Since b̂ and b̂ˆ have the same asymptotic distribution, b̂ is a fortiori
also asymptotically efficient, as was to be proved.
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Example 7.13 Pareto MLE. Let X1 , . . . , Xn be iid according to the Pareto distribution P (a, c) with density
(7.33)

f (x) = aca /x a+1 ,

0 < c < x,

0 < a.

The distribution is widely used, for example, in economics (see Johnson, Kotz,
and Balakrishnan 1994, Chapter 20) and is closely connected with the exponential
distribution of the preceding example through the fact that if X has density (7.33),
then Y = log X has the exponential distribution E(ξ, b) with (Problem 1.5.25)
(7.34)

ξ = log c,

b = 1/a.

From this fact, it is seen that the MLEs of a and c are
n
â =
(7.35)
and ĉ = X(1)
 log(Xi /X(1) )
and that these estimators are independently distributed, ĉ as P (na, c) and 2na/â
2
as χ2n−2
(Problem 7.29).
Since b̂ is asymptotically efficient in the exponential case, the same is true of 1/b̂
and hence of â. On the other hand, n(X(1) − c) has the limit distribution E(0, c/a)
and hence is biased. As was the case with the MLE of ξ in Example 7.12, an
improvement over the MLE ĉ of c is obtained by removing its bias and replacing
ĉ by the UMVU estimator


1
X(1) 1 −
(7.36)
.
(n − 1)â
For the details of these calculations, see Problems 7.29–7.31.



Example 7.14 Lognormal MLE. As a last situation with variable support, consider a sample X1 , . . . , Xn from a three-parameter lognormal distribution, defined
by the requirement that Zi = log(Xi − ξ ) are iid as N (γ , σ 2 ), so that
"
1
1
(7.37) f (x; ξ, γ , σ 2 ) =
exp − 2 [log(x − ξ ) − γ ]2
√
2σ
(x − ξ ) 2πσ
when x > ξ , and f = 0 otherwise. When ξ is known, the problem reduces to that
of estimating the mean γ and variance σ 2 from the normal sample Z1 , . . . , Zn .
However, when ξ is unknown, the support varies with ξ . Although in this case the
density (7.37) tends to zero very smoothly at ξ (Problem 7.34), the theory of Section
6.5 is not applicable, and the problem requires a more powerful approach such as
that of Le Cam (1969). [For a discussion of the literature on this problem, see, for
example, Johnson, Kotz, and Balakrishnan 1994, Chapter 14. A comprehensive
treatment of the lognormal distribution is given in Crow and Shimizu (1988).]
The difficulty can be circumvented by a device used in other contexts by Kempthorne (1966), Lambert (1970), and Copas (1972a), and suggested for the present
problem by Giesbrecht and Kempthorne (1976). These authors argue that observations are never recorded exactly but only to the nearest unit of measurement. This
formulation leads to a multinomial model of the kind considered for one parameter
in Example 4.6, and Theorem 5.1 is directly applicable.
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The corresponding problem for the three-parameter Weibull distribution is reviewed in Scholz (1985). For further discussion of such irregular cases, see, for
example, Polfeldt 1970 and Woodrofe 1972.

Although the MLE, or bias-corrected MLE, may achieve the smallest asymptotic
variance, it may not minimize mean squared error when compared with all other
estimators. This is illustrated by the following example in which, for the sake of
simplicity, we shall consider expected squared error instead of asymptotic variance.
Example 7.15 Second-order mean squared error. Consider the estimation of
σ 2 on the basis of a sample X1 , . . . , Xn from N (0, σ 2 ). The MLE is then
1
Xi2 ,
n
which happens to be unbiased, so that no correction is needed. Let us now consider
the more general class of estimators


1 a
δn =
(7.38)
+ 2 Xi2 .
n n
σ̂ 2 =

It can be shown (Problem 7.32) that
(7.39)

2σ 4 (4a + a 2 )σ 4
E(δn − σ ) =
+
+O
n
n2
2 2



1
n3


.

Thus, the estimators δn are all asymptotically efficient, that is, nE(δn − θ)2 →
1/I (θ) where θ = σ 2 . However, the MLE does not minimize the error in this class
since the term of order 1/n2 is minimized not by a = 0 (MLE) but by a = −2, so
that (1/n − 2/n2 )Xi2 has higher second-order efficiency than the MLE. In fact,
the normalized limiting risk difference between the MLE (a = 0) relative to δn
with a = −2 is 2, that is, the limiting risk of the MLE is larger (Problem 7.32) . 
A uniformly best estimator (up to second-order terms) typically will not exist. The second-order situation is thus similar to that encountered in the exact
(small-sample) theory. One can obtain uniform second-order optimality by imposing restrictions such as first-order unbiasedness, or must be content with weaker
properties such as second-order admissibility or minimaxity. An admissibility result (somewhat similar to Theorem 5.2.14) is given by Ghosh and Sinha (1981);
the minimax problem is treated by Levit (1980).
8 Asymptotic Efficiency of Bayes Estimators
Bayes estimators were defined in Section 4.1, and many of their properties were
illustrated throughout Chapter 4. We shall now consider their asymptotic behavior.
Example 8.1 Limiting binomial. If X has the binomial distribution b(p, n) and
the loss is squared error, it was seen in Example 4.1.5 that the Bayes estimator of
p corresponding to the beta prior B(a, b) is
δn (X) = (a + X)/(a + b + n).

488

ASYMPTOTIC OPTIMALITY

Thus,

[ 6.8

√



X
n
X
−p +
a − (a + b)
n[δn (X) − p] = n
n
a+b+n
n
√
and it follows
√ from Theorem 1.8.10 that n[δn (X) − p] has the same limit distribution as n[X/n − p], namely the normal distribution N [0, p(1 − p)]. So, the
Bayes estimator of the success probability p, suitably normalized, has a normal
limit distribution which is independent of the parameters of the prior distribution
and is the same as that of the MLE X/n. Therefore, these Bayes estimators are
asymptotically efficient. (See Problem 8.1 for analogous results.)

√

√



This example raises the question of whether the same limit distribution also
obtains when the conjugate priors in this example are replaced by more general
prior distributions, and whether the phenomenon persists in more general situations. The principal result of the present section (Theorem 8.3) shows that, under
suitable conditions, the distribution of Bayes estimators based on n iid random
variables tends to become independent of the prior distribution as n → ∞ and
that the Bayes estimators are asymptotically efficient.
Versions of such a theorem were given by Bickel and Yahav (1969) and by Ibragimov and Has’minskii (1972, 1981). The present proof, which combines elements
from these papers, is due to Bickel. We begin by stating some assumptions.
Let X1 , . . . , Xn be iid with density f (xi |θ ) (with respect to µ), where θ is realvalued and the parameter space is an open interval. The true value of θ will be
denoted by θ0 .
(B1) The log likelihood function l(θ ) satisfies the assumptions of Theorem 2.6.

To motivate the next assumption, note that under the assumptions of Theorem
P

2.6, if θ̃ = θ̃n is any sequence for which θ̃ → θ then
(8.1)

1
l(θ ) = l(θ0 ) + (θ − θ0 )l  (θ0 ) − (θ − θ0 )2 [nI (θ0 ) + Rn (θ )]
2

where
(8.2)

1
P
Rn (θ) → 0 as n → ∞
n
(Problem 8.3). We require here the following stronger assumption.
(B2) Given any ε > 0, there exists δ > 0 such that in the expansion (8.1), the probability
of the event


"
1

sup  Rn (θ ) : |θ − θ0 | ≤ δ ≥ ε
(8.3)
n
tends to zero as n → ∞.

In the present case it is not enough to impose conditions on l(θ) in the neighborhood of θ0 , as is typically the case in asymptotic results. Since the Bayes estimators
involve integration over the whole range of θ values, it is also necessary to control
the behavior of l(θ ) at a distance from θ0 .
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(B3) For any δ > 0, there exists ε > 0 such that the probability of the event
"
1
sup
(8.4)
[l(θ ) − l(θ0 )] : |θ − θ0 | ≥ δ ≤ −ε
n
tends to 1 as n → ∞.
(B4) The prior density π of θ is continuous and positive for all θ ∈

.

(B5) The expectation of θ under π exists, that is,

(8.5)
|θ |π(θ )dθ < ∞.

To establish the asymptotic efficiency of Bayes estimators under these assumptions, we shall first prove that for large values of n, the posterior distribution of θ
given the X’s is approximately normal with
(8.6)

mean = θ0 +

1 
l (θ0 )
nI (θ0 )

and variance = 1/nI (θ0 ).

Theorem 8.2 If π ∗ (t|x) is the posterior density of
(8.7)

Tn = θ0 +

√

n(θ − Tn ) where

1 
l (θ0 ),
nI (θ0 )

(i) then if (B1)-(B4) hold,
 
1
2

P
 ∗

(8.8)
π (t|x) − I (θ0 )φ t I (θ0 )  dt → 0.
(ii) If, in addition, (B5) holds, then


1
2

 ∗
P

(1 + |t|) π (t|x) − I (θ0 ) φ t I (θ0 )  dt → 0.
(8.9)
Proof. (i) By the definition of Tn ,

1 
2

π Tn + √t n exp l Tn + √t n


1 
2
π ∗ (t|x) =
(8.10)
π Tn + √un exp l Tn + √un du


t
= eω(t) π Tn + √
/Cn
n
where
(8.11)



t
1
ω(t) = l Tn + √
[l  (θ0 )]2
− l(θ0 ) −
2nI (θ0 )
n



u
Cn = e π Tn + √
(8.12)
du.
n
We shall prove at the end of the section that



 
 ω(t)

t
P
−t 2 I (θ0 )/2

π (θ0 ) dt → 0,
(8.13)
J1 = e π Tn + √
−e
n

and



ω(u)
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π(θ0 ) dt = π(θ0 ) 2π/I (θ0 ).

The left side of (8.8) is equal to J /Cn , where


 
1
2

 ω(t)
t

J = e π Tn + √
(8.15)
− Cn I (θ0 )φ t I (θ0 )  dt
n
P

and, by (8.14), it is enough to show that J → 0.
Now, J ≤ J1 + J2 where J1 is given by (8.13) and

 2

  
1
2


t
J2 = Cn I (θ0 )φ t I (θ0 ) − exp − I (θ0 ) π (θ0 ) dt
2
 √

 2

 Cn I (θ0 )

t
=  √
− π(θ0 ) exp − I (θ0 ) dt.
2
2π
By (8.13) and (8.14), J1 and J2 tend to zero in probability, and this completes the
proof of part (i).
(ii) The left side of (8.9) is equal to
1 
1 
J ≤
(J + J2 )
Cn
Cn 1
where J  , J1 , and J2 are obtained from J , J1 , and J2 , respectively, by inserting the
factor (1 + |t|) under the integral signs. It is therefore enough to prove that J1 and
J2 both tend to zero in probability. The proof for J2 is the same as that for J2 ; the
proof for J1 will be given at the end of the section, together with that for J1 . ✷
On the basis of Theorem 8.2, we are now able to prove the principal result of
this section.
Theorem 8.3 If (B1)-(B5) hold, and if θ̃n is the Bayes estimator when the prior
density is π and the loss is squared error, then
√
£
n(θ̃n − θ0 ) → N [0, 1/I (θ0 )],
(8.16)
so that θ̃n is consistent7 and asymptotically efficient.
Proof. We have

√
√
√
n(θ̃n − θ0 ) = n(θ̃n − Tn ) + n(Tn − θ0 ).

By the CLT, the second term has the limit distribution N [0, 1/I (θ0 )], so that it only
remains to show that
√
P
n(θ̃n − Tn ) → 0.
(8.17)
Note that Equation (8.10 ) says that π ∗ (t|x) =
change of variable, we have

θ̃n = θπ(θ |x) dθ
7

√1 π(Tn
n

+

√t

n

|x), and, hence, by a

A general relationship between the consistency of MLEs and Bayes estimators is discussed by
Strasser (1981).
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t
√ + Tn π ∗ (t|x) dt
n

1
=√
tπ ∗ (t|x) dt + Tn
n

=


n(θ̃n − Tn ) = tπ ∗ (t|x) dt.
!
√
√
Now, since t I (θ0 )φ t I (θ0 ) dt = 0,

 
1
2 

√
∗

n|θ̃n − Tn | =  tπ (t|x) dt − t I (θ0 )φ t I (θ0 ) dt 


1
2



≤ |t| π ∗ (t|x) − I (θ0 )φ t I (θ0 )  dt,

and hence

√

which tends to zero in probability by Theorem 8.2.

✷

Before discussing the implications of Theorem 8.3, we shall show that assumptions (B1)-(B5) are satisfied in exponential families.
Example 8.4 Exponential families. Let
f (xi |θ ) = eθT (xi )−A(θ) .


so that
A(θ ) = log

eθT (x) dµ(x).

Recall from Section 1.5 that A is differentiable to all orders and that
A (θ) = Eθ [T (X)],
A (θ) = var θ [T (X)] = I (θ ).
Suppose I (θ) > 0. Then,
(8.18)

l(θ ) − l(θ0 ) = (θ − θ0 )T (Xi ) − n[A(θ ) − A(θ0 )]
= (θ − θ0 )[T (Xi ) − A (θ0 )]
−n{[A(θ) − A(θ0 )] − [(θ − θ0 )A (θ0 )]}.

The first term is equal to (θ − θ0 )l  (θ0 ). Apply Taylor’s theorem to A(θ ) to find
1
A(θ ) = A(θ0 ) + (θ − θ0 )A (θ0 ) + (θ − θ0 )2 A (θ ∗ ),
2
so that the second term in (8.18) is equal to (−n/2)(θ − θ0 )2 A (θ ∗ ). Hence,
n
l(θ) − l(θ0 ) = (θ − θ0 )l  (θ0 ) − (θ − θ0 )2 A (θ ∗ ).
2
To prove (B2), we must show that
A (θ ∗ ) = I (θ0 ) +
where

1
Rn (θ)
n

Rn (θ) = n[A (θ ∗ ) − I (θ0 )]
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satisfies (8.3); that is, we must show that given ε, there exists δ such that the
probability of
sup{|A (θ ∗ ) − I (θ0 )| : |θ − θ0 | ≤ δ} ≥ ε
tends to zero. This follows from the facts that I (θ) = A (θ) is continuous and that
θ ∗ → θ0 as θ → θ0 .
To see that (B3) holds, write
1
1
[l(θ ) − l(θ0 )] = (θ − θ0 )
[T (Xi ) − A (θ0 )]
n
n

"
A(θ) − A(θ0 )
−
− A (θ0 )
θ − θ0
and suppose without loss of generality that θ > θ0 .
Since A (θ ) > 0, so that A(θ ) is strictly convex, it is seen that θ > θ0 implies
P

[A(θ) − A(θ0 )]/(θ − θ0 ) > A (θ0 ). On the other hand, [T (Xi ) − A (θ0 )]/n → 0
and hence with probability tending to 1, the factor of (θ − θ0 ) is negative. It follows
that
"
1
sup
[l(θ ) − l(θ0 )] : θ − θ0 ≥ δ
n

"
[T (Xi ) − A (θ0 )]
A(θ ) − A(θ0 )
≤δ
− inf
− A (θ0 ) : θ − θ0 ≥ δ .
n
θ − θ0
and hence that (B3) is satisfied.



Theorems 8.2 and 8.3 were stated under the assumption that π is the density of
a proper distribution, so that its integral is equal to 1. There is a trivial but useful
extension to the case in which π(θ)dθ = ∞ but where there exists n0 , so that
the posterior density
#n0
f (xi |θ )π (θ)
π̃(θ|x1 , . . . , xn0 ) = #ni=1
0
i=1 f (xi |θ )π (θ ) dθ
of θ given x1 , . . . , xn0 is, with probability 1, a proper density satisfying assumptions
(B4) and (B5). The posterior density of θ given X1 , . . . , Xn (n > n0 ) when θ has
prior density π is then the same as the posterior density of θ given Xn0 +1 , . . . , Xn
when θ has prior density π̃, and the result now follows.
Example 8.5 Location families. The Pitman estimator derived in Theorem 3.1.20
is the Bayes estimator corresponding to the improper prior density π(θ) ≡ 1. If
X1 , . . . , Xn are iid with density f (x1 − θ) satisfying (B1)-(B3), the posterior density after one observation X1 = x1 is f (xi −θ ) and hence a proper density satisfying
assumption (B5), provided Eθ |X1 | < ∞ (Problem 8.4). Under these assumptions,
the Pitman estimator is therefore asymptotically efficient.8 An analogous result
holds in the scale case (Problem 8.5).
Theorem 7.9 can be generalized further. Rather than requiring the posterior
density π̃ to be proper with finite expectation after a fixed number n0 of observa8

For a more general treatment of this result, see Stone 1974.
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tions, it is enough to assume that it satisfies these conditions for all n ≥ n0 when
(X1 , . . . , Xn0 ) ∈ Sn0 , where P (Sn0 ) → 1 as n0 → ∞ (Problem 8.7).
Example 8.6 Binomial. Let Xi be independent, taking on the values 1 and 0
with probability p and q = 1 − p, respectively, and let π (p) = 1/pq. Then, the
posterior distribution of p will be proper (and will then automatically have finite
expectation) as soon as 0 < Xi < n, but not before. Since for any 0 < p < 1
the probability of this event tends to 1 as n → ∞, the asymptotic efficiency of the
Bayes estimator follows.

Theorem 8.3 provides additional support for the suggestion, made in Section
4.1, that Bayes estimation constitutes a useful method for generating estimators.
However, the theorem is unfortunately of no help in choosing among different
Bayes estimators, since all prior distributions satisfying assumptions (B4) and (B5)
lead to the same asymptotic behavior. In fact, if θ̃n and θ̃n are Bayes estimators
corresponding to two different prior distributions  and  satisfying (B4) and
(B5), (8.17) implies the even stronger statement,
√ 
P
n(θ̃n − θ̃n ) → 0.
(8.19)
Nevertheless, the interpretation of θ as a random variable with density π(θ)
leads to some suggestions concerning the choice of π . Theorem 8.2 showed that
the posterior distribution of θ, given the observations, eventually becomes a normal
distribution which is concentrated near the true θ0 and which is independent of π.
It is intuitively plausible that a close approximation to the asymptotic result will
tend to be achieved more quickly (i.e., for smaller n) if π assigns a relatively
high probability to the neighborhood of θ0 than if this probability is very small. A
minimax approach thus leads to the suggestion of a uniform assignment of prior
density. It is clear what this means for a location parameter but not in general,
since the parameterization is arbitrary and reparametrization destroys uniformity.
In addition, it seems plausible that account should also be taken of the relative
informativeness of the observations corresponding to different parameter values.
As discussed in Section 4.1, proposals for prior distributions satisfying such
criteria have been made (from a somewhat different point of view) by Jeffreys and
others. For details, further suggestions, and references, see Box and Tiao 1973,
Jaynes 1979, Berger and Bernardo 1989, 1992a, 1992b, and Robert 1994a, Section
3.4.
When the likelihood equation has a unique root θ̃n (which with probability
tending to 1 is then the MLE), this estimator has a great practical advantage over
the Bayes estimators which share its asymptotic properties. It provides a unique
estimating procedure, applicable to a large class of problems, which is supported
(partly because of its intuitive plausibility and partly for historical reasons) by a
substantial proportion of the statistical profession. This advantage is less clear in
the case of multiple roots where asymptotically efficient likelihood estimators such
as the one-step estimator (4.11) depend on a somewhat arbitrary initial estimator
and need no longer agree with the MLE even for large n.
In the multiparameter case, calculation of Bayes estimators often require the
computationally inconvenient evaluation of multiple integrals. However, this diffi-
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culty can often be overcome through Gibbs sampling or other Monte Carlo-Markov
chain algorithms; see Section 4.5.
To resolve the problem raised by the profusion of asymptotically efficient estimators, it seems natural to carry the analysis one step further and to take into
account terms (for example, in an asymptotic expansion of the distribution of the
estimator) of order 1/n or 1/n3/2 . Investigations along these lines have been undertaken by Rao (1961), Peers (1965), Ghosh and Subramanyam (1974), Efron
(1975, 1982a), Pfanzagl and Wefelmeyer (1978-1979), Tibshirani (1989), Ghosh
and Mukerjee (1991, 1992, 1993), Barndorff-Nielsen and Cox (1994), and Datta
and Ghosh (1995) (see also Section 6.4). They are complicated by the fact that to
this order, the estimators tend to be biased and their efficiencies can be improved by
removing these biases. For an interesting discussion of these issues, see Berkson
(1980). The subject still requires further study.
We conclude this section by proving that the quantities J1 [defined by (8.13)] and
J1 tend to zero in probability. For this purpose, it is useful to obtain the following
alternative expression for ω(t).
Lemma 8.7 The quantity ω(t), defined by (8.11), is equal to

2

t2
1
t
1
ω(t) = −I (θ0 )
(8.20)
−
R n Tn + √
t+
√ l  (θ0 )
2n 2n
n
I (θ0 ) n
where Rn is the function defined in (8.1) (Problem 8.9).
Proof for J1 . To prove that the integral (8.13) tends to zero in probability,
divide
√
the range of √
integration into the three parts: (i) |t| ≤ M, (ii) |t| ≥ δ n, and (iii)
M < |t| < δ n, and show that the integral over each of the three tends to zero in
probability.
(i) |t| ≤ M. To prove this result, we shall show that for every 0 < M < ∞,




 ω(t)
 P
t
−I (θ0 )t 2 /2

sup e π Tn + √
(8.21)
π (θ0 ) → 0,
−e
n
where here and throughout the proof of (i), the sup is taken over |t| ≤ M. The result
will follow from (8.21) since the range of integration is bounded. Substituting the
expression (8.20) for ω(t), (8.21) is seen to follow from the following two facts
(Problem 8.10):


2 
 
1
t 
1
P


sup  Rn Tn + √  t +
(8.22)
→0
√ l (θ0 )
n
n
I (θ0 ) n
and


 

 P

t

sup π Tn + √
(8.23)
− π(θ0 ) → 0.
n
The second of these is obvious from the continuity of π and the fact that (Problem
8.11)
(8.24)

P

Tn → θ0 .
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To prove (8.22), it is enough to show that



1
t  P

(8.25)
sup  Rn Tn + √  → 0
n
n
and
1 1 
√ l (θ0 ) is bounded in probability.
I (θ0 ) n
Of these, (8.26) is clear from (B1) and the central limit theorem. To see (8.25),
note that |t| ≤ M implies
(8.26)

M
t
M
Tn − √ ≤ Tn + √ ≤ Tn + √
n
n
n
and hence, by (8.24), that for any δ > 0, the probability of
t
θ0 − δ ≤ Tn + √ ≤ θ0 + δ
n
will be arbitrarily close to 1 for sufficiently large n. The result now follows from
(B2).
√
√
(ii) M ≤ |t| ≤ δ n. For this part it is enough to prove that for |t| ≤ δ n, the
integrand of J1 is bounded by an integrable function with probability ≥ 1 − ε.
Then, the integral can be made arbitrarily small by choosing a sufficiently large M.
Since the second term of the integrand of (8.13) is integrable, it is enough to show
that such an integrable bound exists for the first term. More precisely, we shall
show that given ε > 0, there exists δ > 0 and C < ∞ such that for sufficiently
large n,




√
t
2
(8.27) P eω(t) π Tn + √
≤ Ce−t I (θ0 )/4 for all |t| ≤ δ n ≥ 1 − ε.
n
√
The factor π (Tn + t/ n) causes no difficulty by (8.24) and the continuity of π ,
so that it remains to establish such a bound for
 
"
 
t2
1 
t  2 (l  (θ0 ))2
(8.28) exp ω(t) ≤ exp − I (θ0 ) + Rn Tn + √  t + 2
.
2
n
nI (θ )
n
0

For this purpose, note that
√
|t| ≤ δ  n

implies

t
Tn − δ  ≤ Tn + √ + δ 
n

and hence, by (8.24), that with probability arbitrarily close to 1, for n sufficiently
large,




√
1


|t| ≤ δ n implies Tn + − θ0  ≤ 2δ  .
2
By (B2), there exists δ  such that the latter inequality implies





1
t  1

P
sup√  Rn Tn + √  ≤ I (θ0 ) ≥ 1 − ε.
4
n
|t|≤δ  n n
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Combining this fact with (8.26), we see that the right side of (8.28) is ≤ C  e−t I (θ0 )/4
for all t satisfying (ii), with probability arbitrarily close to 1, and this establishes
(8.27).
√
(iii) |t| ≥ δ n. As in (ii), the second term in the integrand of (8.13) can be
neglected, and it is enough to show that for all δ,



t
exp[ω(t)]π
T
+
dt
√
n
√
n
|t|≥δ n

√
(8.29)
π(θ ) exp l(θ ) − l(θ0 )
= n
|θ−Tn |≥δ
"
1
P

2
−
[l (θ0 )] dθ → 0.
2nI (θ0 )
2

From (8.24) and (B3), it is seen that given δ, there exists ε such that
sup e[l(θ)−l(θ0 )] ≤ e−nε

|θ−Tn |≥δ

with probability tending to 1. By (8.26), the right side of (8.29) is therefore bounded
above by

√
√
C n e−nε π(θ ) dθ = C n e−nε
(8.30)
with probability tending to 1, and this completes the proof of (iii).
To prove (8.13), let us now combine (i)-(iii). Given ε > 0 and δ > 0, choose M
so large that
 2

 2


 ∞
t
t
ε
(8.31)
C exp − I (θ0 ) + exp − I (θ0 ) π (θ0 ) dt ≤ ,
2
2
3
M
and, hence, that for sufficiently large n, the integral (8.13) over (ii) is ≤ ε/3 with
probability ≥ 1 − ε. Next, choose n so large that the integrals (8.13) over (i) and
over (iii) are also ≤ ε/3 with probability ≥ 1 − ε. Then, P [J1 ≤ ε] ≥ 1 − 3ε, and
this completes the proof of (8.13).
The proof for J1 requires only trivial changes. In part (i), the factor [1 + |t|] is
bounded, so that the proof continues to apply. In part (ii), multiplication of the
integrand of (8.31) by [1 + |t|] does not affect its integrability, and the proof goes
through as before. Finally, in part (iii), the integral in (8.30) must be replaced by
Cne−nε |θ |π (θ ) dθ , which is finite by (B5).
9 Problems
Section 1
1.1 Let X1 , . . . , Xn be iid with E(Xi ) = ξ .
(a) If the Xi s have a finite fourth moment, establish (1.3)
(b) For k a positive integer, show that E(X̄ − ξ )2k−1 and E(X̄ − ξ )2k , if they exist, are
both O(1/nk ).
[Hint: Without loss of generality, let ξ = 0 and note that E(Xir11 Xir22 · · ·) = 0 if any of the
r’s is equal to 1.]
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1.2 For fixed n, describe the relative error in Example 1.3 as a function of p.
1.3 Prove Theorem 1.5.
1.4 Let X1 , . . . , Xn be iid as N (ξ, σ 2 ), σ 2 known, and let g(ξ ) = ξ r , r = 2, 3, 4. Determine,
up to terms of order 1/n,
(a) the variance of the UMVU estimator of g(ξ );
(b) the bias of the MLE of g(ξ ).
1.5 Let X1 , . . . , Xn be iid as N (ξ, σ 2 ), ξ known. For even r, determine the variance of
the UMVU estimator (2.2.4) of σ r up to terms of order r.
1.6 Solve the preceding problem for the case that ξ is unknown.
1.7 For estimating pm in Example 3.3.1, determine, up to order 1/n,
(a) the variance of the UMVU estimator (2.3.2);
(b) the bias of the MLE.
1.8 Solve the preceding problem if pm is replaced by the estimand of Problem 2.3.3.
1.9 Let X1 , . . . , Xn be iid as Poisson P (θ ).
(a) Determine the UMVU estimator of P (Xi = 0) = e−θ .
(b) Calculate the variance of the estimator of (a) up to terms of order 1/n.
[Hint: Write the estimator in the form (1.15) where h(X̄) is the MLE of e−θ .]
1.10 Solve part (b) of the preceding problem for the estimator (2.3.22).
1.11 Under the assumptions of Problem 1.1, show that E|X̄ −ξ |2k−1 = O(n−k+1/2 ). [Hint:
Use the fact that E|X̄ − ξ |2k−1 ≤ [E(X̄ − ξ )4k−2 ]1/2 together with the result of Problem
1.1.]
1.12 Obtain a variant of Theorem 1.1, which requires existence and boundedness of only
h instead of h(iv) , but where Rn is only O(n−3/2 ).
[Hint: Carry the expansion (1.6) only to the second instead of the third derivative, and
apply Problem 1.11.]
1.13 To see that Theorem 1.1 is not necessarily valid without boundedness of the fourth
(or some higher) derivative, suppose that the X’s are distributed as N(ξ, σ 2 ) and let
4
h(X) = ex . Then, all moments of the X’s and all derivatives of h exist.
√
(a Show that the expectation of h(X̄) does not exist for any n, and hence that E{ n[h(X̄)
− h(ξ )]}2 = ∞ for all values of n.
√
(b On the other hand, show that n [h(X̄) − h(ξ )] has a normal limit distribution with
finite variance, and determine that variance.
1.14 Let X1 , . . . , Xn be iid from the exponential distribution with density
(1/θ)e−x/θ , x > 0, and θ > 0.
√
√
(a) Use Theorem 1.1 to find approximations to E( X̄) and var( X̄).
(b) Verify the exact calculation




1 H(n + 1/2) 2
var( X̄) = 1 −
θ
n
H(n)
√
and show that limn→∞ n var( X̄) = θ/4.
(c) Reconcile the results in parts (a) and (b). Explain why, even though Theorem 1.1
did not apply, it gave the correct answer.
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(d) Show that a similar conclusion holds for h(x) = 1/x.
[Hint: For part (b), use the fact that T = Xi has a gamma distribution. The limit can
be evaluated with Stirling’s formula. It can also be evaluated with a computer algebra
program.]
1.15 Let X1 , . . . , Xn be iid according to U (0, θ ). Determine the variance of the UMVU
estimator of θ k , where k is an integer, k > −n.
1.16 Under the assumptions of Problem 1.15, find the MLE of θ k and compare its expected
squared error with the variance of the UMVU estimator.
1.17 Let X1 , . . . , Xn be iid according to U (0, θ ), let T = max(X1 , . . . , Xn ), and let h be
a function satisfying the conditions of Theorem 1.1. Show that
 
θ
1
1
E[h(T )] = h(θ ) − h (θ ) + 2 [θ h (θ ) + θ 2 h (θ)] + O
n
n
n3
and
var[h(T )] =

θ2 
[h (θ )]2 + O
n2



1
n3


.

1.18 Apply the results of Problem 1.17 to obtain approximate answers to Problems 1.15
and 1.16, and compare the answers with the exact solutions.
1.19 If the X’s are as in Theorem 1.1 and if the first five derivatives of h exist and the
fifth derivative is bounded, show that
1
1 σ2
+
E[h(X̄)] = h(ξ ) + h
[4h µ3 + 3h(iv) σ 4 ] + O(n−5/2 )
2 n
24n2
and if the fifth derivative of h2 is also bounded
var[h(X̄)] = (h2 )

1
σ2
1 2
+ 2 [h h µ3 + (h h + h )σ 4 ] + O(n−5/2 )
n
n
2

where µ3 = E(X − ξ )3 .
[Hint: Use the facts that E(X̄ − ξ )3 = µ3 /n2 and E(X̄ − ξ )4 = 3σ 4 /n2 + O(1/n3 ).]
1.20 Under the assumptions of the preceding problem, carry the calculation of the variance (1.16) to terms of order 1/n2 , and compare the result with that of the preceding
problem.
1.21 Carry the calculation of Problem 1.4 to terms of order 1/n2 .
1.22 For the estimands of Problem 1.4, calculate the expected squared error of the MLE
to terms of order 1/n2 , and compare it with the variance calculated in Problem 1.21.
1.23 Calculate the variance (1.18) to terms of order 1/n2 and compare it with the expected
squared error of the MLE carried to the same order.
1.24 Find the variance of the estimator (2.3.17) up to terms of the order 1/n3 .
1.25 For the situation of Example 1.12, show that the UMVU estimator δ1n is the biascorrected MLE, where the MLE is δ3n .
1.26 For the estimators of Example 1.13:
(a) Calculate their exact variances.
(b) Use the result of part (a) to verify (1.27).
1.27 (a) Under the assumptions of Theorem 1.5, if all fourth moments of the Xiν are
finite, show that E(X̄i − ξi )(X̄j − ξj ) = σij /n and that all third and fourth moments
E(X̄i − ξi )(X̄j − ξj )(X̄k − ξk ), and so on are of the order 1/n2 .
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(b) If, in addition, all derivatives of h of total order ≤ 4 exist and those of order 4 are
uniformly bounded, then
E[h(X̄1 , . . . , X̄s )] = h(ξ1 , . . . , ξs ) +

1
2n

s

s

σij

i=1 j =1

∂ 2 h(ξ1 , . . . , ξs )
+ Rn ,
∂ξi ∂ξj

and if the derivatives of h of order 4 are also bounded,
2

var[h(X̄1 , . . . , X̄s )] =

1
∂h ∂h
σij
+ Rn
n
∂ξi ∂ξj

where the remainder Rn in both cases is O(1/n2 ).
1.28 On the basis of a sample from N(ξ, σ 2 ), let Pn (ξ, σ ) be the probability that the
UMVU estimator X̄ 2 − σ 2 /n of ξ 2 (σ known) is negative.
√
(a) Show that Pn (ξ, σ ) is a decreasing function of n |ξ |/σ .
(b) Show that Pn (ξ, σ ) → 0 as n → ∞ for any fixed ξ = 0 and σ .
(c) Determine the value of Pn (0, σ ).
√
√
√
[Hint: Pn (ξ, σ ) = P [−1 − n ξ/σ < Y < 1 − n ξ/σ ], where Y = n (X̄ − ξ )/σ is
distributed as N(0, 1).]
1.29 Use the t-distribution to find the value of Pn (0, σ ) in the preceding problem for the
UMVU estimator of ξ 2 when σ is unknown for representative values of n.
1.30 Fill in the details of the proof of Theorem 1.9. (See also Problem 1.8.8.)
1.31 In Example 8.13 with θ = 0, show that δ2n is not exactly distributed as σ 2 (χ12 −1)/n.
1.32 In Example 8.13, let δ4n = max(0, X̄ 2 − σ 2 /n), which is an improvement over δ1n .
√
√
(a) Show that n(δ4n − θ 2 ) has the same limit distribution as n(δ1n − θ 2 ) when θ = 0.
(b) Describe the limit distribution of nδ4n when θ = 0.
[Hint: Write δ4n = δ1n + Rn and study the behavior of Rn .]
1.33 Let X have the binomial distribution b(p, n), and let g(p) = pq. The √
UMVU
estimator of g(p) is δ = X(n − X)/n(n − 1). Determine the limit distribution of n(δ −
pq) and n(δ − pq) when g  (p) = 0 and g  (p) = 0, respectively.
[Hint: Consider first the limit behavior of δ  = X(n − X)/n2 .]
1.34 Let X1 , . . . , Xn be iid as N (ξ, 1). Determine the limit behavior of the distribution
of the UMVU estimator of p = P [|Xi | ≤ u].
1.35 Determine the limit behavior of the estimator (2.3.22) as n → ∞.
[Hint: Consider first the distribution of log δ(T ).]
1.36 Let X1 , . . . , Xn be iid with distribution Pθ , and suppose δn is UMVU for estimating g(θ) on the basis of X1 , . . . , Xn . If there exists n0 and an unbiased estimator
δ0 (X1 , . . . , Xn0 ) which has finite variance for all θ , then δn is consistent for g(θ).
[Hint: For n = kn0 (with k an integer), compare δn with the estimator
1
{δ0 (X1 , . . . , Xn0 ) + δ0 (Xn0 +1 , . . . , X2n0 ) + . . .}].
k
1.37 Let Yn be distributed as N(0, 1) with probability πn and as N(0, τn2 ) with probability
1 − πn . If τn → ∞ and πn → π, determine for what values of π the sequence {Yn } does
and does not have a limit distribution.
1.38 (a) In Problem 1.37, determine to what values var(Yn ) can tend as n → ∞ if
πn → 1 and τn → ∞ but otherwise both are arbitrary.
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(b) Use (a) to show that the limit of the variance need not agree with the variance of
the limit distribution.
1.39 Let bm,n , m, n = 1, 2, . . ., be a double sequence of real numbers, which for each
fixed m is nondecreasing in n. Show that limn→∞ limm→∞ bm,n = limm,n→∞ inf bm,n and
limm→∞ limn→∞ bm,n = limm,n→∞ sup bm,n provided the indicated limits exist (they may
be infinite) and where lim inf bm,n and lim sup bm,n denote, respectively, the smallest and
the largest limit points attainable by a sequence bmk ,nk , k = 1, 2, . . ., with mk → ∞ and
nk → ∞.
Section 2
2.1 Let X1 , . . . , Xn be iid as N (0, 1). Consider the two estimators

 X̄n if Sn ≤ an
Tn =

n
if Sn > an ,
− X̄)2 , P (Sn > an ) = 1/n, and Tn = (X1 + · · · + Xkn )/kn with kn the
where Sn = (Xi√
largest integer ≤ n.
(a) Show that the asymptotic efficiency of Tn relative to Tn is zero.
1
1

(b) Show
 1  that for any fixed ε > 0, P [|Tn − θ | > ε] = n + o n , but P [|Tn − θ| > ε] =
o n .
(c) For large values of √
n, what can you say about the two probabilities in part (b) when
ε is replaced by a/ n? (Basu 1956).
L

2.2 If kn [δn − g(θ )] → H for some sequence kn , show that the same result holds if kn is
replaced by kn , where kn /kn → 1.
√
2.3 Assume that the distribution of Yn = n(δn − g(θ)) converges to a distribution
with mean 0 and variance v(θ ). Use Fatou’s lemma (Lemma 1.2.6) to establish that
var θ (δn ) → 0 for all θ .
2.4 If X1 , . . ., Xn are a sample from a one-parameter exponential family (1.5.2), then
T (Xi ) is minimal sufficient and E[(1/n)T (Xi )] = (∂/∂η)A(η) = τ . Show that for
any function g(·) for which Theorem 1.8.12 holds, g((1/n)T (Xi )) is asymptotically
unbiased for g(τ ).
2.5 If X1 , . . . , Xn are iid n(µ, σ 2 ), show that S r = [1/(n − 1)(xi − x̄)2 ]r/2 is an asymptotically unbiased estimator of σ r .
2.6 Let X1 , . . . , Xn be iid as U (0, θ ). From Example 2.1.14, δn = (n + 1)X(n) /n is the
UMVU estimator of θ , whereas the MLE is X(n) . Determine the limit distribution of (a)
n[θ − δn ] and (b) n[θ − X(n) ]. Comment on the asymptotic bias of these estimators.
[Hint: P (X(n) ≤ y) = y n /θ n for any 0 < y < θ.]
2.7 For the situation of Problem 2.6:
(a) Calculate the mean squared errors of both δn and X(n) as estimators of θ.
(b) Show
E(X(n) − θ)2
lim
= 2.
n→∞ E(δn − θ )2
2.8 Verify the asymptotic distribution claimed for δn in Example 2.5.
2.9 Let δn be any estimator satisfying (2.2) with g(θ ) = θ. Construct a sequence δn such
√
L
that n(δn − θ ) → N[0, w 2 (θ )] with w(θ ) = v(θ ) for θ = θ0 and w(θ0 ) = 0.
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2.10 In the preceding problem, construct δn such that w(θ) = v(θ) for all θ = θ0 and θ1
and < v(θ ) for θ = θ0 and θ1 .
2.11 Construct a sequence {δn } satisfying (2.2) but for which the bias bn (θ) does not tend
to zero.
2.12 In Example 2.7 with Rn (θ ) given by (2.11), show that Rn (θ) → 1 for θ = 0 and that
Rn (0) → a 2 .
2.13 Let bn (θ ) = Eθ (δn ) − θ be the bias of the estimator δn of Example 2.5.
(a) Show that
−(1 − a)
bn (θ ) =
√
n



√
4n

√
−4n

xφ(x −

√

nθ) dx;

(b) Show that bn (θ ) → 0 for any θ = 0 and bn (0) → (1 − a).
(c) Use (b) to explain how the Hodges estimator δn can violate (2.7) without violating
the information inequality.
√
2.14 In Example 2.7, show that if θn = c/ n, then Rn (θn ) → a 2 + c2 (1 − a)2 .
Section 3
3.1 Let X have the binomial distribution b(p, n), 0 ≤ p ≤ 1. Determine the MLE of p
(a) by the usual calculus method determining the maximum of a function;
(b) by showing that p x q n−x ≤ (x/n)x [(n − x)/n]n−x .
[Hint: (b) Apply the fact that the geometric mean is equal to or less than the arithmetic
mean to n numbers of which x are equal to np/x and n − x equal to nq/(n − x).]
3.2 In the preceding problem, show that the MLE does not exist when p is restricted to
0 < p < 1 and when x = 0 or = n.
3.3 Let X1 , . . . , Xn be iid according to N(ξ, σ 2 ). Determine the MLE of (a) ξ when σ is
known, (b) σ when ξ is known, and (c) (ξ, σ ) when both are unknown.
3.4 Suppose X1 , . . . , Xn are iid as N(ξ, 1) with ξ > 0. Show that the MLE is X̄ when
X̄ > 0 and does not exist when X̄ ≤ 0.
3.5 Let X take on the values 0 and 1 with probabilities p and q, respectively. When it is
known that 1/3 ≤ p ≤ 2/3, (a) find the MLE and (b) show that the expected squared
error of the MLE is uniformly larger than that of δ(x) = 1/2.
[A similar estimation problem arises in randomized response surveys. See Example
5.2.2.]
3.6 When is finite, show that the MLE is consistent if and only if it satisfies (3.2).
3.7 Show that Theorem 3.2 remains valid if assumption A1 is relaxed to A1 : There is a
nonempty set 0 ∈ such that θ0 ∈ 0 and 0 is contained in the support of each Pθ .
3.8 Prove the existence of unique 0 < ak < ak−1 , k = 1, 2, . . . , satisfying (3.4).
3.9 Prove (3.9).
3.10 In Example 3.6 with 0 < c < 1/2, determine a consistent estimator of k.
[Hint: (a) The smallest value K of j for which Ij contains at least as many of the X’s
as any other I is consistent. (b) The value of j for which Ij contains the median of the
X’s is consistent since the median of fk is in Ik .]
3.11 Verify the nature of the roots in Example 3.9.
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3.12 Let X be distributed as N (θ, 1). Show that conditionally given a < X < b, the
variable X tends in probability to b as θ → ∞.
3.13 Consider a sample X1 , . . . , Xn from a Poisson distribution conditioned to be positive, so that P (Xi = x) = θ x e−θ /x!(1 − e−θ ) for x = 1, 2, . . .. Show that the likelihood
equation has a unique root for all values of x.
3.14 Let X have the negative binomial distribution (2.3.3). Find an ELE of p.
3.15 (a) A density function is strongly unimodal, or equivalently log concave, if log f (x)
is a concave function. Show that such a density function has a unique mode.
(b) Let X1 , . . . , Xn be iid with density f (x − θ ). Show that the likelihood function has
a unique root if f  (x)/f (x) is monotone, and the root is a maximum if f  (x)/f (x)
is decreasing. Hence, densities that are log concave yield unique MLEs.
(c) Let X1 , . . . , Xn be positive random variables (or symmetrically distributed about
zero) with joint density a n Of (axi ), a > 0. Show that the likelihood equation has
a unique maximum if xf  (x)/f (x) is strictly decreasing for x > 0.
(d) If X1 , . . . , Xn are iid with density f (xi −θ ) where f is unimodal and if the likelihood
equation has a unique root, show that the likelihood equation also has a unique root
when the density of each Xi is af [a(xi − θ )], with a known.
3.16 For each of the following densities, f (·), determine if (a) it is strongly unimodal
and (b) xf  (x)/f (x) is strictly decreasing for x > 0. Hence, comment on whether the
respective location and scale parameters have unique MLEs:
1
1 2
(a) f (x) = √ e− 2 x , −∞ < x < ∞
2π
1 1 − 1 (log x)2
e 2
, 0≤x<∞
(b) f (x) = √
2π x
(c) f (x) = e−x /(1 + e−x )2 , −∞ < x < ∞
H(ν + 1/2) 1
1
, −∞ < x < ∞
(d) f (x) =
√
H(ν/2)
νπ [1 + (x/ν)2 ] ν+1
2

(normal)
(lognormal)
(logistic)
(t with ν df)

3.17 If X1 , . . . , Xn are iid with density f (xi − θ ) or af (axi ) and f is the logistic density
L(0, 1), the likelihood equation has unique solutions
√ θ̂ and â both
√in the location and
the scale case. Determine the limit distribution of n(θ̂ − θ) and n(â − a).
3.18 In Problem 3.15(b), with f the Cauchy density C(0, a), the likelihood equation has
√
L
a unique root â and n(â − a) → N(0, 2a 2 ).
3.19 If X1 , . . . , Xn are iid as C(θ, 1), then for any fixed n there is positive probability (a)
that the likelihood equation has 2n − 1 roots and (b) that the likelihood equation has a
unique root.
[Hint: (a) If the x’s are sufficiently widely separated, the value of L (θ) in the neighborhood of xi is dominated by the term (xi − θ )/[1 + (xi − θ)2 ]. As θ passes through xi ,
this term changes signs so that the log likelihood has a local maximum near xi . (b) Let
the x’s be close together.]
3.20 If X1 , . . . , Xn are iid according to the gamma distribution H(θ, 1), the likelihood
equation has a unique root.
[Hint: Use Example 3.12. Alternatively, write down the likelihood and use the fact that
H  (θ )/ H(θ ) is an increasing function of θ .]
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3.21 Let X1 , . . . , Xn be iid according to a Weibull distribution with density
θ

fθ (x) = θ x θ −1 e−x ,

x > 0, θ > 0,

which is not a member of the exponential, location, or scale family. Nevertheless, show
that there is a unique interior maximum of the likelihood function.
3.22 Under the assumptions of Theorem 3.2, show that
 
 

1
1
L θ0 + √
− L(θ0 ) + I (θ0 ) / I (θ0 )
2
n
tends in law to N(0, 1).
3.23 Let X1 , . . . , Xn be iid according to N(θ, aθ 2 ), θ > 0, where a is a known positive
constant.
(a) Find an explicit expression for an ELE of θ .
(b) Determine whether there exists an MRE estimator under a suitable group of transformations.
[This case was considered by Berk (1972).]
3.24 Check that the assumptions of Theorem 3.10 are satisfied in Example 3.12.
3.25 For X1 , . . . , Xn iid as DE(θ, 1), show that (a) the sample median is an MLE of θ
and (b) the sample median is asymptotically normal with variance 1/n, the information
inequality bound.
3.26 In Example 3.12, show directly that (1/n)T (Xi ) is an asymptotically efficient
estimator of θ = Eη [T (X)] by considering its limit distribution.
3.27 Let X1 , . . . , Xn be iid according to θg(x) + (1 − θ )h(x), where (g, h) is a pair of
specified probability densities with respect to µ, and where 0 < θ < 1.
(a) Give one example of (g, h) for which the assumptions of Theorem 3.10 are satisfied
and one for which they are not.
(b) Discuss the existence and nature of the roots of the likelihood equation for n = 1,
2, 3.
3.28 Under the assumptions of Theorem 3.7, suppose that θ̂1n and θ̂2n are two consistent
sequences of roots of the likelihood equation. Prove that Pθ0 (θ̂1n = θ̂2n ) → 1 as n → ∞.
[Hint:
(a) Let Sn = {x : x = (x1 , . . . , xn ) such that θ̂1n (x) = θ̂2n (x)}. For all x ∈ Sn , there exists
θn∗ between θ̂1n and θ̂2n such that L (θn∗ ) = 0. For all x ∈
/ Sn , let θn∗ be the common
value of θ̂1n and θ̂2n . Then, θn∗ is a consistent sequence of roots of the likelihood
equation.
(b) (1/n)L (θn∗ ) − (1/n)L (θ0 ) → 0 in probability and therefore (1/n)L (θn∗ ) →
−I (θ0 ) in probability.
(c) Let 0 < ε < I (θ0 ) and let
Sn = x :

"
1  ∗
L (θn ) < −I (θ0 ) + ε .
n

Then, Pθ0 (Sn ) → 1. On the other hand, L (θn∗ ) = 0 on Sn so that Sn is contained in
the complement of Sn (Huzurbazar 1948).]
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3.29 To establish the measurability of the sequence of roots θ̂n∗ of Theorem 3.7, we can
follow the proof of Serfling (1980, Section 4.2.2) where the measurability of a similar
sequence is proved.
(a) For definiteness, define θ̂n (a) as the value that minimizes |θ̂ − θ0 | subject to
θ0 − a ≤ θ̂ ≤ θ0 + a

and

∂
l(θ|x)|θ =θ̂ = 0.
∂θ

Show that θ̃n (a) is measurable.
(b) Show that θn∗ , the root closest to θ ∗ , is measurable.
[Hint: For part (a), write the set {θ̂n (a) > t} as countable unions and intersections of
measurable sets, using the fact that (∂/∂θ ) log(θ |x) is continuous, and hence measurable.]
Section 4

c
u(t) = 0

1

4.1 Let

t
0

e−1/x(1−x) dx

for 0 < t < 1
for t ≤ 0
for t ≥ 1.

Show that for a suitable c, the function u is continuous and infinitely differentiable for
−∞ < t < ∞.
4.2 Show that the density (4.1) with = (0, ∞) satisfies all conditions of Theorem 3.10
with the exception of (d) of Theorem 2.6.
4.3 Show that the density (4.4) with = (0, ∞) satisfies all conditions of Theorem 3.10.
4.4 In Example 4.5, evaluate the estimators (4.8) and (4.14) for the Cauchy case, using
for θ̃n the sample median.
4.5 In Example 4.7, show that l(θ ) is concave.
√
4.6 In Example 4.7, if η = ξ , show how to obtain a n-consistent estimator by equating
sample and population second moments.
4.7 In Theorem 4.8, show that σ11 = σ12 .
4.8 Without using Theorem 4.8, in Example 4.13 show that the EM sequence converges
to the MLE.
4.9 Consider the following 12 observations from a bivariate normal distribution with
parameters µ1 = µ2 = 0, σ12 , σ22 , ρ:
x1

1

1

-1

-1

2

2

-2

-2

*

*

*

*

x2 1 -1 1 -1 * * *
where “∗” represents a missing value.

*

2

2

-2

-2

(a) Show that the likelihood function has global maxima at ρ = ±1/2, σ12 = σ22 = 8/3,
and a saddlepoint at ρ = 0, σ12 = σ22 = 5/2.
(b) Show that if an EM sequence starts with ρ = 0, then it remains with ρ = 0 for all
subsequent iterations.
(c) Show that if an EM sequence starts with ρ bounded away from zero, it will converge
to a maximum.
[This problem is due to Murray (1977), and is discussed by Wu (1983).]
4.10 Show that if the EM complete-data density f (y, z|θ) of (4.21) is in a curved exponential family, then the hypotheses of Theorem 4.12 are satisfied.
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4.11 In the EM algorithm, calculation of the E-step, the expectation calculation, can
be complicated. In such cases, it may be possible to replace the E-step by a Monte
Carlo evaluation, creating the MCEM algorithm (Wei and Tanner 1990). Consider the
following MCEM evaluation of Q(θ |θ̂(j ) , y):
Given θ̂(j(k))
(1) Generate Z1 , · · · , Zk , iid, from k(z|θ̂(j(k)) , y),

(2) Let Q̂(θ |θ̂(j(k)) , y) = k1 ki=1 log L(θ |y, z)
and then calculate θ̂(j(k)+1) as the value that maximizes Q̂(θ|θ̂(j(k)) , y).
(a) Show that Q̂(θ |θ̂(j(k)) , y) → Q̂(θ |θ̂(j ) , y) as k → ∞.
(b) What conditions will ensure that L(θ̂(j(k)+1) |y) ≥ L(θ̂(j(k)) |y) for sufficiently large k?
Are the hypotheses of Theorem 4.12 sufficient?
4.12 For the mixture distribution of Example 4.7, that is,
Xi ∼ θg(x) + (1 − θ )h(x),

i = 1, . . . , n, independent

where g(·) and h(·) are known, an EM algorithm can be used to find the ML estimator
of θ . Let Z1 , · · · , Zn , where Zi indicates from which distribution Xi has been drawn, so
Xi |Zi = 1 ∼ g(x)
Xi |Zi = 0 ∼ h(x).
(a) Show that the complete-data likelihood can be written
L(θ |x, z) =

n


[zi g(xi ) + (1 − zi )h(xi )] θ zi (1 − θ)1−zi .

i=1

(b) Show that E(Zi |θ, xi ) = θg(xi )/[θg(xi ) + (1 − θ)h(xi )] and hence that the EM
sequence is given by
θ̂(j +1) =

1
n

n
i=1

θ̂(j ) g(xi )
θ̂(j ) g(xi ) + (1 − θ̂(j ) )h(xi )

.

(c) Show that θ̂(j ) → θ̂ , the ML estimator of θ .
4.13 For the situation of Example 4.10:
(a) Show that the M-step of the EM algorithm is given by

4

µ̂ =

ni

yij + z1 + z2 /12,

i=1 j =1



2

α̂i =

yij + zi /3 − µ̂,


i = 1, 3

j =1
3

yij /3 − µ̂,

=

i = 2, 4.

j =1

(b) Show that the E-step of the EM algorithm is given by
!
zi = E Yi3 |µ = µ̂, αi = α̂i = µ̂ + α̂i

i = 1, 3.
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(c) Under the restriction
 i αi = 0, show that the EM sequence converges to α̂i =
ȳi· − µ̂, where µ̂ = i ȳi· /4.

(d) Under the restriction i ni αi = 0, show that the EM sequence converges to α̂i =
ȳi· − µ̂, where µ̂ = ij yij /10.
(e) For a general one-way layout with a treatments and nij observations per treatment,
show how to use the EM algorithm to augment the data so that each treatment has
n observation. Write down the EM sequence, and show what it converges to under
the restrictions of parts (c) and (d).
[The restrictions of parts (c) and (d) were encountered in Example 3.4.9, where they led,
respectively, to an unweighted means analysis and a weighted means analysis.]
4.14 In the two-way layout (see Example 3.4.11), the EM algorithm can be very helpful
in computing ML estimators in the unbalanced case. Suppose that we observe
Yij k : N(ξij , σ 2 ),

i = 1, . . . , I,

j = 1, . . . , J,

k = 1, . . . , nij ,

where ξij = µ + αi + βj + γij . The data will be augmented so that the complete data have
n observations per cell.
(a) Show how to compute both the E-step and the M-step of the EM algorithm.




(b) Under the restriction i αi = j βj = i γij = j γij = 0, show that the EM
sequence converges to the ML estimators corresponding to an unweighted means
analysis.




(c) Under the restriction i ni· αi = j n·j βj = i ni· γij = j ·j γij = 0, show that
the EM sequence converges to the ML estimators corresponding to a weighted
means analysis.
4.15 For the one-way layout with random effects (Example 3.5.1), the EM algorithm is
useful for computing ML estimates. (In fact, it is very useful in many mixed models;
see Searle et al. 1992, Chapter 8.) Suppose we have the model
Xij = µ + Ai + Uij

(j = 1, . . . , ni , i = 1, . . . , s)

where Ai and Uij are independent normal random variables with mean zero and known
variance. To compute the ML estimates of µ, σU2 , and σU2 it is typical to employ an EM
algorithm using the unobservable Ai ’s as the augmented data. Write out both the E-step
and the M-step, and show that the EM sequence converges to the ML estimators.
4.16 Maximum likelihood estimation in the probit model of Section 3.6 can be implemented using the EM algorithm. We observe independent Bernoulli variables X1 , . . . , Xn ,
which depend on unobservable variables Zi distributed independently as N(ζi , σ 2 ),
where
0 if Zi ≤ u
Xi =
1 if Zi > u.
Assuming that u is known, we are interested in obtaining ML estimates of ζ and σ 2 .
(a) Show that the likelihood function is p xi (1 − p)n−xi , where


ζ −u
.
p = P (Zi > u) = X
σ
(b) If we consider Z1 , . . . , Zn to be the complete data, the complete-data likelihood is
n

i=1

√

1
2πσ

e

− 12 (zi −ζ )2
2σ
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and the expected complete-data log likelihood is
1
n
− log(2πσ 2 ) −
2
2σ 2

n
i=1

!
E(Zi2 |Xi ) − 2ζ E(Zi |Xi ) + ζ 2 .

(c) Show that the EM sequence is given by
ζ̂(j +1) =
σ̂(j2 +1)

1
n

n

ti (ζ̂(j ) , σ̂(j2 ) )

i=1



n
1 n
1
2
=
vi (ζ̂(j ) , σ̂(j ) ) −
ti (ζ̂(j ) , σ̂(j2 ) )
n i=1
n i=1

2




where
ti (ζ, σ 2 ) = E(Zi |Xi , ζ, σ 2 )

and vi (ζ, σ 2 ) = E(Zi2 |Xi , ζ, σ 2 ).

(d) Show that


E(Zi |Xi , ζ, σ 2 ) = ζ + σ Hi

u−ζ
σ


,


E(Zi2 |Xi , ζ, σ 2 ) = ζ 2 + σ 2 + σ (u + ζ )Hi
where
Hi (t) =

 ϕ(t)



 1 − X(t)

if Xi = 1



ϕ(t)

−
X(t)

if Xi = 0.

u−ζ
σ



(e) Show that ζ̂(j ) → ζ̂ and σ̂(j2 ) → σ̂ 2 , the ML estimates of ζ and σ 2 .
4.17 Verify (4.30).
4.18 The EM algorithm can also be implemented in a Bayesian hierarchical model to
find a posterior mode. Recall the model (4.5.5.1),
X|θ ∼ f (x|θ ),
|λ ∼ π(θ |λ),
 ∼ γ (λ),
where interest would be in estimating quantities from π(θ|x). Since

π (θ |x) = π(θ, λ|x)d λ,
where π(θ, λ|x) = π (θ|λ, x)π(λ|x), the EM algorithm is a candidate method for finding
the mode of π(θ |x), where λ would be used as the augmented data.
(a) Define k(λ|θ, x) = π(θ, λ|x)/π (θ|x), and show that


log π(θ|x) = log π(θ, λ|x)k(λ|θ ∗ , x)d λ − log k(λ|θ, x)k(λ|θ ∗ , x)d λ.
(b) If the sequence {θ̂(j ) } satisfies


max log π(θ, λ|x)k(λ|θ(j ) , x)d λ = log π (θ(j +1) , λ|x)k(λ|θ(j ) , x)d λ,
θ

show that log π(θ(j +1) |x) ≥ log π(θ(j ) |x). Under what conditions will the sequence
{θ̂(j ) } converge to the mode of π(θ |x)?
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(c) For the hierarchy
X|θ ∼ N (θ ), 1),
|λ ∼ N(λ, 1)),
 ∼ Uniform(−∞, ∞),
show how to use the EM algorithm to calculate the posterior mode of π(θ|x).
4.19 There is a connection between the EM algorithm and Gibbs sampling, in that both
have their basis in Markov chain theory. One way of seeing this is to show that the
incomplete-data likelihood is a solution to the integral equation of successive substitution sampling (see Problems 4.5.9-4.5.11), and that Gibbs sampling can then be used
to calculate the likelihood function. If L(θ|y) is the incomplete-data likelihood and
L(θ |y, z) is the complete-data likelihood, define
L∗ (θ |y) =
L∗ (θ |y, z) =

L(θ |y)
,
L(θ |y)dθ
L(θ |y, z)
.
L(θ |y, z)dθ

.
(a) Show that L∗ (θ|y) is the solution to

 
L∗ (θ |y) =
L∗ (θ |y, z)k(z|θ  , y)dz L∗ (θ  |y)dθ 
where, as usual, k(z|θ, y) = L(θ |y, z)/L(θ |y).
(b) Show how the sequence θ(j ) from the Gibbs iteration,
θ(j ) ∼ L∗ (θ |y, z(j −1) ),
z(j ) ∼ k(z|θ(j ) , y),
will converge to a random variable with density L∗ (θ|y) as j → ∞. How can this
be used to compute the likelihood function L(θ |y)?
[Using the functions L(θ |y, z) and k(z|θ, y), the EM algorithm will get us the ML
estimator from L(θ |y), whereas the Gibbs sampler will get us the entire function. This
likelihood implementation of the Gibbs sampler was used by Casella and Berger (1994)
and is also described by Smith and Roberts (1993). A version of the EM algorithm,
where the Markov chain connection is quite apparent, was given by Baum and Petrie
(1966) and Baum et al. (1970).]
Section 5
5.1 (a) If a vector Yn in Es converges in probability to a constant vector a, and if h is a
continuous function defined over Es , show that h(Yn ) → h(a) in probability.
(b) Use (a) to show that the elements of ||Aj kn ||−1 tend in probability to the elements
of B as claimed in the proof of Lemma 5.2.
[Hint: (a) Apply Theorem 1.8.19 and Problem 1.8.13.]
5.2 (a) Show that (5.26) with the remainder term neglected has the same form as (5.15)
and identify the Aj kn .
(b) Show that the resulting aj k of Lemma 5.2 are the same as those of (5.23).
(c) Show that the remainder term in (5.26) can be neglected in the proof of Theorem
5.3.
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5.3 Let X1 , . . . , Xn be iid according to N(ξ, σ 2 ).
(a) Show that the likelihood equations have a unique root.
(b) Show directly (i.e., without recourse to Theorem 5.1) that the MLEs ξ̂ and σ̂ are
asymptotically efficient.
5.4 Let (X0 , . . . , Xs ) have the multinomial distribution M(p0 , . . . , ps ; n).
(a) Show that the likelihood equations have a unique root.
(b) Show directly that the MLEs p̂i are asymptotically efficient.
5.5 Prove Corollary 5.4.
5.6 Show that there exists a function f of two variables for which the equations ∂f (x, y)/∂x =
0 and ∂f (x, y)/∂y = 0 have a unique solution, and this solution is a local but not a global
maximum of f .

Section 6
6.1 In Example 6.1, show that the likelihood equations are given by (6.2) and (6.3).
6.2 In Example 6.1, verify Equation (6.4).
6.3 Verify (6.5).
6.4 If θ = (θ1 , . . . , θr , θr+1 , . . . , θs ) and if


∂
∂
L(θ ),
L(θ ) = 0
cov
∂θi
∂θj

for any i ≤ r < j,

then the asymptotic distribution of (θ̂1 , . . . , θ̂r ) under the assumptions of Theorem 5.1
is unaffected by whether or not θr+1 , . . . , θs are known.
6.5 Let X1 , . . . , Xn be iid from a H(α, β) distribution with density 1/(H(α)β α ) × x α−1
e−x/β .
(a) Calculate the information matrix for the usual (α, β) parameterization.
(b) Write the density in terms of the parameters (α, µ) = (α, α/β). Calculate the
information matrix for the (α, µ) parameterization and show that it is diagonal,
and, hence, the parameters are orthogonal.
(c) If the MLE’s in part (a) are (α̂, β̂), show that (α̂, µ̂) = (α̂, α̂/β̂). Thus, either model
estimates the mean equally well.
(For the theory behind, and other examples of, parameter orthogonality, see Cox and
Reid 1987.)
6.6 In Example 6.4, verify the MLEs ξ̂i and σ̂j k when the ξ ’s are unknown.
6.7 In Example 6.4, show that the Sj k given by (6.15) are independent of (X1 , . . ., Xp )
and have the same joint distribution as the statistics (6.13) with n replaced by n − 1.
transforma[Hint: Subject each of the p vectors (Xi1 , . . . , Xin ) to the
√ same orthogonal
√
tion, where the first row of the orthogonal matrix is (1/ n, . . ., 1/ n).]
6.8 Verify the matrices (a) (6.17) and (b) (6.18).
6.9 Consider the situation leading to (6.20), where (Xi , Yi ), i = 1, . . . , n, are iid according
to a bivariate normal distribution with E(Xi ) = E(Yi ) = 0, var(Xi ) = var(Yi ) = 1, and
unknown correlation coefficient ρ.
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(a) Show that the likelihood equation is a cubic for which the probability of a unique
root tends to 1 as n → ∞. [Hint: For a cubic equation ax 3 + 3bx 2 + 3cx + d = 0,
let G = a 2 d − 3abc + 2b3 and H = ac − b2 . Then the condition for a unique real
root is G2 + 4H 3 > 0.]
(b) Show that if ρ̂n is a consistent solution of the likelihood equation, then it satisfies
(6.20).
√
L
(c) Show that δ = Xi Yi /n is a consistent estimator of ρ and that n (δ − ρ) →
2
N (0, 1 + ρ ) and, hence, that δ is less efficient than the MLE of ρ.
6.10 Verify the limiting distribution asserted in (6.21).
6.11 Let X, . . . , Xn be iid according to the Poisson distribution P (λ). Find the ARE of
δ2n = [No. of Xi = 0]/n to δ1n = e−X̄n as estimators of e−λ .
6.12 Show that the efficiency (6.27) tends to 0 as |a − θ | → ∞.
6.13 For the situation of Example 6.9, consider as another family of distributions, the
contaminated normal mixture family suggested by Tukey (1960) as a model for observations which usually follow a normal distribution but where occasionally something
goes wrong with the experiment or its recording, so that the resulting observation is a
gross error. Under the Tukey model, the distribution function takes the form
 
t
Fτ,V (t) = (1 − V)X(t) + VX
.
τ
That is, in the gross error cases, the observations are assumed to be normally distributed
with the same mean θ but a different (larger) variance τ 2 . 9
(a) Show that if the Xi ’s have distribution Fτ,V (x − θ ), the limiting distribution of δ2n
is unchanged.
(b) Show that the limiting distribution of δ1n is normal with mean zero and variance
 1*
22
n
n
φ
(a − θ )
(1 − V + Vτ 2 ).
n−1
n−1
(c) Compare the asymptotic relative efficiency of δ1n and δ2n .
6.14 Let X1 , . . . , Xn be iid as N (0, σ 2 ).
√
(a) Show that δn = k|Xi |/n is a consistent estimator of σ if and only if k = π/2.
*
√
(b) Determine the ARE of δ with k = π/2 with respect to the MLE Xi2 /n.
6.15 Let X1 , . . . , Xn be iid with E(Xi ) = θ , var(Xi ) = 1, and E(Xi − θ)4 = µ4 , and
consider the unbiased estimators δ1n = (1/n)Xi2 − 1 and δ2n = X̄n2 − 1/n of θ 2 .
(a) Determine the ARE e2,1 of δ2n with respect to δ1n .
(b) Show that e2,1 ≥ 1 if the Xi are symmetric about θ .
(c) Find a distribution for the Xi for which e2,1 < 1.
6.16 The property of asymptotic relative efficiency
was defined (Definition 6.6) for es√
timators that converged to normality at rate n. This definition, and Theorem 6.7, can
be generalized to include other distributions and rates of convergence.
9

As has been pointed out by Stigler (1973) such models for heavy-tailed distributions had already
been proposed much earlier in a forgotten work by Newcomb (1882, 1886).
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Theorem 9.1 Let {δin } be two sequences of estimators of g(θ) such that
L

nα [δin − g(θ )] → τi T , α > 0, τi > 0, i = 1, 2,
where the distribution H of T has support on an interval −∞ ≤ A < B ≤ ∞ with
strictly increasing cdf on (A, B). Then, the ARE of {δ2n } with respect to {δ1n } exists and
is
 1/α
τ1
n1 (n2 )
=
.
e21 = lim
n2 →∞
n2
τ2
6.17 In Example 6.10, show that the conditions of Theorem 5.1 are satisfied.
Section 7
7.1 Prove Theorem 7.1.
7.2 For the situation of Example 7.3 with m = n:

√
(a) Show that a necessary condition for (7.5) to converge to N (0, 1) is that n(λ̂−λ) →
2
2
2
2
2
2
0, where λ̂ = σ̂ /τ̂ and λ = σ /τ , for σ̂ and τ̂ of (7.4).
√
(b) Use the fact that λ̂/λ has an F -distribution to show that n(λ̂ − λ) → 0.
(c) Show that the full MLE is given by the solution to
ξ=

(m/σ 2 )X̄ + (n/τ 2 )Ȳ
,
m/σ 2 + n/τ 2

σ2 =

1
(Xi − ξ )2 ,
m

τ2 =

1
(Yj − ξ )2 ,
n

and deduce its asymptotic efficiency from Theorem 5.1.
7.3 In Example 7.4, determine the joint distribution of (a) (σ̂ 2 , τ̂ 2 ) and (b) (σ̂ 2 , σ̂A2 ).
7.4 Consider samples (X1 , Y1 ), . . . , (Xm , Ym ) and (X1 , Y1 ), . . . , (Xn , Yn ) from two bivariate normal distributions with means zero and variance-covariances (σ 2 , τ 2 , ρσ τ )
and (σ 2 , τ 2 , ρ  σ  τ  ), respectively. Use Theorem 7.1 and Examples 6.5 and 6.8 to find
the limit distribution
(a) of σ̂ 2 and τ̂ 2 when it is known that ρ  = ρ
(b) of ρ̂ when it is known that σ  = σ and τ  = τ .
7.5 In the preceding problem, find the efficiency gain (if any)
(a) in part (a) resulting from the knowledge that ρ  = ρ
(b) in part (b) resulting from the knowledge that σ  = σ and τ  = τ .
7.6 Show that the likelihood equations (7.11) have at most one solution.
7.7 In Example 7.6, suppose that pi = 1 − F (α + βti ) and that both log F (x) and log[1 −
F (x)] are strictly concave. Then, the likelihood equations have at most one solution.
7.8 (a) If the cdf F is symmetric and if log F (x) is strictly concave, so is log[1 − F (x)].
(b) Show that log F (x) is strictly concave when F is strongly unimodal but not when
F is Cauchy.
7.9 In Example 7.7, show that Yn is less informative than Y .
∞
γi ) independently of Yn . Then, Yn + Zn is a
[Hint: Let Zn be distributed as P (λi=n+1
sufficient statistic for λ on the basis of (Yn , Zn ) and Yn + Zn has the same distribution as
Y .]
7.10 Show that the estimator δn of Example 7.7 satisfies (7.14).
7.11 Find suitable normalizing constants for δn of Example 7.7 when (a) γi = i, (b)
γi = i 2 , and (c) γi = 1/i.
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7.12 Let Xi (i = 1, . . . , n) be independent normal with variance 1 and mean βti (with ti
known). Discuss the estimation of β along the lines of Example 7.7.
7.13 Generalize the preceding problem to the situation in which (a) E(Xi ) = α + βti and
var(Xi ) = 1 and (b) E(Xi ) = α + βti and var(Xi ) = σ 2 where α, β, and σ 2 are unknown
parameters to be estimated.
7.14 Let Xj (j = 1, . . . , n) be independently distributed with densities fj (xj |θ) (θ realvalued), let Ij (θ ) be the information Xj contains about θ, and let Tn (θ) = jn=1 Ij (θ) be
the total information about θ in the sample. Suppose that θ̂n is a consistent root of the
likelihood equation L (θ ) = 0 and that, in generalization of (3.18)-(3.20),
1
L
L (θ0 ) → N(0, 1)
√
Tn (θ0 )
and
−

L (θ0 ) P
→1
Tn (θ0 )

Show that

and


L (θn∗ )
Tn (θ0 )

is bounded in probability.
L

Tn (θ0 )(θ̂n − θ0 ) → N(0, 1).

7.15 Prove that the sequence X1 , X2 , . . . of Example 7.8 is stationary provided it satisfies
(7.17).
7.16 (a) In Example 7.8, show that the likelihood equation has a unique solution,
that it
n

is
the
MLE,
and
that
it
has
the
same
asymptotic
distribution
as
δ
=
X
Xi+1 /
i
n
i=1
n
2
i=1 Xi .
(b) Show directly that δn is a consistent estimator of β.

7.17 In Example 7.8:
(a) Show that for j > 1 the expected value of the conditional information (given Xj −1 )
that Xj contains about β is 1/(1 − β 2 ).
(b) Determine the information X1 contains about β.
7.18 When τ = σ in (7.21), show that the MLE exists and is consistent.
7.19 Suppose that in (7.21), the ξ ’s are themselves random variables, which are iid as
N(µ, γ 2 ).
(a) Show that the joint density of the (Xi , Yi ) is that of a sample from a bivariate normal
distribution, and identify the parameters of that distribution.
(b) In the model of part (a), find asymptotically efficient estimators of the parameters
µ, γ , β, σ , and τ .
7.20 Verify the roots (7.22).
7.21 Show that the likelihood (7.21) is unbounded.
7.22 Show that if ρ s defined by (7.24), then ρ and ρ  are everywhere continuous.
7.23 Let F have a differentiable density f and let

ψ 2 f < ∞.

(a) Use integration by parts to write the denominator of (7.27) as [ ψ(x)f  (x)dx]2 .
(b) Show that σ 2 (F, ψ) ≥ [ (f  /f )2 f ]−1 = If−1 by applying the Schwarz inequality
to part (a).
The following three problems will investigate the technical conditions required for the
consistency and asymptotic normality of M-estimators, as noted in (7.26).
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7.24 To have consistency of M-estimators, a sufficient condition is that the root of the
estimating function be unique and isolated. Establish the following theorem.
Theorem 9.2 Assume that conditions (A0)-(A3) hold. Let t0 be an isolated root of the
equation Eθ0 [ψ(X, t)] = 0, where ψ(·, t)is monotone in t and continuous in a neighborhood of t0 . If T0 (x) is a solution to ni=1 ψ(xi , t) = 0, then T0 converges to t0 in
probability.
[Hint: The conditions on ψ imply that Eθ0 [ψ(X, t)] is monotone, so t0 is a unique root.
Adapt the proofs of Theorems 3.2 and 3.7 to complete this proof.]
7.25 Theorem 9.3 Under the conditions of Theorem 9.2, if, in addition
!
(i) Eθ0 ∂t∂ ψ(X, t)|t=t0 is finite and nonzero,
!
(ii) Eθ0 ψ 2 (X, t0 ) < ∞,
then

√

L

n(T0 − t0 ) → N(0, σT20 ),
!
!
where σT20 = Eθ0 ψ 2 (X, t0 ) /(Eθ0 ∂t∂ ψ(X, t)|t=t0 )2 .
[Note that this is a slight generalization of (7.27).]
[Hint: The assumptions on ψ are enough to adapt the Taylor series argument of Theorem
3.10, where ψ takes the place of l  .]
7.26 For each of the following estimates, write out the ψ function that determines it, and
show that the estimator is consistent and asymptotically normal under the conditions of
Theorems 9.2 and 9.3.

(a) The least squares estimate, the minimizer of (xi − t)2 .

(b) The least absolute value estimate, the minimizer of |xi − t|.
(c) The Huber trimmed mean, the minimizer of (7.24).
7.27 In Example 7.12, compare (a) the asymptotic distributions of ξ̂ and δn ; (b) the
normalized expected squared error of ξ̂ and δn .
√
√
L
L
7.28 In Example 7.12, show that (a) n(b̂ˆ − b) → N(0, b2 ) and (b) n(b̂ − b) →
2
N (0, b ).
7.29 In Example 7.13, show that
(a) ĉ and â are independent and have the stated distributions;
(b) X(1) and  log[Xi /X(1) ] are complete sufficient statistics on the basis of a sample
from (7.33).
7.30 In Example 7.13, determine the UMVU estimators of a and c, and the asymptotic
distributions of these estimators.
7.31 In the preceding problem, compare (a) the asymptotic distribution of the MLE
and the UMVU estimator of c; (b) the normalized expected squared error of these two
estimators.
7.32 In Example 7.15, (a) verify equation (7.39), (b) show that the choice a = −2
produces the estimator with the best second-order efficiency, (c) show that the limiting
risk ratio of the MLE (a = 0) to δn (a = −2) is 2, and (d) discuss the behavior of this
estimator in small samples.
7.33 Let X1 , . . . , Xn be iid according to the three-parameter lognormal distribution
(7.37). Show that
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(a)
p ∗ (x|ξ ) = sup p(x|ξ, γ , σ 2 ) = c/[σ̂ (ξ )]n O[1/(xi − ξ )]
γ ,σ 2

where
p(x|ξ, γ , σ 2 ) =

n


f (xi |ξ, σ 2 ),

i=1

σ̂ 2 (ξ ) =

1
1
[log(xi − ξ ) − γ̂ (ξ )]2 and γ̂ (ξ ) =  log(xi − ξ ).
n
n

(b) p ∗ (x|ξ ) → ∞ as ξ → x(1) .
[Hint: (b) For ξ sufficiently near x(1) ,
σ̂ 2 (ξ ) ≤
and hence

1
[log(xi − ξ )]2 ≤ [log(x(1) − ξ )]2
n

p ∗ (x|ξ ) ≥ | log(x(1) − ξ )|−n O(x(i) − ξ )−1 .

The right side tends to infinity as ξ → x(1) (Hill 1963.]
7.34 The derivatives of all orders of the density (7.37) tend to zero as x → ξ .
Section 8
8.1 Determine the limit distribution of the Bayes estimator corresponding to squared
error loss, and verify that it is asymptotically efficient, in each of the following cases:
(a) The observations X1 , . . . , Xn are iid N (θ, σ 2 ), with σ known, and the estimand is
θ. The prior distribution for is a conjugate normal distribution, say N(µ, b2 ).
(See Example 4.2.2.)
(b) The observations Yi have the gamma distribution H(γ , 1/τ ), the estimand is 1/τ ,
and τ has the conjugate prior density H(g, α).
(c) The observations and prior are as in Problem 4.1.9 and the estimand is λ.
(d) The observations Yi have the negative binomial distribution (4.3), p has the prior
density B(a, b), and the estimand is (a) p and (b) 1/b.
8.2 Referring to Example 8.1, consider, instead, the minimax estimator√δn of p given by
(1.11) which corresponds to the sequence of beta priors with a = b = n/2. Then,
√




√
√
X
n
1 X
n[δn − p] = n
−p +
−
.
√
n
n
1+ n 2
√
(a) Show that the limit distribution of n[δn − p] is N [ 21 − p, p(1 − p)], so that δn
has the same asymptotic variance as X/n, but that for p = 21 , it is asymptotically
biased.
(b) Show that ARE of δn relative to X/n does not exist except in the case p = 21 when
it is 1.
8.3 The assumptions of Theorem 2.6 imply (8.1) and (8.2).
8.4 In Example 8.5, the posterior density of θ after one observation is f (x1 − θ); it is a
proper density, and it satisfies (B5) provided Eθ |X1 | < ∞.
8.5 Let X1 , . . . , Xn be independent, positive variables, each with density (1/τ )f (xi /τ ),
and let τ have the improper density π(τ ) = 1/τ (τ > 0). The posterior density after one
observation is a proper density, and it satisfies (B5), provided Eτ (1/X1 ) < ∞.
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8.6 Give an example in which the posterior density is proper (with probability 1) after
two observations but not after one.
[Hint: In the preceding example, let π(τ ) = 1/τ 2 .]
8.7 Prove the result stated preceding Example 8.6.
4
8.8 Let X1 , . . . , Xn be iid as N(θ, 1) and consider the improper density π(θ) = eθ . Then,
the posterior will be improper for all n.
8.9 Prove Lemma 8.7.
P
P
8.10 (a) If sup |Yn (t)| → 0 and sup |Xn (t) − c| → 0 as n → ∞, then sup |Xn (t) −
P

ceYn (t) | → 0, where the sup is taken over a common set t ∈ T .
(b) Use (a) to show that (8.22) and (8.23) imply (8.21).
8.11 Show that (B1) implies (a) (8.24) and (b) (8.26).

10 Notes
10.1 Origins
The origins of the concept of maximum likelihood go back to the work of Lambert,
Daniel Bernoulli, and Lagrange in the second half of the eighteenth century, and of
Gauss and Laplace at the beginning of the nineteenth. (For details and references, see
Edwards 1974 or Stigler 1986.) The modern history begins with Edgeworth (1908, 1909)
and Fisher (1922, 1925), whose contributions are discussed by Savage (1976) and Pratt
(1976).
Fisher’s work was followed by a euphoric belief in the universal consistency and asymptotic efficiency of maximum likelihood estimators, at least in the iid case. The true situation was sorted out only gradually. Landmarks are Cramér (1946a, 1946b), who shifted
the emphasis from the global to a local maximum and defined the “regular” case in which
the likelihood equation has a consistent asymptotically efficient root; Wald (1949), who
provided fairly general conditions for consistency; the counterexamples of Hodges (Le
Cam, 1953) and Bahadur (1958); and Le Cam’s resulting theorem on superefficiency
(1953).
Convergence (under suitable restrictions and appropriately normalized) of the posterior
distribution of a real-valued parameter with a prior distribution to its normal limit was
first discovered by Laplace (1820) and later reobtained by Bernstein (1917) and von
Mises (1931). More general versions of this result are given in Le Cam (1958). The
asymptotic efficiency of Bayes solutions was established by Le Cam (1958), Bickel
and Yahav (1969), and Ibragimov and Has’minskii (1972). (See also Ibragimov and
Has’minskii 1981.)
Computation of likelihood estimators was influenced by the development of the EM
Algorithm (Dempster, Laird, and Rubin 1977). This algorithm grew out of work done on
iterative computational methods that were developed in the 1950s and 1960s, and can be
traced back at least as far as Hartley (1958). The EM algorithm has enjoyed widespread
use as a computational tool for obtaining likelihood estimators in complex problems
(see Little and Rubin 1987, Tanner 1996, or McLachlan and Krishnan 1997).
10.2 Alternative Conditions for Asymptotic Normality
The Cramér conditions for asymptotic normality and efficiency that are given in Theorems 3.10 and 5.1 are not the most general; for those, see Strasser 1985, Pfanzagl 1985,
or LeCam 1986. They were chosen because they have fairly wide applicability, yet are
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relatively straightforward to verify. In particular, it is possible to relax the assumptions
somewhat, and only require conditions on the second, rather than third, derivative (see
Le Cam 1956, Hájek 1972, and Inagaki 1973). These conditions, however, are somewhat
more involved to check than those of Theorem 3.10, which already require some effort.
The conditions have also been altered to accommodate specific features of a problem.
One particular change was introduced by Daniels (1961) to overcome the nondifferentiability of the double exponential distribution (see Example 3.14). Huber (1967) notes an
error in Daniels proof; however, the validity of the theorem remains. Others have taken
advantage of the form of the likelihood. Berk (1972b) exploited the fact that in exponential families, the cumulant generating function is convex. This, in turn, implies that
the log likelihood is concave, which then leads to simpler conditions for consistency and
asymptotic normality. Other proofs of existence and consistency under slightly different
assumptions are given by Foutz (1977). Consistency proofs in more general settings
were given by Wald (1949), Le Cam (1953), Bahadur (1967), Huber (1967), Perlman
(1972), and Ibragimov and Has’minskii (1981), among others. See also Pfanzagl 1969,
1994, Landers 1972, Pfaff 1982, Wong 1992, Bickel et al. 1993, and Note 10.4. Another
condition, which also eliminates the problem of superefficiency, is that of local asymptotic normality (Le Cam 1986, Strasser 1985, Section 81, LeCam and Yang 1990, and
Wong 1992.)
10.3 Measurability and Consistency
Theorems 3.7 and 4.3 assert the existence of a consistent sequence of roots of the
likelihood equation, that is, a sequence of roots that converges in probability to the true
parameter value. The proof of Theorem 3.7 is a modification of those of Cramér (1946a,
1946b) and Wald (1949), where the latter established convergence almost everywhere of
the sequence. In almost all cases, we are taught, convergence almost everywhere implies
convergence in probability, but that is not so here because a sequence of roots need not be
measurable! Happily, the θn∗ of Theorem 3.7 are measurable (however, those of Theorem
4.3 are not necessarily). Serfling (1980, Section 4.2.2; see also Problem 3.29), addresses
this point, as does Ferguson (1996, Section 17), who also notes that nonmeasurability
does not preclude consistency. (We thank Professor R. Wijsman for alerting us to these
measurability issues.)
10.4 Estimating Equations
Theorems 9.2 and 9.3 use assumptions similar to the original assumptions of Huber
(1964, 1981, Section 3.2). Alternate conditions for consistency and asymptotic normality, which relax some smoothness requirements on ρ, have been developed by Boos
(1979) and Boos and Serfling (1980); see also Serfling 1980, Chapter 7, for a detailed
development of this topic. Further results can be found in Portnoy (1977a, 1984, 1985)
and the discrete case is considered by Simpson, Carroll, and Ruppert (1987).
The theory of M-estimation, in particular results such as (7.26), have been generalized
in many ways. In doing so, much has been learned about the
properties of the functions
ρ and ψ = ρ  needed for the solution θ̃ to the equation ni=1 ψ(xi − θ) = 0 to have
reasonable statistical properties.
For example, the structure of the exponential family can be exploited to yield less restrictive conditions for consistency and asymptotic efficiency of θ̃. In particular, the
concavity of the log likelihood plays an important role. Haberman (1989) gives a comprehensive treatment of consistency and asymptotic normality of estimators derived
from maximizing concave functions (which include likelihood and M-estimators).
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This approach to constructing estimators has become known as the theory of estimating
functions [see, for example, Godambe 1991 or the review
 paper by Liang and Zeger
(1994)]. A general estimating equation has the form ni=1 h(xi |θ) = 0, and consistency and asymptotic normality of the solution θ̃ can be established under quite general conditions (but also see Freedman and Diaconis 1982 or Lele 1994 for situations
where
can go!wrong). For example, if the estimating equation is unbiased, so that
this
n
Eθ
h(X
i |θ ) = 0 for all θ , then the “usual” regularity conditions (such as those
i=1
in Problems 7.24 - 7.25 or Theorem 3.10) will imply that θ̃ is consistent. Asymptotic
normality will also often follow, using a proof similar to that of Theorem 3.10, where
the estimating function h is used instead of the log likelihood l. Carroll, Ruppert, and
Stefanski (1995, Appendix A.3) provide a nice introduction to this topic.
10.5 Variants of Likelihood
A large number of variants of the likelihood function have been proposed. Many started as
a means of solving a particular problem and, as their usefulness and general effectiveness
was realized, they were generalized. Although we cannot list all of these variants, we
shall mention a few of them.
The first modifications of the usual likelihood function are primarily aimed at dealing
with nuisance parameters. These include the marginal, conditional, and profile likelihoods, and the modified profile likelihood of Barndorff-Nielsen (1983). In addition, many
of the modifications are accompanied by higher-order distribution approximations that
result in faster convergence to the asymptotic distribution. These approximations may
utilize techniques of small-sample asymptotics (conditioning on ancillaries, saddlepoint
expansions) or possibly Bartlett corrections (Barndorff-Nielsen and Cox 1984).
Other modifications of likelihood may entail, perhaps, a more drastic variation of the
likelihood function. The partial likelihood of Cox (1975; see also Oakes 1991), presents
an effective means of dealing with censored data, by dividing the model into parametric
and nonparametric parts. Along these lines quasi-likelihood (Wedderburn 1974, McCulloch and Nelder 1989, McCulloch 1991) is based only on moment assumptions and
empirical likelihood (Owen 1988, 1990, Hall and La Scala 1990) is a nonparametric
approach based on a multinomial profile likelihood.
There are many other variations of likelihood, including directed, penalized, and extended, and the idea of predictive likelihood (Hinkley 1979, Butler 1986, 1989).
An entry to this work can be obtained through Kalbfleisch (1986), Barndorff-Nielsen
and Cox (1994), or Edwards (1992), the review articles of Hinkley (1980) and Bjørnstad
(1990), or the volume of review articles edited by Hinkley, Reid, and Snell (1991).
10.6 Boundary Values
A key feature throughout this chapter was the assumption that the true parameter point θ0
occurs at an interior point of the parameter space (Section 6.3, Assumption A3; Section
6.5, Assumption A). The effect of this assumption is that, for large n, as the likelihood
estimator gets close to θ0 , the likelihood estimator will, in fact, be a root of the likelihood.
(Recall the proofs of Theorems 3.7 and 3.10 to see how this is used.) However, in some
applications θ0 is on the boundary of the parameter space, and the ML estimator is not
a root of the likelihood. This situation is more frequently encountered in testing than
estimation, where the null hypothesis H0 : θ = θ0 often involves a boundary point.
However, boundary values can also occur in point estimation. For example, in a mixture
problem (Example 6.10), the value of the mixing parameter could be the boundary value
0 or 1. Chernoff (1954) first investigated the asymptotic distribution of the maximum
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likelihood estimator when the parameter is on the boundary. This distribution is typically
not normal, and is characterized by Self and Liang (1987), who give many examples,
ranging from multivariate normal to mixtures of chi-squared distributions to even more
complicated forms.
An alternate approach to establishing the limiting distribution is provided by Feng and
McCulloch (1992), who use a strategy of expanding the parameter space.
10.7 Asymptotics of REML
The results of Cressie and Lahiri (1993) and Jiang (1996, 1997) show that when using
restricted maximum likelihood estimation (REML; see Example 2.7 and the discussion
after Example 5.3) instead of ML, efficiency need not be sacrificed, as the asymptotic
covariance matrix of the REML estimates is the inverse information matrix from the
reduced problem. More precisely, we can write the general linear mixed model (generalizing the linear model of Section 3.4) as
(10.1)

Y = Xβ + Zu + ε,

where Y is the N × 1 vector of observations, X and Z are N × p design matrices, β is
the p × 1 vector of fixed effects, u ∼ N(0, D) is the p × 1 vector of random effects,
and ε ∼ N (0, R), independent of u. The variance components of D and R are usually
the targets of estimation. The likelihood function L(β , u, D, R|y) is transformed to the
REML likelihood by marginalizing out the β and u effects, that is,
 
L(D, R|y) =
L(β , u, D, R|y) du dβ .
Suppose now that V = V (θ ), that is, the vector θ represents the variance components
to be estimated. We can thus write L(D, R|y) = L(V (θ )|y) and denote the information
matrix of the marginal likelihood by IN (θ ). Cressie and Lahiri (1993, Corollary 3.1)
show that under suitable regularity conditions,

 L
[IN (θ )]1/2 θ̂ − θ → Nk (0, I ),
where θ̂ N maximizes L(V (θ )|y). Thus, the REML estimator is asymptotically efficient.
Jiang (1996, 1997) has extended this result, and established the asymptotic normality of
θ̂ even when the underlying distributions are not normal.
10.8 Higher-Order Asymptotics
Typically, not only is the MLE asymptotically efficient, but so also are various approximations to the MLE, to Bayes estimators, and so forth. Therefore, it becomes important
to be able to distinguish between different asymptotically efficient estimator sequences.
For example, it seems plausible
√that one would do best in any application of Theorem
4.3 by using a highly efficient n-consistent starting sequence. It has been pointed out
earlier that an efficient estimator sequence can always be modified by terms of order 1/n
without affecting the asymptotic efficiency. Thus, to distinguish among them requires
taking into account the terms of the next order.
A number of authors (among them Rao 1963, Pfanzagl 1973, Ghosh and Subramanyam
1974, Efron 1975, 1978, Akahira and Takeuchi 1981, and Bhattacharya and Denker
1990) have investigated estimators that are “second-order efficient,” that is, efficient and
among efficient estimators have the greatest accuracy to terms of the next order, and in
particular these authors have tried to determine to what extent the MLE is second-order
efficient. For example, Efron (1975, Section 10) shows that in exponential families, the
MLE minimizes the coefficient of the second-order term among efficient estimators.
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For the most part, however, the asymptotic theory presented here is “first-order” theory
in the sense that the conclusion of Theorem 3.10 can be expressed as saying that
√


n(θ̂n − θ )
1

,
=Z+O √
n
I −1 (θ )
where Z is a standard normal random variable, so the convergence is at rate O(1/n1/2 ).
It is possible to reduce the error in the approximation to O(1/n3/2 ) using “higherorder” asymptotics. The book by Barndorff-Nielsen and Cox (1994) provides a detailed
treatment of higher-order asymptotics. Other entries into this subject are through the
review papers of Reid (1995, 1996) and a volume edited by Hinkley, Reid, and Snell
(1991).
Another technique that is very useful in obtaining accurate approximations for the densities of statistics is the saddlepoint expansion (Daniels 1980, 1983), which can be derived
through inversion of a characteristic function or through the use of Edgeworth expansions. Entries to this literature can be made through the review paper of Reid (1988), the
monograph by Kolassa (1993), or the books by Field and Ronchetti (1990) or Jensen
(1995).
Still another way to achieve higher-order accuracy in certain cases is through a technique
known as the bootstrap, initiated by Efron (1979, 1982b). Some of the theoretical foundations of the bootstrap are rooted in the work of von Mises (1936, 1947) and Kiefer and
Wolfowitz (1956). The bootstrap can be thought of as a “nonparametric” MLE, where the
quantity h(x)dF (x) is estimated by h(x)dFn (x). Using the technique of Edgeworth
expansions, it was established by Singh (1981) (see also Bickel and Freedman 1981)
that the bootstrap sometimes provides a more accurate approximation than the Delta
Method (Theorem 1.8.12). An introduction to the asymptotic theory of the bootstrap
is given by Lehmann (1999), and implementation and applications of the bootstrap are
given in Efron and Tibshirani (1993). Other introductions to the bootstrap are through
the volume edited by LePage and Billard (1992), the book by Shao and Tu (1995), or
the review paper of Young (1994). A more theoretical treatment is given by Hall (1992).
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Exponential family, 16, 23, 26, 32,
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admissibility in, 331
asymptotically efficient
estimation in, 450, 470
Bayes estimation in, 240, 305,
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canonical form, 23
complete class for, 383
completeness in, 42
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continuity of risk functions of,
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and data reduction, 40
discrete, 104
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Fisher information in, 116, 125
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maximum likelihood estimation
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Hierarchical Bayes, 230, 253, 260,
268
compared to empirical Bayes,
264
Higher order asymptotics, 518
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asymptotic version of, 439
geometry of, 144
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Kiefer
Information matrix, 124, 462
Integrable, 10, 16
Integral, 9, 10
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proving admissibility), 325
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430. See also Asymptotic
distribution approach
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323, 389
properties of, 184
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Linear model, 176
admissible estimators in, 329
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generalization of, 220
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516
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Location/curved exponential family,
41
Location family, 17, 340, 492
ancillary statistics for, 41
asymptotically efficient
estimation in, 455, 492
circular, 339
discrete, 344
exponential, 32
information in, 118
invariance in, 158
minimal sufficient statistics for,
38
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minimax estimation in, 340
MRE estimator in, 150
two-sample, 159
which is a curved exponential
family, 41
which is an exponential family,
32. See also Location-scale
family, Scale family
Location group, 247, 250
Location invariance, 149, 149
Location parameter, 148, 223
Location-scale family, 17, 167
efficient estimation in, 468
information in, 126
invariance in, 167
invariant loss function for, 173
MRE estimator for, 174
Location-scale group, 248, 250
Log likelihood, 444
Log linear model, 194
Logarithmic series distribution, 67
Logistic distribution L(a, l), 18,
196, 479
Fisher information in, 119, 139
minimal sufficient statistics for,
38
Logistic regression model, 479
Logit, 26, 196
Logit dose-response model, 44
Log-likelihood, 447
Loglinear model, 194
Lognormal distribution, 486
Loss function, 4, 7
absolute error, 50
bounded, 51
choice of, 7
convex, 7, 45, 87, 152
estimation of, 423
family of, 354, 400
invariant, 148
multiple, 354
non-convex, 51
realism of, 51
squared error, 50
subharmonic, 53
Lower semicontinuous, 74
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Markov chain, 55, 290, 306, 420
Markov chain Monte Carlo
(MCMC), 256
Markov series, normal autogressive,
481
Maximum component risk, 353,
363, 364
Maximum likelihood estimator
(MLE), 98, 444, 467, 515
asymptotic efficiency of, 449,
463, 482
asymptotic normality of, 449,
463
bias corrected, 436
of boundary values, 517
comparison with Bayes
estimator, 493
comparison with UMVU
estimator, 98
in empirical Bayes estimation,
265
inconsistent, 445, 452, 482
in irregular cases, 485
measurability of, 448
in the regular case, 515
restricted (REML), 191, 390,
518
second order properties of, 518.
See also Efficient likelihood
estimation, Superefficiency
Mean (population), 200, 204, 319
nonparametric estimation of,
110, 318. See also Normal
mean, Common mean,
One-sample problem
Mean (sample), admissibility of,
324
consistency of, 55
distribution in Cauchy case, 3, 62
inadmissibility of, 327, 350, 352
inconsistency of, 76
optimum properties of, 3, 98,
110, 153, 200, 317, 318
Mean-unbiasedness, 5, 157. See
also Unbiasedness
Mean-value parametrization of
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exponential family, 116, 126
Measurable: function, 9, 16
set, 8, 15
Measurable transformation, 63, 64
Measure, 8
Measure space, 8
Measure theory, 7
Measurement error models, 483
Measurement invariance, 223
Measurement problem, 2
Median, 5, 62, 455
as Bayes estimator, 228. See also
Scale median, 212
Median-unbiasedness, 5, 157
M-estimator, 484, 512, 513, 516
Method of moments, 456
Mill’s ratio, 140
Minimal complete class, 378
Minimal sufficient statistic, 37, 69,
78
and completeness, 42, 43
dimensionality of, 40, 79
Minimax estimator, 6, 225, 309, 425
characterization of, 311, 316,
318
and equivariance, 421
non-uniqueness, 327
randomized, 313
vector-valued, 349
with constant risk, 336
Minimax robustness, 426
Minimum χ 2 , 479
Minimum norm quadratic unbiased
estimation (Minque), 192
Minimum risk equivariant (MRE)
estimator, 150, 162
behavior under transformations,
210
comparison with UMVU
estimator, 156
inadmissible, 342
in linear models, 178, 185
in location families, 154
in location-scale families, 171
minimaxity and admissibility of,
338, 342, 345
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non-unique, 164, 170
risk unbiasedness of, 157, 165
in scale families, 169
under transitive group, 162
unbiasedness of, 157
which is not minimax, 343. See
also Pitman estimator
Minimum variance unbiased
estimate, see Uniformly
minimum variance unbiased
estimator
Minque, 192
Missing data, 458
Mixed effects model, 187, 192, 305,
478
Mixtures, 456
normal, 474
MLE, see Maximum likelihood
estimator
Model, see Exponential, Finite
population, Fixed effects,
General linear, Generalized
linear, Hierarchical Bayes,
Linear, Mixed effects,
Probability, Random, Threshold,
Tukey
Moment generating function, 28
of exponential family, 28
Monotone decision problem, 414
Monte Carlo integration, 290
Morphometrics, 213
MRE estimator, see Minimum risk
equivariant estimator
Multicollinearity, 424
Multinomial distribution
M(p0 , . . . , ps ; n), 24, 27, 220
Bayes estimation in, 349
for contingency tables, 106, 193,
197
maximum likelihood estimation
in, 194, 475, 479
minimax estimation in, 349
restricted, 194
unbiased estimation in, 106, 194,
197
Multiple correlation coefficient, 96
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Multiple imputation, 292
Multi-sample problem, efficient
estimation in, 475
Multivariate CLT, 61
Multivariate normal distribution,
20, 61, 65, 96
information matrix for, 127
maximum likelihood estimation
in, 471. See also Bivariate
normal distribution
Multivariate normal one-sample
problem, 96
Natural parameter space (of
√ exponential family), 24
n-consistent estimator, 454, 467
Negative binomial distribution
Nl(p, n), 25, 66, 101, 375, 381
Negative hypergeometric
distribution, 300
Neighborhood model, 6
Nested design, 190
Newton-Raphson method, 453
Non-central χ 2 distribution, 406
Nonconvex loss, 51. See also
Bounded loss
Noninformative prior, 230, 305. See
also Jeffrey’s prior, Reference
prior
Nonparametric density estimation,
110, 144
Nonparametric family, 21, 79
complete sufficient statistic for,
109
unbiased estimation in, 109, 110
Nonparametric: mean, 318
model, 6
one-sample problem, 110
two-sample problem, 112
Normal cdf , estimation of, 93
Normal correlation coefficient,
efficient estimation in, 472, 509
multiple, 96
unbiased estimation of, 96
Normal distribution, 18, 324

[ 6.10

curved, 25
empirical Bayes estimation in,
263, 266
equivariant estimation in, 153
as exponential family, 24, 25, 27,
30, 32
hierarchy, 254, 255
as least informative, 153
as limit distribution, 59, 442
moments of, 30
as prior distribution, 233, 242,
254, 255, 258, 272
sufficient statistics for, 36, 36, 38
truncated, 393. See also
Bivariate and Multivariate
normal distribution
Normal limit distribution, 58
of binomial, 59
Normal linear model, 21, 176, 177,
329
canonical form of, 177
Normal mean, estimation of
squared, 434
Normal mean (multivariate), 20
admissibility of, 426
bounded, 425
equivariant estimation of, 348
minimax estimation of, 317. See
also James-Stein estimator,
Shrinkage estimation
Normal mean (univariate):
admissibility of, 324
Bayes estimator of, 234
minimax estimator of, 317
equivariant estimator of, 153,
174
minimax estimator of, 317
restricted Bayes estimator of,
321
restricted to integer values, 140
truncated, 327
unbiased estimation in, 350, 352,
352
Normal: mixtures, 474
one-sample problem, 91
probability, 93
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probability density, 94, 97
two-sample problem
Normal variance: admissibility of
estimators, 330, 334
Bayes estimation of, 236, 237
estimation in presence of
incidental parameters, 482,
483
inadmissibility of standard
estimator of, 334
linear estimator of, 330
MRE estimator of, 170, 170, 172
UMVU estimator of, 92
Normal vector mean, see Normal
mean (multivariate)
Normalizing constant, 57
Nuisance parameters, 461
effect on admissibility, 342
effect on efficiency, 469. See
also Incidental parameters
Null-set, 14
One-sample problem, see
Exponential one- and two-sample
problem, Nonparametric
one-sample problem, Normal
one-sample problem, Uniform
distribution
One-way layout, 176, 410
em algorithm, 458
empirical Bayes estimation for,
278
loss function for, 360
random effects model for, 187,
237, 477
unbalanced, 181
Optimal procedure, 2
Orbit (of a transformation group),
163
Order notation (o, O, op, Op), 77
Order statistics, 36
sufficiency of, 36
completeness of, 72, 109, 199
Orthogonal: group, 348
parameters, 469
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transformations, 177
Orthogonal polynomials, 216
Parameter, 1
boundary values of, 517
in exponential families, 245
incidental, 482, 483
orthogonal, 469
structural, 481. See also Location
parameter, Scale parameter
Parameter invariance, 223
Pareto distribution, 68, 486
Partitioned matrix, 142
Past experience, Bayes approach to,
226
Periodic Markov chain, 306
Pitman estimator, 154, 155
admissibility of, 156, 342
asymptotic efficiency of, 492
as Bayes estimator, 250, 252,
397
minimaxity of, 340
Point estimation, 2
Poisson distribution, 25, 30, 35,
121, 427
admissibility of estimators, 427
Bayes and empirical Bayes
estimation in, 277
Fisher information for, 118
hierarchy, 257, 268, 277
minimax estimation in, 336, 372
misbehaving UMVU estimator,
108
moments and cumulants for, 30
not a group family, 65
Stein effect in, 372, 374
sufficient statistics for, 33, 35
truncated, 106
unbiased estimation in, 105
Poisson process, 106
Population variance, 200
Positive part of a function, 9
Positive part James-Stein estimator,
276, 356
as empirical Bayes estimator,
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282
inadmissible, 357, 377
as truncated Bayes estimator,
413
Posterior distribution, 227, 240
convergence to normality, 489,
514
for improper prior, 340, 492, 515
Power series distribution, 67, 104
not a group family, 166
Prediction, 192, 220
Pre-test estimator, 351, 352
Prior distribution, 227
choice of, 227, 492
conjugate, 236, 305
improper, 232, 238
invariant, 246
Jeffrey’s, 230, 234, 287, 305, 315
least favorable, 310
noninformative, 230, 305
reference, 261
Probability P (A) of a set A, 14
second order inclusion
Probability density, 14
nonexistence of nonparametric
unbiased estimator for, 109
Probability distribution, 14
absolutely continuous, 14
discrete, 14
estimation of, 109
Probability measure, 14
Probability model, 3, 6
Probit, 196, 506
Product measure, 13
Projection, 367
Proportional allocation, 204, 222
Pseudo-Bayes estimator, 405
Quadratic estimator of variance,
186, 192
Radius of curvature, 81
Radon-Nikodym derivative, 12
Radon-Nikodym theorem, 12
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Random effects model, 187, 278,
323, 477
additive, 187, 189
Bayes model for, 237
for balanced two-way layout,
478
nested, 190
prediction in, 192
UMVU estimators in, 189, 191.
See also Variance components
Random observable, 4
Random variable, 15
Random vector, 15
Random linear equations, 465
Random walk, 102, 343, 398
Randomized estimator, 33, 48
in complete class, 378
in equivariant estimation, 155,
156, 162
in minimax estimation, 313
in unbiased estimation, 131
Randomized response, 322, 501
Rao-Blackwell theorem, 47, 347
Ratio of variances, unbiased
estimation of, 95
Rational invariance, 223
Recentered confidence sets, 423
Recurrent Markov chain, 306
Reference prior, 261
Regression, 176, 180, 181, 280, 420
with both variables subject to
error, 482, 512. See also
Simple linear regression,
Ridge regression
Regular case for maximum
likelihood estimation, 485
Relevance of past experience, 230
Relevant subsets, 391
Reliability, 93
REML (restricted maximum
likelihood) estimator, 390, 518
Réngi’s entropy function, 293
Residuals, 3
Restricted Bayes estimator, 321,
426
Ridge regression, 425
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Riemann integral, 10
Right invariant Haar measure, 247,
248, 249, 250, 253, 287
Risk function, 5
conditions for constancy, 162,
162
continuity of, 379
invariance of, 162
Risk unbiasedness, 157, 171, 223
of MRE estimators, 165
Robust Bayes, 230, 271, 307, 371
Robustness, 52, 483
Saddle point expansion, 519
Sample cdf , see Empirical cdf
Sample space, 15
Sample variance, consistency of, 55
Scale family, 17, 32
Scale group, 163, 248, 250
Scale median, 212
Scale parameter, 167, 223
Schwarz inequality, 74, 130
Second order efficiency, 487, 494,
518
Second order inclusion
probabilities, 222
Sequential binomial sampling, 102,
233
Shannon information, 261
Shrinkage estimator, 354, 366, 424
factor, 351
target, 366, 406, 424
Sigma-additivity, 7
Sigma field (σ -field), 8
Simple binomial sampling plan, 103
Simple function, 9
Simple linear regression, 180
Simple random sampling, 198
Bayes estimation for, 319
equivariant estimation in, 200
minimax estimation in, 319
Single prior Bayes, 239
Simultaneous estimation, 346, 354
admissibility in, 350, 418
equivariant estimation in, 348
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minimax estimation in, 317. See
also Independent experiments,
Stein effect
Singular problem, 110, 144
Size of population, estimation of,
101
Spherically symmetric, 359
Spurious correlation, 107
Square root of a positive definite
matrix, 403
Squared error, 7
loss, 50, 51, 51, 90, 313
Standard deviation, 112
Stationary distribution of a Markov
chain, see Invariant distribution
Stationary sequence, 306
Statistic, 16
Stein effect, 366, 372, 419
absence of, 376, 388, 419
Stein estimation, see Shrinkage
estimation
Stein’s identity, 31, 67, 285
Stein’s loss function, 171, 214
Stirling number of the 2nd kind, 136
Stochastic processes, maximum
likelihood estimation in, 481
Stopping rule, 233
Stratified cluster sampling, 206
Stratified sampling, 22, 203, 222
Strict convexity, 45, 49
Strong differentiability, 141, 145
Strongly unimodal, 502
Structural parameter, 481
Student’s t-distribution, Fisher
information for, 138
Subgroup, 213, 224
Subharmonic function, 53, 74
loss, 53
Subjective Bayesian approach, 227,
305
Subminimax, 312
Sufficient statistics, 32, 47, 78, 347
and Bayes estimation, 238
completeness of, 42, 72
dimensionality of, 40
factorization criterion for, 35
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minimal, 37, 69, 78
operational significance of, 33
for a symmetric distribution, 34.
See also Minimal sufficient
statistic
Superefficiency, 440, 515, 515
Superharmonic function, 53, 74,
360, 362, 406, 426
Support of a distribution, 16, 64
Supporting hyperplane theorem, 52
Survey sampling, 22, 224
Symmetric distributions, 22, 50
sufficient statistics for, 34
Symmetry, 147. See also Invariance
Systematic error, 5, 143
Systematic sampling, 204
Tail behavior, 51
Tail minimax, 386
Tightness (of a family of measures),
381
Threshold model, 197
Tonelli’s theorem, see Fubini’s
theorem
Total information, 479
Total positivity, 394
Transformation group, 19
transitive, 162
Transitive transformation group,
162
Translation group, see Location
group
Triangular matrix, 20, 65
Trigamma function, 126, 127
Truncated distributions, 68, 72
normal mean, 327
efficient estimation in, 451
Tschuprow-Negman allocation, 204
Tukey model, 474, 510
Two-sample location family, 159,
162
Two-way contingency table, 107,
194
Two-way layout, 183, 506
random effects, 189, 192, 478
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U -estimable, 83, 87
UMVU, see Uniformly minimum
variance unbiased
Unbiased in the limit, 431
Unbiasedness, 5, 83, 143, 284
in vector-valued case, 347
Unidentifiable, 24, 56
Uniform distribution, 18, 34, 36, 70,
73
Bayes estimation in, 240
complete sufficient statistics for,
42, 42, 70
maximum likelihood estimation,
485
minimal sufficient statistics for,
38
MRE estimation for, 154, 172,
174
in the plane, 71
relation to exponential
distribution, 71
UMV estimation in, 89
Uniformly best estimator,
nonexistence of, 5
Uniformly minimum variance
unbiased (UMVU) estimation,
85, 143
comparison with MLE, 98, 99
comparison with MRE
estimator, 156
in contingency tables, 194
example of pathological case,
108
in normal linear models, 178
in random effects model, 189,
190
in restricted multinomial
models, 194
in sampling from a finite
population, 200, 203, 206
of vector parameters, 348
Unimodal density, 51, 153. See also
Strongly unimodal
Unimodular group, 247
Universal Bayes estimator, 284
U -shaped, 51, 153, 232
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U -statistics, 111
Variance, estimator of, 98, 99, 110,
110
in linear models, 178, 184
nonexistence of unbiased
estimator of, 132
nonparametric estimator of, 110
quadratic unbiased estimator of,
186
in simple random sampling, 200
in stratified random sampling,
204. See also Normal variance,
Variance components
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Variance/bias tradeoff, 425
Variance components, 189, 189,
237, 323, 477, 478
negative, 191
Variance stabilizing transformation,
76
Variation reducing, 394
Vector-valued estimation, 348
Weak convergence, 57, 60
Weak differentiability, 141, 145
Weibull distribution, 65, 468, 487

Springer Texts in Statistics (continued from page ii)
Nguyen and Rogers: Fundamentals of Mathematical Statistics: Volume I:
Probability for Statistics
Nguyen and Rogers: Fundamentals of Mathematical Statistics: Volume II:
Statistical Inference
Noether: Introduction to Statistics: The Nonparametric Way
Nolan and Speed: Stat Labs: Mathematical Statistics Through Applications
Peters: Counting for Something: Statistical Principles and Personalities
Pfeiffer: Probability for Applications
Pitman: Probability
Rawlings, Pantula and Dickey: Applied Regression Analysis
Robert: The Bayesian Choice: A Decision-Theoretic Motivation
Robert: The Bayesian Choice: From Decision-Theoretic Foundations to
Computational Implementation, Second Edition
Robert and Casella: Monte Carlo Statistical Methods
Santner and Duffy: The Statistical Analysis of Discrete Data
Saville and Wood: Statistical Methods: The Geometric Approach
Sen and Srivastava: Regression Analysis: Theory, Methods, and
Applications
Shao: Mathematical Statistics
Shorack: Probability for Statisticians
Shumway and Stoffer: Time Series Analysis and Its Applications
Terrell: Mathematical Statistics: A Unified Introduction
Whittle: Probability via Expectation, Fourth Edition
Zacks: Introduction to Reliability Analysis: Probability Models
and Statistical Methods

